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Chapter 1 


Introduction to Differential Equations 


1.1 


1. 


2. 


10. 


11. 


12. 


13. 


Definitions and Terminology 


Second order; linear 


Third order; nonlinear because of (dy/da)* 


. Fourth order; linear 

. Second order; nonlinear because of cos(r 4- u) 

. Second order; nonlinear because of (dy/dx)? or 4/1 + (dy/dx)? 
. Second order; nonlinear because of R? 

. Third order; linear 

. Second order; nonlinear because of i? 


. Writing the differential equation in the form z2(dy/dx) + y? = 1, we see that it is nonlinear 


in y because of y?. However, writing it in the form (y? — 1)(dx/dy) + z = 0, we see that it is 


linear in z. 


Writing the differential equation in the form u(du/du)+(1+u)v = ue" we see that it is linear 
in v. However, writing it in the form (v 4- uv — ue")(du/dv) +u = 0, we see that it is nonlinear 


in u. 
From y = e~*/2 we obtain y' = -le-/2, Then 2y' + y = —e-*/2 + e? = 0, 


From y — £ -— S ¿20 we obtain dy/dt = 24e ?"*, so that 


dy —20t 6 6 5g 
— + 20y = 24 20| 2-—- — 24. 
di + 20y € + 5 pe 


31 


From y = e?” cos 2x we obtain y! = 3e?* cos 2z — 2e?* sin 2: and y" = 5e?* cos 2x — 12e** sin 2x, 


so that y” — 6y' + 13y =0. 


14. 


15. 


16. 


17. 


18. 


CHAPTER 1 INTRODUCTION TO DIFFERENTIAL EQUATIONS 


From y = — cos x ln(sec x + tan x) we obtain y' = —1 + sin x In(sec x + tan x) and 


y" = tan x + cos z In(sec x + tan z). Then y" + y = tan z. 


The domain of the function, found by solving +2 > 0, is [-2, 00). From y’ = 14-2(r4-2) 1? 
we have 


(y — ay = (y — 2)[1 + (2(x + 2) 17] 
—g-z42(y— z)(z42) 172 
=y- e+ e  A(z 2)? — (n 2) 17 


—y-— r4 8(z 42)? (y 2)17 =y-2+8. 


An interval of definition for the solution of the differential equation is (—2,00) because y” is 
not defined at x = —2. 


Since tan x is not defined for x = 7/2 + nm, n an integer, the domain of y = 5tan5z is 
{x | 5a A 7/2 nz) 
or {x | z Z 1/10 + n7/5). From y' = 25sec” 5z we have 


y' = 25(1 + tan? 5x) = 25 + 25 tan? bx = 25 + y?. 


An interval of definition for the solution of the differential equation is (—7/10, 7/10). Another 
interval is (7/10,37/10), and so on. 


The domain of the function is (x | 4 — zx? £0} or (x | x A —2 and x #2}. From 


y! = 2x/(4 — 22)? we have 
p X 
y = 2z (3) = 2x. 


An interval of definition for the solution of the differential equation is (—2, 2). Other intervals 


are (—oo, —2) and (2,00). 


The function is y = 1/y1 — sin z , whose domain is obtained from 1 — sin z Æ 0 or sina Æ 1. 
Thus, the domain is {x | x 4 7/2 + 2nz). From y' = —$(1 — sin z) ?/?(— cos x) we have 


-3/2 


2y' = (1 — sin x) cos z = [(1 — sin z)- V2]? cosa = y? cos x. 


An interval of definition for the solution of the differential equation is (7/2, 57/2). Another 
one is (57/2,97/2), and so on. 


1.1 Definitions and Terminology 


19. Writing In(2X — 1) — In(X — 1) = t and differentiating T 


20. 


implicitly we obtain 1 


2 dX 1 dX 


2 1 dX 
—————)j—c-l1 
(zc 2 dt | 
2X —2-2X+1dX — 
(2X —1)(X-1) dt © 


E = -0X —1)(X - 1) = (X - 0 - 2X). 


| 
1 | 
| 


Exponentiating both sides of the implicit solution we obtain 


E s 
xı e 


9X —1eXe-e 
(é — 1) = (cf — 2)X 


ei 


X= : 
et —2 


Solving e — 2 = 0 we get t = ln 2. Thus, the solution is defined on (—oo, In 2) or on (In 2, oo). 


The graph of the solution defined on (—oo,1n2) is dashed, and the graph of the solution 
defined on (In 2, 00) is solid. 


Implicitly differentiating the solution, we obtain 
dy dy 
—2r? = 2y— =0 
ur SESS dx 
—z? dy — 2ay dz + y dy =0 


2xy dx + (x? — y)dy = 0. 


Using the quadratic formula to solve y? — 2x%y — 1 = 0 
for y, we get y — (2x? + V4x4 + 4) /2 = a? + /z* +1. 
Thus, two explicit solutions are yy = x? + Vz4--1 and 
yo = x? — V/z* +1. Both solutions are defined on (—oo, oo). 
The graph of y;(x) is solid and the graph of ya is dashed. 
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21. Differentiating P = cye’/ (1 +c et) we obtain 


dP (l-ae)aeé-oaeé:a ae [(1 + cre") — ce] 
dt — (1+ cet)? | 14+cqet 1+cet 
t t 
e j a€ ] pa-p. 
14+ cet 14+ cet 
d 
22. Differentiating y = 2x? — 1 + cen we obtain i = 4x — 4rcye 2” , so that 
z 


—2g? 


d 
= + 4xy = 4x — 4rce + Bu) de + 4cyre 7 = ga? 
T 


2 


d d 
23. From y = ce?” + coxe?” we obtain E = (2c, + c3)e?* +2coxe?* and Au (4c, + 4ca3)e?* + 
ZL 
Acoxe?” , so that 
d? d 
T — ATE + 4y = (4c, + 4c2 — 8c, — 4c2 + 4c; )e?” + (4c — 8c2 + Aco) xe?” = 0. 
x 
24. From y = cix! + cox + caz In z + Ax? we obtain 
d 
Mg as cya? + c3 + c3 + eg Inz + 82, 
dx 
d2 
xs = 2c: ? + ear | + 8, 
and e 
or 6cir ^ — cac x 
so that 
d? d d 
q? 2 +20 222 ys (601 + 401 +01 + ci) | + (—c3 + 203 — 02 — 03 + c2)2 
da? dx dx 


+ (—c3 + c3)a In z + (16 — 8 + 4)z? 


= 12a? 
In Problems 25-28, we use the Product Rule and the derivative of an integral ((12) of this section): 


xj t) dt = g(x). 


xz ,¿—3t dy e 3 e 9* 
25. Differentiating y = e?" f — dt we obtain "E = 3e?" f E dt + dut or 
1 T 1 


dy 
dx 


ds x e 3 1 
— 3e — dt + —, so that 
1 t T 


d £ ¿—3t 1 $ ¿—3t 
oe bry =T (se f di + z) — 32 (e f 2. de) 
dx 1 t Xx 1 t 


xz ,—3t x ,—3t 
= 300 f C dtt- sre f £ diee 
1 t 1 t 


26. 


27. 


28. 


29. 


30. 


31. 


1.1 Definitions and Terminology 


TES T 


vg a 


VT 


Cost a 
Diff tiati = a at bt — 
ifferentiating y = ES we o ain Y — zz] = 
dy 1 T cost 


i: ay, a vt 


] t 
29% — y= 20 (= | E dt + cos 2) - IE = dt 
cost 


t 
DE Ur dt + 20 cos x — ^L WE id 


dt + cos x, so that 


t d 10 t i 10 
2 y= S md dt we obtain L = -> = "anr dt + EE ELE 
dx = z?]h t r cx 
dy fae 108 sin £ 
de -— ——— —: dt + us o that 
ieee Hp" sint, (Re S ar) 
da x r rji t 


DNE ST dt-+10sine +5410 f —— dt = 10sin x 
1 1 


x d T 
Differentiating y = eV te? e? dt we obtain oes —2ge-7*. Ye" e? dte? ¿27 
gy 
a f E 0 dx 0 
= 


or — = —2re " — aet e? dt + 1, so that 
dx 0 


dy ES 2 z m E g 2 m 
2 +2xy = | —2xe * — 2xe e dt+1)+2r|(e* +e e dt 
T 0 0 


HH z 
= —2ze *. — Ire” / e? dt +1+ ore 7 + 2ze " n e dt =1 
0 0 


From 
—3?, rz «0 
y= 2 
qe. x>0 
we obtain 
NL XN L4 
m 2x x>0 
so that ry’ — 2y = 0. 
The function y(x) is not continuous at x = 0 since lim y(x) =5 and lim y(x) = —5. Thus, 
r—0- z—0* 


y'(x) does not exist at x = 0. 
Substitute the function y = e™7 into the equation y’ + 2y = 0 to get 
(er) + 2(e™7) =0 
me”? + gen» = 0 
TD m 4-2) =0 
—2x 


Now since e”” > () for all values of x, we must have m = —2 and so y = e is a solution. 
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32. Substitute the function y = e™7 into the equation 5y' — 2y = 0 to get 
Sey — 2(e"7) — 0 
5me™* — 2e™ = 0 
e™* (5m —2) 20 


Now since e"? > 0 for all values of x, we must have m = 2/5 and so y = e22/5 is a solution. 


33. Substitute the function y = e" into the equation y" — 5y' + 6y = 0 to get 
(e"*)" — 5(e"*Yy + 6(e™”) =0 
mit — 5me™ + get — 0 
e"* (m? — 5m 4-6) 20 


e"* (m — 2)(m —3) 20 


Now since e”” > 0 for all values of x, we must have m = 2 or m = 3 therefore y = e?” and 
y = e?” are solutions. 
34. Substitute the function y = e"'* into the equation 2y” + Ty’ — 4y = 0 to get 
EPT + (em) — A(e™”) = 0 
ami + me”? — d ome = 0) 
e™ (2m? + Tm — 4) = 0 
e" (m + 4)(2m — 1) 20 
Now since e™* > 0 for all values of x , we must have m = —4 or m = 1/2 therefore y = e~*” 


and y = e*/2 are solutions. 
35. Substitute the function y = x” into the equation xy” + 2y' = 0 to get 
T. ay J Mary = 0 


x-m(m-— 1)x +2ma* =0 


(m?-mairl 42m! = 0 
mim? + m] =0 
qz" lIm(m + 1)] =0 

1 


The last line implies that m = 0 or m = —1 therefore y = x° = 1 and y = x^! are solutions. 


1.1 Definitions and Terminology 


36. Substitute the function y = z"' into the equation z?y" — 7xy' + 15y = 0 to get 
(ar — Tx (ay + 15(2™) 20 
z?.m(m — 1)z7 7? — 72 - ma" 4 1527 = 0 


? — ma” —7ma™ + 1527 = 0 


(m 
"Im? — 8m + 15] = 0 
z^ (m — 3)(m — 5) =0 
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The last line implies that m = 3 or m = 5 therefore y = x? and y = x? are solutions. 


In Problems 37-40, we substitute y = c into the differential equations and use y' = 0 and y" = 0 


37. Solving 5c = 10 we see that y = 2 is a constant solution. 
38. Solving c? + 2c — 3 = (c +3)(c— 1) = 0 we see that y = —3 and y = 1 are constant solutions. 
39. Since 1/(c — 1) — 0 has no solutions, the differential equation has no constant solutions. 


40. Solving 6c — 10 we see that y — 5/3 is a constant solution. 


41. From z = e7% + 3e and y = —e7?* + 5e9* we obtain 
d d 
E = —-2e % + 18e% and = = 2e? + 30€%. 
Then 4 
a +3y= (e-™ 430%) +3(—e7% + 5e%) — —2e7% + 186% = E 
and 4 
5z + 3y = 5(e 7 + 3e%) +3(—e7” + 5e%) = 2e7% + 30e" = e 
42. From x = cos 2t + sin 2t + ze! and y = — cos 2t — sin 2t ze! we obtain 
d. 1 d 1 
y = —2sin 2t + 2cos 2t + ze! and A = 2sin 2t — 2cos 2t — ze! 
and , , 
d 1 d 1 
S = —4cos 2t — 4sin 2t + ze and TEC 40052 + 4sin 2t — =e". 
Then 
Ày4- E ET sinh) — den DE cuim dd Su da 
e = =e e = —4 cos 2t — 4sin === 
j 5 5° dg 
and 
t . 1 ; t : 1, d'y 
4x — e" = 4(cos 2t + sin 2t + s ) — e = 4cos2t + Asin 2t — pÉ C 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 
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(y? + 1 = 0 has no real solutions because (y’)? + 1 is positive for all differentiable functions 


y = ó(x). 
The only solution of (y^)? + y? = 0 is y = 0, since if y 4 0, y? > 0 and (y)? + y? > y? > 0. 


The first derivative of f(x) = e” is e”. The first derivative of f(x) = e!” is ke*”. The 


differential equations are y' = y and y! = ky, respectively. 


Any function of the form y = ce” or y = ce”? is its own second derivative. The corresponding 
differential equation is y" — y = 0. Functions of the form y = csin x or y = ccos x have second 


derivatives that are the negatives of themselves. The differential equation is y” + y = 0. 


We first note that J/1— y? = V1 — sin? z = v cos? x = |cosz|. This prompts us to consider 


values of x for which cos x < 0, such as x = m. In this case 


dy 
dx 


LET 


but 


J/1—yleon = V1- sin? r = V1- 1. 


Thus, y = sing will only be a solution of y' = 4/1— y? when cosx > 0. An interval of 
definition is then (—7/2,m/2). Other intervals are (37 /2, 57/2), (T7/2,97/2), and so on. 


Since the first and second derivatives of sin t and cos t involve sin t and cost, it is plausible that 
a linear combination of these functions, A sin t+ B cost, could be a solution of the differential 
equation. Using y' = Acost — B sint and y” = —Asint — B cost and substituting into the 


differential equation we get 


y" + 2y' + Ay = —Asint — B cost + 2A cost — 2B sin t + 4Asin t + AB cost 


= (3A — 2B) sint + (2A + 3B) cost = 5sint 


Thus 34 — 2B = 5 and 2A + 3B = 0. Solving these simultaneous equations we find A = 5 
15 0 


and B = E . A particular solution is y = 15 sint — E cos t. 

One solution is given by the upper portion of the graph with domain approximately (0, 2.6). 
The other solution is given by the lower portion of the graph, also with domain approximately 
(0, 2.6). 


One solution, with domain approximately (—oo, 1.6) is the portion of the graph in the second 
quadrant together with the lower part of the graph in the first quadrant. A second solution, 
with domain approximately (0, 1.6) is the upper part of the graph in the first quadrant. The 
third solution, with domain (0,00), is the part of the graph in the fourth quadrant. 


51. 


52. 


53. 


54. 


55. 


56. 


1.1 Definitions and Terminology 


Differentiating (x? + y?)/zy = 3c we obtain 


zy(32* + 3y*y') — (x? +y*)@ay'+y) _ 4 
MEME NS 


3a3y dE 3xy"y' aty xy ayy y =i 


(32? — z* — xy y! = 32 y + ay + y* 


, yt 2a y y? — 20%) 
á 2ry3 —z* — x(23 — 33)" 
A tangent line will be vertical where y” is undefined, or in this case, where z(2y? — x?) = 0. 


This gives x = 0 or 2y? = z?. Substituting y? = «3/2 into z? + y? = 3xy we get 


3 a 3 2 
2" a" 
13 cog 0 


2 (a — 27/3) = Q. 


Thus, there are vertical tangent lines at x = 0 and x = 2?/, or at (0,0) and (228, 21/9), 


Since 22/3 = 1.59, the estimates of the domains in Problem 50 were close. 


The derivatives of the functions are o, (1) = —x/V25 — x? and h(x) = z/ 25 — z?, neither 
of which is defined at z = +5. 


To determine if a solution curve passes through (0,3) we let t = 0 and P = 3 in the equation 
P = ciet /(1 4- qe). This gives 3=c,/(1 +c,) or c& = -$. Thus, the solution curve 


(-3/2)e* —3et 


Pr == === 
1 — (3/2)et  2-3et 


passes through the point (0,3). Similarly, letting t = 0 and P = 1 in the equation for the 
one-parameter family of solutions gives 1 = c¡/(1 + c1) or c1 =1+c;. Since this equation 


has no solution, no solution curve passes through (0, 1). 


For the first-order differential equation integrate f(a). For the second-order differential equa- 


tion integrate twice. In the latter case we get y = f (f f(x)dz) dx + cix + c2. 


Solving for y' using the quadratic formula we obtain the two differential equations 


1 1 
y == (24+ 2V1+4325 ) and y = (2-2 1-328), 
x 


T 


so the differential equation cannot be put in the form dy/dx = f(x, y). 


10 CHAPTER 1 INTRODUCTION TO DIFFERENTIAL EQUATIONS 


57. The differential equation yy’ — ry = 0 has normal form dy/dx = x. These are not equivalent 


because y = 0 is a solution of the first differential equation but not a solution of the second. 


58. Differentiating we get y! = c4 + 2cox and y” = 2c9. Then c9 = y"/2 and cy = y' — xy", so 


EM 7 y" PENES lon 
y = (y' — sy") £+ 3 x m iu 


and the differential equation is z?y" — 2xy' + 2y = 0. 


59. (a) Since e72* is positive for all values of z, dy/dx > 0 for all x, and a solution, y(x), of the 


differential equation must be increasing on any interval. 


d 
(b) lim ->= lim e” — Q and lim 2= lim e`” = 0. Since dy/dx approaches 0 as 
z—-—oo dx z—-—oo zoo dx L>00 


x approaches —oo and oo, the solution curve has horizontal asymptotes to the left and 
to the right. 


(c) To test concavity we consider the second derivative 


d'y d dy =£ (e?) =-2 —g? 
dz? dr Adm) dx V iuc. 


Since the second derivative is positive for x < 0 and negative for x > 0, the solution 


curve is concave up on (—oo,0) and concave down on (0, oc). 


(d) 


60. (a) The derivative of a constant solution y — c is 0, so solving 5 — c — 0 we see that c — 5 
and so y — 5 is a constant solution. 


(b) A solution is increasing where dy/dx = 5 — y > 0 or y < 5. A solution is decreasing 
where dy/dx =5-—y<0 or y > 5. 


61. (a) The derivative of a constant solution is 0, so solving y(a — by) = 0 we see that y = 0 and 
y = a/b are constant solutions. 


(b) A solution is increasing where dy/dx = y(a — by) = by(a/b — y) » Oor0 < y < a/b. A 
solution is decreasing where dy/dx = by(a/b — y) « 0 or y < 0 or y > a/b. 


1.1 Definitions and Terminology 11 


(c) Using implicit differentiation we compute 


dy 
dx? 


y(—by’) + y (a — by) = y'(a — 2by). 


Thus d?*y/dx? = 0 when y = a/2b. Since d?y/da? > 0 for 0 < y < a/2b and d*y/dx? < 0 
for a/2b < y < a/b, the graph of y = f(x) has a point of inflection at y = a/2b. 


(d) 


y=alb 


62. (a) If y = c is a constant solution then y’ = 0, but c? + 4 is never 0 for any real value of c. 


(b) Since y' = y? +4 > 0 for all x where a solution y = ó(x) is defined, any solution must 


be increasing on any interval on which it is defined. Thus it cannot have any relative 
extrema. 


(c) Using implicit differentiation we compute d?y/da? = 2yy = 2y(y? + 4). Setting 
dy/dx? = 0 we see that y = 0 corresponds to the only possible point of inflection. 


Since d?y/dz? < 0 for y < 0 and d?y/dz? > 0 for y > 0, there is a point of inflection 
where y — 0. 


(d) 
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63. In Mathematica use 


Clear|y] 
y[x_]:= x Exp[5x] Cos[2x] 
y[x] 


y''''[x] - 20y'''[x] + 158y''[x] — 580y'[x] +841y[x] / /Simplify 


The output will show y(x) = e°*x cos 2z, which verifies that the correct function was entered, 


and 0, which verifies that this function is a solution of the differential equation. 
64. In Mathematica use 
Clear[y] 
y[x-]:= 20Cos[5Log[x]]/x — 3Sin[5Log[x]]/x 
y[x] 
x^3y'''[x] + 2x72 y''[x] + 20x y'[x] — 78y[x]//Simplify 


The output will show y(x) = 20cos(51n z)/x — 3sin(51n x)/z, which verifies that the correct 
function was entered, and 0, which verifies that this function is a solution of the differential 


equation. 


1.2 Initial-Value Problems 


1. Solving —1/3 = 1/(1 + c1) we get cı = —4. The solution is y = 1/(1 — 4e ^). 
2. Solving 2 = 1/(1 + ce) we get cy = —(1/2)e-!. The solution is y = 2/(2 — e~@+), 


3. Letting z = 2 and solving 1/3 = 1/(4 + c) we get c = —1. The solution is y = 1/(z? — 1). 


This solution is defined on the interval (1, oc). 


4. Letting x = —2 and solving 1/2 = 1/(4 + c) we get c = —2. The solution is y = 1/(z? — 2). 
This solution is defined on the interval (—oo, — V2 ). 


5. Letting z = 0 and solving 1 = 1/c we get c = 1. The solution is y = 1/(z? +1). This solution 


is defined on the interval (—oo, 00). 


6. Letting x = 1/2 and solving —4 = 1/(1/4 + c) we get c = —1/2. The solution is y = 
1/(z? — 1/2) = 2/(2z? — 1). This solution is defined on the interval (-1/v2 ,1//2). 


In Problems 7-10, we use x = cı cost + cosint and z' = —c, sint + co cost to obtain a system of 
two equations in the two unknowns cı and c. 


10. 


1.2 Initial-Value Problems 


. From the initial conditions we obtain the system 


cj = —1e2—8 


The solution of the initial-value problem is x = — cost + 8sint. 


. From the initial conditions we obtain the system 


ca =0-c=1 


The solution of the initial-value problem is x = — cost. 


. From the initial conditions we obtain 


3 
Mn + =3C9 = 


1 v3 _ 4 
J 2 2 2 — 


us 
2" 
Solving, we find c; = V/3/4 and cz = 1/4. The solution of the initial-value problem is 
a = (V3/4) cos t + (1/4) sin t. 


From the initial conditions we obtain 


13 


2 2 
Vat CY 
2 2 
2 2 
[6pt] E Yo E V2 = 2/2. 
2 2 
Solving, we find cy = —1 and cg = 3. The solution of the initial-value problem is x = 


—cost+ 3sint. 


x 


In Problems 11-14, we use y = c¡e” + coe * and y' = ce? — cae? to obtain a system of two 
y 


equations in the two unknowns cı and ca. 


. From the initial conditions we obtain 


€i c9 —1 

Ci — C2 = 2. 
Solving, we find cy = 3 and cg = = The solution of the initial-value problem is y = 
3,r l,-c 
Ze = 5€ A 


. From the initial conditions we obtain 


Solving, we find c1 = > and c9 = -ie. The solution of the initial-value problem is 


= 6 E d. 


1 lcs. d oe 
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23. 
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From the initial conditions we obtain 


Il 
on 


ete + eco 


ete, — eco = —5. 


Solving, we find c = 0 and c» = 5e^!. The solution of the initial-value problem is y = 


bee Spe 
From the initial conditions we obtain 


€1 +c — 0 


cy — C2 = 0. 


Solving, we find cı = co = 0. The solution of the initial-value problem is y = 0. 


Two solutions are y = 0 and y = 2°. 


Two solutions are y = 0 and y = z?. (Also, any constant multiple of x? is a solution.) 


o 2 
For f(x,y) = y? 3 we have of = zr ?. Thus, the differential equation will have a unique 


Oy 


solution in any rectangular region of the plane where y Æ 0. 


For f(x,y) = yTy we have Of /Oy = i /z/y. Thus, the differential equation will have a 


unique solution in any region where x > 0 and y > 0 or where x < 0 and y < 0. 


of 


1 
For f(x,y) = we have ac Thus, the differential equation will have a unique solution 


in any region where x Æ 0. 


of 


For f(x,y) = x+y we have 1. Thus, the differential equation will have a unique 
y 


solution in the entire plane. 


For f(x,y) = z?/(4 — y?) we have Of /Oy = 2z?y/(4 — y?)?. Thus the differential equation 


will have a unique solution in any region where y < —2, —2 < y < 2, or y > 2. 


2 8 e 
-a we have a = =a n Thus, the differential equation will have a 
1+y Oy (1+) 


unique solution in any region where y Z —1. 


For f(z,y) — 


2 Ə 2 2 
ES we have 3 = ERO . Thus, the differential equation will have a 
TTY y “+ y 


unique solution in any region not containing (0, 0). 


For f(x,y) = 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


1.2 Initial-Value Problems 


For f(x,y) = (y + x)/(y — x) we have Of /Oy = —2x/(y — x)”. Thus the differential equation 


will have a unique solution in any region where y < x or where y > x. 


In Problems 25-28, we identify f(x,y) = yy? —9 and Of /Oy = y/y y? —9. We see that f and 
Of /Oy are both continuous in the regions of the plane determined by y < —3 and y > 3 with no 


restrictions on zx. 


Since 4 > 3, (1,4) is in the region defined by y > 3 and the differential equation has a unique 
solution through (1, 4). 


Since (5,3) is not in either of the regions defined by y < —3 or y > 3, there is no guarantee 
of a unique solution through (5, 3). 


Since (2, —3) is not in either of the regions defined by y « —3 or y > 3, there is no guarantee 
of a unique solution through (2, —3). 


Since (—1, 1) is not in either of the regions defined by y < —3 or y > 3, there is no guarantee 
of a unique solution through (—1, 1). 


(a) A one-parameter family of solutions is y = cx. Since y' = c, xy’ = xc = y and y(0) = 
c: 0 — 0. 


(b) Writing the equation in the form y’ = y/x, we see that R cannot contain any point on the 
y-axis. Thus, any rectangular region disjoint from the y-axis and containing (zo, yo) will 
determine an interval around zo and a unique solution through (zo, yo). Since xo = 0 in 


part (a), we are not guaranteed a unique solution through (0, 0). 


(c) The piecewise-defined function which satisfies y(0) = 0 is not a solution since it is not 
differentiable at x = 0. 


d 
(a) Since tan (x + c) = sec? (x +c) = 1+tan? (x + c), we see that y = tan (x + c) satisfies 
z 
the differential equation. 


(b) Solving y(0) = tan c = 0 we obtain c = 0 and y = tan z. Since tan z is discontinuous at 


x = +7/2, the solution is not defined on (—2,2) because it contains +7/2. 


(c) The largest interval on which the solution can exist is (—7/2,/2). 


is a solution of the differ- 


d 1 1 1 
(a) Since ci pene CEN y^, we see that y "ET 
ential equation. 


(b) Solving y(0) = —1/c = 1 we obtain c = —1 and y = 1/(1— x). Solving y(0) = —1/c = —1 
we obtain c = 1 and y = —1/(1+x). Being sure to include x = 0, we see that the interval 
of existence of y = 1/(1— x) is (—oo, 1), while the interval of existence of y = —1/(14-x) 
is (—1, 00). 
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(c) By inspection we see that y = 0 is a solution on (—oo, 00). 


32. (a) Applying y(1) = 1 to y = —1/ (x + c) gives 


Thus c = —2 and 


(b) Applying y(3) = —1 to y = —1/ (x + c) gives 


Thus c = —2 and 


y-2 Jag 


(c) No, they are not the same solution. The interval J of definition for the solution in part 
(a) is (—00, 2); whereas the interval J of definition for the solution in part (b) is (2,00). 


See the figure. 
33. (a) Differentiating 3x? — y? = c we get 6x — 2yy' = 0 or yy! = 32. 


(b) Solving 3x? — y? = 3 for y we get 


y = (2) = V3- 1), 1 <2 «oo, 
y = ¢2(x) = —/3(a? — 1), <<, 
y = d3(2) = V37- I),  -oo<2<-1, m E 
y = pala) = —3(z? — 1), -œ < g eT. 


(c) Only y = ġ3(x) satisfies y(—2) = 3. 


34. (a) Setting x = 2 and y = —4 in 32? — y? = c we get 


12 — 16 = —4 = c, so the explicit solution is 


y = — Vy 3r? +4, —oo < v < oc. 2 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


1.2 Initial-Value Problems 


(b) Setting c = 0 we have y = V3x and y = —v3x, both defined on (—oo, oc). 


In Problems 35-38, we consider the points on the graphs with x-coordinates xg = —1, x = 0, 
and xo = 1. The slopes of the tangent lines at these points are compared with the slopes given by 
y (xo) in (a) through (t). 


The graph satisfies the conditions in (b) and (f). 


( 
The graph satisfies the conditions in (e). 
The graph satisfies the conditions in (c) and (d). 
( 


The graph satisfies the conditions in (a). 


In Problems 89-44 y = cı cos 2x + cosin 2x is a two parameter family of solutions of the second- 
order differential equation y" + 4y = 0. In some of the problems we will use the fact that 
y = —2c, sin 2x + 2c? cos 2x. 


From the boundary conditions y(0) = 0 and y (=) = 3 we obtain 
g(D) =a, =0 
(4) - aes (5) asm (5) 773 
=, = — 1n | — = = is 
y A C1 COS 7 C2 S 7 C2 
Thus, c1 = 0, c» = 3, and the solution of the boundary-value problem is y = 3sin 2x. 
From the boundary conditions y(0) = 0 and y(r) = 0 we obtain 
gu seu cU 
ust) sey D. 


Thus, c1 = 0, c» is unrestricted, and the solution of the boundary-value problem is y = 


ca sin 2z, where cz is any real number. 
From the boundary conditions y'(0) = 0 and y! (2) = 0 we obtain 
y (0) = 2co = 0 


y (=) = —2c, sin (5) =-V/3q =0. 


Thus, co = 0, cı = 0, and the solution of the boundary-value problem is y = 0. 
From the boundary conditions y(0) = 1 and y'(7) = 5 we obtain 
yO eux m 


y (T) = 2e — 5. 


5 5 
Thus, cy = 1, ca = > and the solution of the boundary-value problem is y = cos 2x + 5 sin 27. 
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From the boundary conditions y(0) = 0 and y(7) = 2 we obtain 
y(0) =a=0 
it) =e m. 
Since 0 Z 2, this is not possible and there is no solution. 


From the boundary conditions y' (2) = 1 and y'(x) = 0 we obtain 


Since 0 Z —1, this is not possible and there is no solution. 


Integrating y! = 8e?* + 6x we obtain 


je T (8e?* + 6x) de = 4e?* + 32? + c. 


Setting x = 0 and y = 9 we have 9 = 4 + c so c = 5 and y = 4e?* + 32? +5. 


Integrating y" = 12r — 2 we obtain 


y = f Q22- 2dr = 62? - 20 + 0. 


Then, integrating y' we obtain 


y= f (62? - 22+) de = 2 - 2? rans 


At x = 1 the y-coordinate of the point of tangency is y = —1 + 5 = 4. This gives the initial 
condition y(1) = 4. The slope of the tangent line at x = 1 is y'(1) = —1. From the initial 


conditions we obtain 
2-1+c+c0=4 or €1 d c2 —3 


and 
6-2+c=-1 or cy = —5. 


Thus, c; = —5 and co = 8, so y = 22? — x? — 5z +8. 


When x = 0 and y = > , y! = —1, so the only plausible solution curve is the one with negative 


1. 


slope at (0,5), or the red curve. 


48. 


49. 


50. 


51. 


1.2 Initial-Value Problems 


We note that the initial condition y(0) — 0, 


y 1 
o- f tat 
0 +1 


is satisfied only when y = 0. For any y > 0, necessarily 


d 1 
ER 
o vt +1 
because the integrand is positive on the interval of integration. Then from (12) of Section 1.1 
and the Chain Rule we have: 


d d f* 1 d 

E puc a i Y 

de” el, +1 ao ue ee 
1 dy 


1 = === + "(gs 
Jy + 1dr y (0) dx 


Computing the second derivative, we see that: 


dy d 3y? dy 3y? 3 
ARS A A A c M v fa9 1= q? 
da? dx V4 T 2/y+ide 24/341 di ge 


dy 35 
dz? 2 


"P i dy 2 
This is equivalent to 255 — 3y* = 0. 
dx? 


If the solution is tangent to the x-axis at (29,0), then y' = 0 when x = zo and y = 0. 
Substituting these values into y’ + 2y = 3x — 6 we get 0+ 0 = 329 — 6 or xp = 2. 


The theorem guarantees a unique (meaning single) solution through any point. Thus, there 


cannot be two distinct solutions through any point. 


When y = hat, y = ir? = (427) = xy!?, and y(2) = 75 (16) = 1. When 
0, x<0 
£3] 
E arce 
16 
we have 
0, r«0 0, r«0 
y! = == == ay? 
173 >0 142 >0 
ir. r> q d 


and y(2) = 75 (16) = 1. The two different solutions are the same on the interval (0,00), which 
is all that is required by Theorem 1.2.1. 
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20 
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Differential Equations as Mathematical Models 
E = kP +6; — —kP-—r 


. Let b be the rate of births and d the rate of deaths. Then b = ki P and d = k2P. Since 


dP/dt = b — d, the differential equation is dP/dt = ki P — koP. 


. Let b be the rate of births and d the rate of deaths. Then b = k¡P and d = k2P?. Since 


dP/dt = b — d, the differential equation is dP/dt = kj P — ka P?. 
dP 


. —=khP-k2P?-h, h>0 


dt 


. From the graph in the text we estimate Tọ = 180° and Tm = 75°. We observe that when 


T = 85, dT/dt ~ —1. From the differential equation we then have 


dT/dt  —1 


k=7 T7 8-757 


—0.1. 


. By inspecting the graph in the text we take Tm to be Tm(t) = 80 — 30 cos (11/12). Then the 


temperature of the body at time t is determined by the differential equation 


=f Ir- (80 — 30 cos (Z) , t>0. 


. The number of students with the flu is z and the number not infected is 1000 — x, so dx/dt = 


ka(1000 — x). 


. By analogy, with the differential equation modeling the spread of a disease, we assume that 


the rate at which the technological innovation is adopted is proportional to the number of 
people who have adopted the innovation and also to the number of people, y(t), who have 
not yet adopted it. If one person who has adopted the innovation is introduced into the 
population, then + y =n +1 and 


= = kez(n+1-— zx), x(0)=1. 


. The rate at which salt is leaving the tank is 


. A A l 
Rout (3 gal/min) - (= ib/gal) = 308 Ib/min. 
Thus dA/dt — A/100. The initial amount is A(0) — 50. 


'The rate at which salt is entering the tank is 


Rin = (3 gal/min) - (2 lb/gal) = 6 Ib/min. 


11. 


12. 


1.8 Differential Equations as Mathematical Models 21 


Since the solution is pumped out at a slower rate, it is accumulating at the rate of (3 — 
2)gal/min = 1 gal/min. After t minutes there are 300 + t gallons of brine in the tank. The 


rate at which salt is leaving is 


Rout = (2 gal/min) - ( Ib/min. 


A 9 
— —À }b/gal | = 
300 +t 300 +t 


The differential equation is 
dA - 2A 
dt — 300 ct 


The rate at which salt is entering the tank is 

Rin = (3 gal/min) - (2 lb/gal) = 6 lb/min. 
Since the tank loses liquid at the net rate of 

3 gal/min — 3.5 gal/min = —0.5 gal/min, 


after t minutes the number of gallons of brine in the tank is 300 — st gallons. Thus the rate 


at which salt is leaving is 


A 3.5A TA 
sat = [| LH Ib/gal ) - (3.5 gal/min) = %£ p/min = —“~ Ib/min. 
Rout E b/ga1) (3.5 gal/min) 300 — 1/2 /min ui /min 
The differential equation is 
dA 7A dA T 
=- — A=6. 
d oe " aw tet” 


The rate at which salt is entering the tank is 
Rin = (Cin lb/gal) - (rin gal/min) = erg lb/min. 


Now let A(t) denote the number of pounds of salt and N (t) the number of gallons of brine 
in the tank at time t. The concentration of salt in the tank as well as in the outflow is 
c(t) = x(t)/N(t). But the number of gallons of brine in the tank remains steady, is increased, 
or is decreased depending on whether Tin = Tout, Tin > Tout, OT Tin < Tout. In any case, the 
number of gallons of brine in the tank at time t is N(t) = No + (Tin — Tout)t. The output rate 


of salt is then 


A 


A 
out = | =———————- lb /gal | - (rout gal/min) = Pou: z——————————— lb /min. 
Rout (x. "p (Tin = Four) [En ) ás pem pana Co No T [fos = Peut pun 
The differential equation for the amount of salt, dA/dt = Rin — Rout, is 
dA A dA 2 Tout dee 
dt t No + (Tin — rout)t dt — No + (rim — rout 
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The volume of water in the tank at time t is V = Ah. The differential equation is then 


dh 1 dV 1 A 
m ura (eh) =- 29h. 


942 
Using Aj = 7 (3) = ai , Aw = 10? = 100, and g = 32, this becomes 


dh cn /36 CT 
ss Ven m Wh. 
dt 100 on 450 


The volume of water in the tank at time t is V = inr?h where r is the radius of the tank 
at height h. From the figure in the text we see that r/h — 8/20 so that r — 2h and 


Va 37 (2ny h= zh. Differentiating with respect to t we have dV/dt — anh? dh/dt or 


di 25 dV 
dt Arh? dt ` 


From Problem 13 we have dV/dt = —cAj4/2gh where c = 0.6, Ap = 7 cay and g = 32. 
Thus dV/dt = —2nV/h/15 and 


dh — 35 (m). 5 


dt irk 15 ] 682: 


Since i = dq/dt and L d?q/dt? + Rdq/dt = E(t), we obtain L di/dt + Ri = E(t). 


d 1 
By Kirchhoff’s second law we obtain RT + "im E(t). 


du 
From Newton’s second law we obtain m— = —kv? + mg. 


dt 
Since the barrel in Figure 1.3.17(b) in the text is submerged an additional y feet below 


its equilibrium position the number of cubic feet in the additional submerged portion is 
the volume of the circular cylinder: rx (radius)? xheight or r(s/2)?y. Then we have from 


Archimedes’ principle 


upward force of water on barrel = weight of water displaced 
= (62.4) x (volume of water displaced) 


= (62.4)n(s/2)?y = 15.6787. 


It then follows from Newton’s second law that 


dy  15.67s2g 


—— = 16m? — 
TS Y or dg E 


y — 0, 


where g — 32 and w is the weight of the barrel in pounds. 
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19. The net force acting on the mass is 


d? 
F = ma = m53 = —k(s +2) + mg = —ke + mg — ks. 


Since the condition of equilibrium is mg = ks, the differential equation is 


dx 
20. From Problem 19, without a damping force, the differential equation is md?a/dt? = —kz. 


With a damping force proportional to velocity, the differential equation becomes 


dx dx dx du 

— = —kzx — B— — — - kz — 0. 

"qe veu ue PEO 

21. As the rocket climbs (in the positive direction), it spends its amount of fuel and therefore the 
mass of the fuel changes with time. The air resistance acts in the opposite direction of the 
motion and the upward thrust R works in the same direction. Using Newton's second law we 


get 


d 
an) = -mg — kv + R 


Now because the mass is variable, we must use the product rule to expand the left side of the 


equation. Doing so gives us the following: 


The last line is the differential equation we wanted to find. 


22. (a) Since the mass of the rocket is m(t) = mp + m, + mp(t), take the time rate-of-change 


and get, by straight-forward calculation, 


S ges Lim + my +mp(t)) = 0+0 + m,(t) = L myt) 


Therefore the rate of change of the mass of the rocket is the same as the rate of change 
of the mass of the fuel which is what we wanted to show. 
(b) The fuel is decreasing at the constant rate of A and so from part (a) we have 


d d 


m(t) = —At+c 
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Using the given condition to solve for c, m(0) = 0 + c = mo and so m(t) = —At + mo. 


The differential equation in Problem 21 now becomes 


dm dv 
2 Dikya eme 
U d tm + kv mg+R 


d 
—Av + (At + mo) = + kv = -mg + R 


d 
(—At + mo) — + (k — Aw = -mg + R 

dv | k—A mE " R 

dt —AM--mg  —At+mo —At+mo 

dv k —A " R 

— (yy = — SS 

de —X 4 mg 97 TX mg 

(c) From part (b) we have that 4m,(t) = —A and so by integrating this result we get 

mj(t)-— —At+c. Now at time t = 0, mf(0) =04+c= c therefore my(t) = —At-+m,(0) . 
At some later time t, we then have m(t)) = —Aty +m (0) = 0 and solving this equation 


for that time we get tẹ = m,(0)/A which is what we wanted to show. 


From g = k/R? we find k = gR?. Using a = d?r/dt? and the fact that the positive direction 


is upward we get 


ar k gR 


dr gR? 
de ° 3m ga 7 


di? r2 


The gravitational force on m is F = —kM,m/r?. Since M, = 41ór?/3 and M = 4rôR?/3 we 
have M, = r^ M/ R? and 


dA 
The differential equation is "c k(M — A). 


A 
'The differential equation is a = k,(M — A) —koA. 


The differential equation is x’(t) = r — kx(t) where k > 0. 
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(0,a) 


28. Consider the right triangle fromed by the waterskier (P), 
the boat (B), and the point on the z-axis directly below waterskier 
the waterskier. Using Pythagorean Theorem we have that 
the base of the triangle on the z-axis has length Jat — y?. 


Therefore the slope of the line tangent to curve C is 


no y 
y ~~ G2 — yp? 


Notice that the sign of the derivative is negative because as the boat proceeds along the 


positive z-axis, the y-coordinate decreases. 


29. We see from the figure that 20+ a = r. Thus 


Y 2tan 0 
> = tana = tan(z — 20) = — tan 20 = -——____. 
~, = tana an(m ) an [tants 


Since the slope of the tangent line is y” = tan@ we have 
y/z = 2y'1—-(y')?] or y—y(y')? = 2xy”, which is the quadratic 
equation y(y’)? + 2xy' — y = 0 in y'. Using the quadratic 
formula, we get 


pol —2z + y 41? + 4y? u =z + y 2? + y? 


i 2y y 


BY 


Since dy/dx > 0, the differential equation is 


dy =z + yz? +y? d 
H.E WU e gl err a 
dx y dx 


30. The differential equation is dP/dt = kP, so from Problem 41 in Exercises 1.1, a one-parameter 
kt 


family of solutions is P = ce™’. 

31. The differential equation in (3) is dT /dt = k(T — Tm). When the body is cooling, T > Tm, 
so T — Tm > 0. Since T is decreasing, dT’ /dt < 0 and k < 0. When the body is warming, 
T < Tm, so T — Tm < 0. Since T is increasing, dT /dt > 0 and k < 0. 


32. The differential equation in (8) is dA/dt — 6 — A/100. If A(t) attains a maximum, then 
dA/dt — 0 at this time and A — 600. If A(t) continues to increase without reaching a 
maximum, then A'(t) > 0 for t > 0 and A cannot exceed 600. In this case, if A’(t) approaches 


0 as t increases to infinity, we see that A(t) approaches 600 as t increases to infinity. 


33. This differential equation could describe a population that undergoes periodic fluctuations. 
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(a) As shown in Figure 1.3.23(a) in the text, the resultant of the reaction force of magnitude 
F and the weight of magnitude mg of the particle is the centripetal force of magnitude 
mwa. The centripetal force points to the center of the circle of radius x on which the 


particle rotates about the y-axis. Comparing parts of similar triangles gives 


Fcos0ü— mg and Fsin@ = mo?z. 


(b) Using the equations in part (a) we find 


FsinÜü mw?x ws dy | w'r 
tan 0 = = = = 


Fcosó mg g dr g ` 


From Problem 23, d?r/dt? = —gR?/r?. Since R is a constant, if r = R + s, then d?r/dt? = 


d?s/di? and, using a Taylor series, we get 


d?s R? 


= = E 2gs 
ql IR EG» ^g gR? |R? - 25/8 OH] = 94 RR H. 


R 


Thus, for R much larger than s, the differential equation is approximated by d?s/dt? = —g. 
(a) If p is the mass density of the raindrop, then m = pV and 
dm dV . dj[4 sg adr — dr 
d 7g charm rr) = PS oe 
If dr /dt is a constant, then dm/dt = kS where pdr/dt = k or dr/dt = k/p. Since the 


radius is decreasing, k < 0. Solving dr/dt = k/p we get r = (k/p)t-- co. Since r(0) = ro, 
co = ro and r = kt/p + ro. 


d 
(b) From Newton’s second law, anl — mg, where v is the velocity of the raindrop. Then 


zur) a + v(kAnr?) = e(3n*)g. 


We assume that the plow clears snow at a constant rate of k cubic miles per hour. Let t be the 
time in hours after noon, x(t) the depth in miles of the snow at time t, and y(t) the distance 
the plow has moved in t hours. Then dy/dt is the velocity of the plow and the assumption 
gives 5 
y 
we =k, 
where w is the width of the plow. Each side of this equation simply represents the volume 


of snow plowed in one hour. Now let tp be the number of hours before noon when it started 


38. 


39. 


40. 
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snowing and let s be the constant rate in miles per hour at which x increases. Then for 
t > —to, x = s(t + to). The differential equation then becomes 


dy k 1 
dt wst+to 


Integrating, we obtain 


k 
y = — [In(t + to) + c] 
ws 


where c is a constant. Now when t = 0, y = 0 so c= —Intg and 


k 
TESTES 
ws to 


Finally, from the fact that when t = 1, y = 2 and when t = 2, y = 3, we obtain 


p IN 
1+—] ={1l+—). 
a 
Expanding and simplifying gives tå + to — 1 = 0. Since to > 0, we find ty = 0.618 hours ~ 37 
minutes. Thus it started snowing at about 11:23 in the morning. 


At time t, when the population is 2 million cells, the differential equation P'(t) = 0.15P(t) 
gives the rate of increase at time t. Thus, when P(t) = 2 (million cells), the rate of increase 


is P’(t) = 0.15(2) = 0.3 million cells per hour or 300,000 cells per hour. 


Setting A'(t) = —0.002 and solving A'(t) = —0.0004332A(t) for A(t), we obtain 


A'(t) —0.002 
A(t) = ———T = ——— & 4.6 ; 
() = 99004332 ~ =0.0004332 e 
P dA 
(1) : Z = kP is linear (2) : ue kA is linear 
T 
(3): Z = k (T — Tm) is linear (5): z = kz (n +1 -— x) is nonlinear 
X dA 
16) = = k(a— X)(8 — X) is nonlinear (8): uw c P mm is linear 
dh A d 1 
(10) : = -F Voh is nonlinear (ED: La + ro + "iim E(t) is linear 
d? 
(12): P — —g is linear (14) : m — mg — kv is linear 
(15) LE is li (16) Br cms 
: m=> +k— = mg is linear : = + 1= 
E X" dE d? L 


(17): linearity or nonlinearity is determined by the manner in which W and T| involve z. 
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d N d 
1. — ce? = 100,697. uL EN 10y 
da da 
y 
d —- d d 
2. —(5 + epe 7) =e = = —2(5 + qe —5); Ts —2(y —5) or a es —2y + 10 
da dx da 
d f . 
3. ge cos kx + c9 sin kx) = —kc sin kx + kco cos kx; 
a 
E pa EN 
iz cos kx + co sin ka) = —Kk?c cos ka — k?co sin kx = —k? (c cos ka + ca sin ka); 
dy dy 
A —k? Low k2 = 
dx? E ina e 
d . : 
4. — (cı cosh kx + co sinh kx) = kc; sinh kx + keg cosh kx; 
a 
à — A 
iz cosh kx + ca sinh kx) = k?c cosh kx + Kc sinh kx = k? (cı cosh kx + c» sinh kx); 
dy 2 dy 2 
Em =k y or dr? —k y= 0 
5. y = Qe” + coxe”; y! = qe” + coxe” + cze”; y” = ce? + coze” + 2cge*; 
y" +y=2(c¡e* + care”) + 2c2e” = 20, e” + coxe” + cze”) = 2; y'—2y' 4-y-0 
6. y! = —cje* sin x + ce” cos z + age” cos z + eze” sin 2; 
y” = —c¡e* cos x — cy e” sin x — ce” sin x + ce” cos z — cze” sin £ + Coe” cos £ + cae? cos z + 
cae” sin x 
= —2cye” sin x + 2c9e* cos x; 
y" — 2y' = —2c,e* cos z — 2c2e” sin x = —2y; y" — 2y' -2y =0 
7. a, d 8.c 9. b 10. a,c 11. b 12. a, b, d 


13. A few solutions are y = 0, y = c, and y = e”. 
14. Easy solutions to see are y — 0 and y — 3. 
15. The slope of the tangent line at (x,y) is y”, so the differential equation is y’ = x? + y?. 


16. The rate at which the slope changes is dy'/dx = y”, so the differential equation is y" = —y 
or y" +y — 0. 


17. (a) The domain is all real numbers. 


18. 


19. 


20. 


21. 


22. 
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(b) Since y” = 2/3z!/2, the solution y = z?/? is undefined at x = 0. This function is a 


solution of the differential equation on (—oo,0) and also on (0, oc). 
(a) Differentiating y? — 2y = z? — x +c we obtain 2yy' — 2y' = 2x — 1 or (2y — 2)y' = 2x — 1. 


(b) Setting x = 0 and y = 1 in the solution we have 1 — 2 = 0 — 0 + c or c = —1. Thus, a 


2 


solution of the initial-value problem is y? — 2y = x? — x — 1. 


(c) Solving the equation y? — 2y — (1? — x — 1) = 0 by the quadratic formula we get 


y = (2+ y4 + 4(z? — x — 1) )/2 = 1 vzr? -— y — lt yax(r-—1). Since z(x — 1) 20 
for x < 0 or x > 1, we see that neither y = 1 + /z(z—1) nor y = 1 — Vz(z— 1) is 


differentiable at x = 0. Thus, both functions are solutions of the differential equation, 


but neither is a solution of the initial-value problem. 
Setting x = zo and y = 1 in y = —2/z + x, we get 


2 
]1———-zg or  zj—z9—2- (zo — 2)(zo +1) — 0. 
To 
Thus, zo = 2 or ty = —1. Since x Z 0 in y = —2/x + z, we see that y = —2/z + risa 
solution of the initial-value problem xy’ + y = 2x, y(—1) = 1, on the interval (—oo, 0) because 
—1 <0, and y = -2/x + x is a solution of the initial-value problem ry’ + y = 2x, y(2) = 1, 
on the interval (0,00) because 2 > 0. 


From the differential equation, y'(1) = 1?+[y(1)]? = 14+(-1)? = 2 > 0, so y(x) is increasing in 
some neighborhood of z = 1. From y" = 2x +2yy’ we have y”(1) = 2(1)+2(—1)(2) = -2 < 0, 


so y(x) is concave down in some neighborhood of x = 1. 


y=? +. 


(b) When y = £z? + c, y' = 2x and (y)? = 427. When y = —z? +c, y! = —2x and 
(y)? = 42°. 


(c) Pasting together z?, x > 0, and —2?, x < 0, we get y = 


The slope of the tangent line is lira) = 6/4 + 5(-1)5 =7. 
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Differentiating y = x sin x + z cos x we get 
/ . n 
y =xcosx+sinx —xsinx + COST 
and 


y" = —zsinz + cos x + cos x — zcosz — sing — sing 


=-—xsinx — zcosz 4- 2cos x — 2sin x. 
'Thus 
y" +y = —2zsinz — x cos x + 2 cos g — 2sin x + z sin £ + g cos x = 2cosx — 2sinz. 
An interval of definition for the solution is (—oo, oc). 


Differentiating y = x sin x + (cos x) In(cos x) we get 


— sin g 


) — (sin z) In (cos x) 


zZ B 
y = T COST + SINT + cosx 
COS X 


= z cosg + sin x — sin x — (sin x) In (cos z) 
= x cos z — (sin x) In (cos z) 


and 


— sin g 


) — (cos x) In (cos x) 


y = —rsinrz-d-cosr — sin z 
COS £ 


in? 


= —g sin z + cos 1 + — (cos x) In (cos z) 


1 — cos? x 


= —gsinz + cos z + ————— — (cos z) In (cos x) 
COS T 


= —xsinz + cos x + sec x — cos x — (cos x) In (cos x) 


= —xsinx + sec x — (cos x) In (cos x). 
Thus 
y" +y = —zsinz + sec z — (cos x) In(cos x) + z sin x + (cos x) In (cos £) = sec z. 


To obtain an interval of definition we note that the domain of In x is (0,00), so we must have 


cos z > 0. Thus, an interval of definition is (—7/2, 7/2). 


Differentiating y = sin (In x) we obtain y’ = cos (In z)/z and y" = — [sin (In z) + cos (In z)|/z?. 


Then 


2, ll 


y + ay +y=x 


i In x 
T (E (In x) + cos m2) q os nz) HEN 
x 


q? 


An interval of definition for the solution is (0, oc). 
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26. Differentiating y = cos (In x) In (cos (In z)) + (In z) sin (In x) we obtain 


y! = cos (lnz) (Sem) + In (cos (In 2)) (262) 4s 208082) , sinn) 


E In (cos (In x)) sin (In z) n (In x) cos (In x) 


T x 
and 


y'= -a [in (cos Qna) 809) sin E 


— — (In x) cos (In pics 


+ In (cos (n a))sin (m2) m LZ (-22) y 1 


T x q2 x2 
sin? (In z 
= E |- In (cos (In x)) cos (In x) + — + In (cos (In x)) sin (In z) 
— (In x) sin (In x) + cos (In x) — (In x) cos (In 2) : 
Then 


sin? (In z) 


cos (In x) 


+ cos (In x) — (In x) cos (In z) — In (cos (In z)) sin (In x) 


PN Af 


z^y' + zy + y = — In (cos (In z)) cos (In z) + + In (cos (In 2)) sin (In x) — (In x) sin (In x) 


+ (In x) cos (In x) + cos (In x) In (cos (In z)) + (In z) sin (In x) 


»" sin? (In z) is sin? (In x) + cos? (In z) _ il cine). 
cos (In x) cos (In x) cos (In x) 
To obtain an interval of definition, we note that the domain of In x is (0,00), so we must 
have cos (Ina) > 0. Since cosx > 0 when —7/2 < x < 7/2, we require —7/2 < Ina < 7/2. 
Since e” is an increasing function, this is equivalent to e~7/? < x < e7/2, Thus, an interval 
of definition is (e77/2,e7/2). (Much of this problem is more easily done using a computer 


algebra system such as Mathematica or Maple.) 


In Problems 27 - 30 we use (12) of Section 1.1 and the Product Rule. 


27. 


y= cia te” “ost dt 
0 


dy COS T — COS X El COS T : — cost 
— =e (xe ) — sin ze te dt 
dx 0 


x zr 
= + (sin x) y = &**re “9% — sin ml te” “St di + sina Cag te ones at) 
s 0 0 


x zr 
= 2 — sin zem | te” “St dt + sin di fe = 
0 0 
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< 

I 

S 
— 
li 
dl ] 
c 

a 

cx 


z^y" + (a? -z)y +(1-2)y= (—a eT + ze 7) 


. E so e a 
y=sinw | e costdt — cosa | e” sint dt 
0 0 
/ : x? ? e dus : ? Pa 
y = sinz (e cosa) + cos x € cos t dt — cosa (c sina) + sin x e” sintdt 
0 0 
z 2 * 2 
= cose | el cost di sina f e” sint dt 
0 0 


x HH 
2 . 2 . 2. M 
y” = cosx (e cos z) — sine f e” cost dt + sinz (e sin 2) + cosa f e sint dt 
0 0 


y 
¡x_Í]_—  —o  _ 0. _—_——AAKÁÉÁKÁKÉX 


HH z 
2 " . 2 26 
Le (cos? x + sin? x) — sino | el cost dt — cosa f e" sint dt 
0 0 


yf ty se” -yty e” 


31. Using implicit differentiation we get 


ey =z +1 
d 
32? - y? +r’. 3? S = 327 
dx 


3124? way” dy _ 322 
3x2y2 | 3x2y2 dr  3x2y? 


Now from the original equation, isolating the first term leads to (x — 5)? = 1—y?. Continuing 


from the last line of our proof we now have 


Adding 1 to both sides leads to the desired result. 


33. Using implicit differentiation we get 
3 = 
y + 3y = 1 — 3x 


3y^y' +3y' = -3 


yy ty --1 
(y? + 1y 2-1 
y= 
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34. 


35. 


36. 


37. 
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Differentiating the last line and remembering to use the quotient rule on the right side leads 


to Day! 
y" B yy 
(y? +1) 
Now since y' = —1 / (y? + 1) we can write the last equation as 
2y 2y | ( E D 
"o. S — 2 =y? 
"c ep we wey PFT we) 


which is what we wanted to show. 

Using implicit differentiation we get 
pee 
y = e" (y + ay) 
y = yer! + ze** 

(1 — re™)y! = ye?" 
Now since y = e*Y, substitute this into the last line to get 
(1—ay)y! = yy 
or (1 — xy)y' = y? which is what we wanted to show. 


In Problem 35-38, y = c1e?? + cpe~* — 2x is given as a two-parameter family of solutions of the 
second-order differential equation y" — 2y' — 3y = 6x + 4. 


If y(0) = 0 and y'(0) = 0, then 


SO Cc] = i and c9 — -i. 'Thus y — ie — half e” — 2z. 
If y(0) = 1 and y'(0) = —3, then 
c+c=1 
3€1—09—2— —3 
soc; = 0 and cg = 1. Thus y = e * — 2x. 
If y(1) = 4 and y'(1) = —2, then 


cie? + ce | —2=4 


3c¡ e? ier 2=-2 


SO Cc] = ie and c9 — 3 €. 'Thus y — 30003 + ge etl — 2a. 


38. 


39. 
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If y(—1) = 0 and y'(—1) = 1, then 


1€ + o@e+2=0 


3cje "—c906—2—1 
so Cy = ie and c9 — -$,e. 'Thus y — 1 gà — feel — 2x. 
From the graph we see that estimates for yy and yı are yo = —3 and yı = 0. 


The differential equation is 


S = EM = V2gh. 


Using Ao = (1/24)? = 17/576, Aw = a Vs ie and g = 32, this becomes 


dh ^ cm[5T6 
ka /64h === 
d dr il 288 ME 


35 
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15. (a) The isoclines have the form y = —x + c, which are straight 


th slope —1. 


ines wi 
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(b) The isoclines have the form 2? + y? = c, which are circles 


centered at the origin. 


16. (a) When z = 0 or y = 4, dy/dx = —2 so the lineal elements have slope —2. When y = 3 or 
y = 5, dy/dx = x — 2, so the lineal elements at (7,3) and (x,5) have slopes x — 2. 


(b) At (0, yo) the solution curve is headed down. If y — oo as x increases, the graph must 
eventually turn around and head up, but while heading up it can never cross y — 4 
where a tangent line to a solution curve must have slope —2. Thus, y cannot approach 


oo as z approaches oo. 


17. When y « iz?, y = «x? — 2y is positive and the portions of 3 
solution curves “outside” the nullcline parabola are increasing. 2 


When y > 327, y! = x? — 2y is negative and the portions of the 1 


solution curves “inside” the nullcline parabola are decreasing. 0 


——— NN 


18. (a) Any horizontal lineal element should be at a point on a nullcline. In Problem 1 the 
2 


nullclines are z? — y? = 0 or y = +a. In Problem 3 the nullclines are 1 — xy = 0 or 
y = 1/x. In Problem 4 the nullclines are (sin x) cos y = 0 or z = na and y = 1/2 + nm, 
where n is an integer. The graphs on the next page show the nullclines for the equations 


in Problems 1, 3, and 4 superimposed on the corresponding direction field. 


y y y 
3E 1 4 
1 FO pagg d 
\ EO pd gd 
2F \ Kok pop e 
\ IN ee a pcs 
N EA BAMA 
If bi PEP ESS 
<< 
LG p; RES 
0 X 0r BEBER x x 
I - 7 Sat Jae en ee ee d 
D^ diui VVV VN SNe PAD EY 
=l E ES Ra MM ME TERETERE 
NN ` Apiri IE dod a 
-2r VM \ Orta ko d og O d 
TE \ N LULA, TN] 
Ad \ \ Ud wx Vey vrrrtutre 
-3t pil LLL) -4 EL br ar pra Ae ara 
3 -2 -l 0 1 2 3 -4 -2 0 2 4 
Problem 1 Problem 3 Problem 4 


2.1 Solution Curves Without a Solution 


(b) An autonomous first-order differential equation has the form y' = f(y). Nullclines have 
the form y = c where f(c) = 0. These are the graphs of the equilibrium solutions of the 


differential equation. 


19. Writing the differential equation in the form dy/dx = y(1 — y)(1+ y) we see that 
critical points are y = —1, y = 0, and y = 1. The phase portrait is shown at the 
right. 


(a) y (b) y 
jl 0 
Alt 1 
2 -1 
2 L 
1 x 
-2 -1 1 2 
—X 
1 2 
(c) ; do», 
> x 
-2 -1 1 2 1 2 
x -1 
-2 
ES 
EIL 4 
E 
20. Writing the differential equation in the form dy/dx = y?(1 — y)(1 + y) we see that 
critical points are y = —1, y = 0, and y = 1. The phase portrait is shown at the 
right. Y 
1+ 
(a) (b) y A 
0+ 
ft NEM A 
EM" an Al 
Y 
=) = 1 2" 
(c) y (d) y 
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21. Solving y? — 3y = y(y — 3) = 0 we obtain the critical points 0 and 3. From the 
phase portrait we see that 0 is asymptotically stable (attractor) and 3 is unstable 


(repeller). 


22. Solving y? — y? = y?(1— y) = 0 we obtain the critical points 0 and 1. From the phase 
portrait we see that 1 is asymptotically stable (attractor) and 0 is semi-stable. 


23. Solving (y — 2)* = 0 we obtain the critical point 2. From the phase portrait we see 


that 2 is semi-stable. 


24. Solving 10 + 3y — y? = (5 — y)(2 + y) = 0 we obtain the critical points —2 and 5. 
From the phase portrait we see that 5 is asymptotically stable (attractor) and —2 is Y 


unstable (repeller). 


2.1 Solution Curves Without a Solution 


25. Solving y? (4 — y?) = y? (2 — y)(2 + y) = 0 we obtain the critical points —2, 0, and Y 
2. From the phase portrait we see that 2 is asymptotically stable (attractor), 0 is 
semi-stable, and —2 is unstable (repeller). 


-4 


26. Solving y(2 — y)(4— y) = 0 we obtain the critical points 0, 2, and 4. From the phase 
portrait we see that 2 is asymptotically stable (attractor) and 0 and 4 are unstable 


(repellers). 


x 
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27. Solving y In(y+2) = 0 we obtain the critical points —1 and 0. From the phase portrait 
we see that —1 is asymptotically stable (attractor) and 0 is unstable (repeller). 


0 
y 


A 
28. Solving ye" — 9y = y(eY — 9) = 0 (since e" is always positive) we obtain the 

critical points 0 and In 9. From the phase portrait we see that 0 is asymptotically Inot 

stable (attractor) and 1n 9 is unstable (repeller). 
Y 

y 
4 T 
A 
"I y 4 * 
-2L 


29. The critical points are 0 and c because the graph of f(y) is 0 at these points. Since f(y) > 0 
for y < 0 and y > c, the graph of the solution is increasing on the y-intervals (—oo,0) and 


(c, oo). Since f(y) < 0 for 0 < y < c, the graph of the solution is decreasing on the y-interval 
(0, c). 


30. 


31. 


32. 


33. 


2.1 Solution Curves Without a Solution 43 


The critical points are approximately at —2,2, 0.5, and 1.7. Since f(y) > 0 for y « —2.2 
and 0.5 « y « 1.7, the graph of the solution is increasing on the y-intervals (—oo, —2.2) and 
(0.5, 1.7). Since f(y) < 0 for —2.2 < y < 0.5 and y > 1.7, the graph is decreasing on the 
y-interval (—2.2,0.5) and (1.7, 00). 


From the graphs of z = 7/2 and z = siny we see that 


(2/1)y —sin y = 0 has only three solutions. By inspection 


we see that the critical points are —7/2, 0, and 7/2. 


From the graph at the right we see that 


2 . fo ^ y«-m/2 T 
~y- smy ce 
T >0 for y>m/2 2 
M 
o+ 
2 . >0 for -—m-/2«y«0 A 
— y — siny 7 
T <0 tor O<9< 7/2 z 
Y 


'This enables us to construct the phase portrait shown at the right. From this portrait we see 


that 7/2 and —7/2 are unstable (repellers), and 0 is asymptotically stable (attractor). 


For dy/dx — 0 every real number is a critical point, and hence all critical points are noniso- 
lated. 


Recall that for dy/dx = f(y) we are assuming that f and f’ are continuous functions of y 
on some interval /. Now suppose that the graph of a nonconstant solution of the differential 
equation crosses the line y — c. If the point of intersection is taken as an initial condition 


we have two distinct solutions of the initial-value problem. This violates uniqueness, so the 
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35. 


36. 


37. 
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graph of any nonconstant solution must lie entirely on one side of any equilibrium solution. 
Since f is continuous it can only change signs at a point where it is 0. But this is a critical 
point. Thus, f(y) is completely positive or completely negative in each region R;. If y(x) is 
oscillatory or has a relative extremum, then it must have a horizontal tangent line at some 
point (xo, yo). In this case yo would be a critical point of the differential equation, but we saw 
above that the graph of a nonconstant solution cannot intersect the graph of the equilibrium 


solution y = yo. 


By Problem 33, a solution y(x) of dy/dx = f(y) cannot have relative extrema and hence must 
be monotone. Since y'(x) = f(y) > 0, y(x) is monotone increasing, and since y(x) is bounded 
above by c2, limz-30 y(1) = L, where L < c2. We want to show that L = cz. Since Lis a 
horizontal asymptote of y(x), lim, y'(x) = 0. Using the fact that f(y) is continuous we 


have 


f(L) = f (im v(2)) = lim Sto) = Jim y(z) = 0. 


T-—>00 T>00 T—>00 


But then L is a critical point of f. Since cı < L € cz, and f has no critical points between 


c1 and ca, L = c3. 


Assuming the existence of the second derivative, points of inflection of y(r) occur where 
y” (x) = 0. From dy/dx = f(y) we have d?y/dx? = f'(y) dy/dx. Thus, the y-coordinate of a 
point of inflection can be located by solving f'(y) = 0. (Points where dy/dx = 0 correspond 


to constant solutions of the differential equation.) 


Solving y? — y — 6 = (y — 3)(y + 2) = 0 we see that 3 and —2 
are critical points. Now d?y/dz? = (2y — 1) dy/dx = (2y — 1)(y — s+ 
3)(y + 2), so the only possible point of inflection is at y = i. 
although the concavity of solutions can be different on either side 
of y = —2 and y = 3. Since y"(x) < 0 for y < —2 and 3 < y < 3, 
and y'(x) > 0for-2« y < > and y > 3, we see that solution 


curves are concave down for y < —2 and > < y < 3 and concave 4 


up for —2 < y < > and y > 3. Points of inflection of solutions of 


autonomous differential equations will have the same y-coordinates 
because between critical points they are horizontal translations of 


each other. 


If (1) in the text has no critical points it has no constant solutions. The solutions have 
neither an upper nor lower bound. Since solutions are monotonic, every solution assumes all 


real values. 


38. 


39. 


40. 


41. 


42. 


2.1 Solution Curves Without a Solution 


The critical points are 0 and b/a. From the phase portrait we see that 0 is an 

attractor and b/a is a repeller. Thus, if an initial population satisfies Py > b/a, A 

the population becomes unbounded as t increases, most probably in finite time, 24 

i.e. P(t) > oo as t > T. If 0 < P) < b/a, then the population eventually dies out, 

that is, P(t) — 0 as t — oo. Since population P > 0 we do not consider the case y 

P) <0. e 
A 


From the equation dP/dt = k (P — h/k) we see that the only critical point of the autonomous 
differential equationis the positive number h/k. A phase portrait shows that this point is 
unstable, that is, h/k is a repeller. For any initial condition P(0) = Po for which 0 < Py < h/k, 
dP/dt < 0 which means P(t) is monotonic decreasing and so the graph of P(t) must cross the 
t-axis or the line P — 0 at some time tı > 0. But P(t1) = 0 means the population is extinct 


at time tj. 


Writing the differential equation in the form 


we see that a critical point is mg/k. 


From the phase portrait we see that mg/k is an asymptotically stable critical point. 
Thus, Jim v=mg/k. 
—oo 


Writing the differential equation in the form 


dv k (mg DEN: mg mg Y 
ao #) == ( p o) (fet 


we see that the only physically meaningful critical point is ymg/k. 


From the phase portrait we see that 4/mg/k is an asymptotically stable critical 
point. Thus, Jim v=wymg/k. 
—>00 


(a) From the phase portrait we see that critical points are a and B. Let X(0) = Xo. 
If Xo < a, we see that X — a as t > oo. Ifa < Xo < D, we see that X > a 
as t — oo. If Xo > 8, we see that X(t) increases in an unbounded manner, B+ 
but more specific behavior of X(t) as t > oo is not known. 
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(b) When a = £ the phase portrait is as shown. If Xy < a, then X(t) > a 


as t — oo. If Xy > a, then X(t) increases in an unbounded manner. This 


could happen in a finite amount of time. That is, the phase portrait does not 
indicate that X becomes unbounded as t — oo. 


(c) When k = 


] and « 


B the differential equation is d X/dt 
X(t) 2 a — 1/(t +c) we have dX/dt = 1/(t + c)? and 


-xP-la-f(a--Ly -= -Z 
(a-X)* = a (a ET “Gage a 
For X(0) = a/2 we obtain 


(a — Xy. 


1 
X(t) =a- es 
t+2/a 
For X (0) = 2a we obtain 
1 
X(t = —— 
() t — lla 
x 
2a 
Qa Qa 
a/2 
270 f 170 d 


For Xo > o, X(t) increases without bound up to t = 1/a. For t > 1/a, X(t) increases 


but X > q as t > oo. 


2.2 Separable Variables 


In many of the following problems we will encounter an expression of the form ln |g(y)| = f(a)+e. 
To solve for g(y) we exponentiate both sides of the equation. This yields |g(y)| — efte = ef ef le 
which implies g(y) = £e°ef™. Letting cq = +e* we obtain gly) = ciel”, 


1. From dy = sin 5x dx we obtain y = -i cos 5a + c. 


2. From dy = (x + 1)? dz we obtain y = $(x +1)? +e. 


For 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


1 1 
. From Tope Y = de we obtain - —7 =x+cory=1- 
y= 
1 4 . 
. From — dy = — dz we obtain In|y| = 41n |x| +c or y= czt. 
y y 


1 1 
. From — dy = -2z dx we obtain —— = —r? +cory= 
y y 


2.2 Separable Variables 


. From dy = —e~*” dx we obtain y = ze 3” +c. 


1 
e+e 


(y—1) 


4 


1 
q? + 


. From e^?! dy = e dy we obtain 3e~74 + 20% = c. 


1 . 
. From ye” dy = (e* + ee) dx we obtain ye" — e! + e^? + le = c. 


1 B i 1 
. From (v+2+=) dy = z? In z dx we obtain © +2y + 1n iy = = In |z — 57 te 
y 


F : d : d btai : : + 
rom ———, dy = 55 dx we obtain ——~ = —— +c. 
m Qy 432 "7 Ur ay 2y43  4r45 
1 
Prom —— dy = ———;—dz or sinydy = —cos*xdx = -iü + cos2x) dx we obtain 
csc y sec? x 
— cosy = —jrz — isin2r + c or 4cosy — 2x + sin 2x +c. 
in3 
From 2y dy = — m dx or 2y dy = — tan 3z sec? 3z dx we obtain y? = -isec? 3r +c. 
cos? 3x 
e” n i : -1_ 1.2 -2 
From ———, dy = ———3 dx we obtain — (e -- 1) ^ — 5 (e* +1) “+e. 


(op ei 


y 


From ap? dy = dx we obtain (1 + yy? = (1 + a”) ve T c. 
+y 


x 
(1 4-22)? 


From Žas = kdr we obtain S = ce*". 


1 
From 2-7 dQ = kdt we obtain In |Q — 70| = kt +c or Q — 70 = ce". 
F E e | E = a ae thn P| inl ETE 8 
Le E w in In|P| — In|1— = c so tha 
rom p PILP e obta 
A cet 
In =t+cor = qe. Solving for P we have P = ———. 
= 1+ cet 


1 
From N dN = (te^? — 1) dt we obtain In |N| = te^? — e+? -t +c or N= ee 


—2 —1 5 5 
From e = dx or (1- iu dy — (1- 2 dx we obtain 
y y u+4 


y-5lnly+3|] =x-—5lnlrx+4|+e or (=) eue E, 
y+ 


tet t+2_ett+2_4 
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24. 


25. 
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1 2 2 5 
From YA ya MS dx or | 1+ —— } dy = | 1-- —— | dz we obtain 
y—1 z—39 y—1 q—39 
y +2ln |y — 1| = z 4 51ln|z — 3| - c. or UD pomo, 
(x — 3) 
1 sc TS EST s a 
ia Trey a a li 31% =sin gy-cory sin zra . 
=y 
1 e? : 1 utm 
From — dy = ————— dx = 55— dx we obtain —— = tan “e” +c or 
y? e* + gor (e*)? +1 y 
1 
im tan-!e* +¢ 
1 
From — al dx = 4 dt we obtain tan”! x = 4t+c. Using z(1/4) = 1 we find c = —37/4. The 
x 
3 3 
solution of the initial-value problem is tan”! a = 4t — = or x = tan (a — 7) : 
1 1 1 1 1 1 1 1 
F dy = d =|—=— ]dy=- — dx btai 
ee pe ql ^ c= 7) i c= =) dob 


yel ml) 


1 =1[ =1 1] =1 = J| — 1 1] +1 2 = 
nly | —1n ly +1] nje |— In|z +1|+lnc or TE iți 


. Using y(2) = 2 we 


Sl del 
find c = 1. A solution of the initial-value problem is 4 m Or y — c. 
y+1 +1 
1 1 — 1 1 1 
From — dy = = de <= (3 — =) dx we obtain In |y| = —— — ln |z| = c or zy = cye7!/*. 
y n T £ £ 
Using y(—1) = —1 we find c; = e~!. The solution of the initial-value problem is zy = e 1- V7 


or y = e (1/2) /g, 


From dy = dt we obtain —31n|1—2y| = t c or 1—2y = cie ?*. Using y(0) = 5/2 we 


1 
1 — 2y 
find cı = —4. The solution of the initial-value problem is 1 — 2y = —4e7% or y = 2e7% + > f 


Separating variables and integrating we obtain 


a y 
vl-z?  y1-y 


=0 and sin!z-sin!gy-c. 


Setting z = 0 and y = V3/2 we obtain c = —7/3. Thus, an implicit solution of the initial- 


1 


value problem is sin”! x — sin ^! y = 7/3. Solving for y and using an addition formula from 


trigonometry, we get 


y = sin (sin! z + 2) = cos ~ + 1—asin? => + 


2.2 Separable Variables 49 


1 —zx 
28. From == d = — 7, dx we obtain 
1+ Qyy ^" 14 (ay 


1 1 
5 tan”! 2y = 23 tantz? +c or tan”? 2y + tan”? z? = c. 


Using y(1) = 0 we find cı = 7/4. Thus, an implicit solution of the initial-value problem is 


tan !2y + tan”? a? = 71/4. Solving for y and using a trigonometric identity we get 


2y — tan e eda z?) 


1 
y= 3 tan (t — tan”! z?) 


|] tanf-— tan (tan—! x?) 
~ 21+tan tan (tan | x?) 


| 11-2? 
| 21-42z2' 


29. Separating variables and then proceeding as in Example 5 we get 
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30. Separating variables and then proceeding as in Example 5 we get 


a = y? sin (2?) 
3x = = sin (z?) 


mss (ito 
usi. 


2 


< 

— 
8 

— 
I 


3— | sin(t?) dt 8 
| " | " 


31. Separating variables we get 


dy  2x+1 
dr 2y 


2y dy = (2x + 1) dz 


fuw= [895 dz 


y^ =r rl 


The condition y(—2) = —1 implies c = —1. Thus y? = z? + z - 1 and y = —Va?--z— 1 in 
order for y to be negative. Moreover for an interval containing —2 for values of x such that 


1 5 
xz? +x —12 0 we get rus 


32. 


33. 


34. 


35. 


2.2 Separable Variables 


Separating variables we get 
d 
(2y — 2) L= 322 + 42 +2 
dx 


(2y — 2) dy = (32? + 4x + 2) dx 


Nf 


fe- dy = f (32? + 40 +2) da 


[29-5 dy = f (30? +40+3 da 


(y-1D=4+22%4+2+c 


The condition y(1) = —2 implies c = 4. Thus y = 1 — Vx? + 2x? + 21 + 4 where the minus 
sign is indicated by the initial condition. Now z? +2a*+2ar+4 = (a + 2) (a? + 1) > 0 implies 


x > —2, so the interval of definition is (—2, 00). 


Separating variables we get 


e” dx —e * dy = 0 


e” dx =e * dy 

e” dr =e Y dy 
fea feo 
e? ——e Yie 


The condition y(0) = 0 implies c = 2. Thuse Y = 2 — e”. Therefore y = — In (2 — e”). Now 
we must have 2 — e” > 0 or e" < 2. Since e” is an increasing function this imples x < In2 


and so the interval of definition is (—oo, ln 2). 


Separating variables we get 


sin z dx + y dy = 0 


[snede+ f oti fode 


l » 
— cosz + -= 
cos gy 


Il 
o 


1 


The condition y(0) = 1 implies c = —5. Thus —cosz + iy? = (d or y? = 2cosz — 1. 


Therefore y = y2cos x — 1 where the positive root is indicated by the initial condition. Now 
we must have 2cosz — 1 > 0 or cosx > 3. This means —7/3 < x < 7/3, so the the interval 
of definition is (—7/3, 7/3). 


(a) The equilibrium solutions y(x) = 2 and y(x) = —2 satisfy the initial conditions y(0) = 2 
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and y(0) = —2, respectively. Setting x = } and y = 1 in y = 2(1 + ce*”)/(1 — ce**) we 


obtain 
122 1+ce 


1—ce’ 


1— ce — 2 4 2ce, 


1 
pese 


d 
an ac 


—] = 3ce, 


The solution of the corresponding initial-value problem is 


y=2 


1,4rx-1 
le 


1+ 1etz-i 


a e4e—1 
3 + ete-1" 


(b) Separating variables and integrating yields 


1 1 
qinly—2|— ginly+2|/+Ina — 


In |y — 2| 


ln |y + 2] + Inc = 4x 
—2 
n [e l| = as 
y+2 
" be 4a 
yt2 


Solving for y we get y = 2(c + e4”)/(c — e*”). The initial condition y(0) = —2 implies 
2(c + 1)/(c — 1) = —2 which yields c = 0 and y(x) = —2. The initial condition y(0) = 2 


does not correspond to a value of c, and it must simply be recognized that y(x) = 2 is a 


solution of the initial-value problem. Setting x = 1 and y = 1 in y = 2(c+ e**)/(c— ef") 


leads to c = —3e. Thus, a solution of the initial-value problem is 
—3e +e“ 3— etz-l 
y—-2— 4r — 4r-l' 
—3e — e** 3-4 et? 


36. Separating variables, we have 


Using partial fractions, we obtain 


dy 
or —— =In]az|+4+ c. 
loe a 


1 


f (4-3) dy = In|z|+c 
y-l y 


In [y — 1| — In|y| = In|v| + c 


In 


y—1 
LY 

yd . c 
TY 


Solving for y we get y = 1/(1 — c1x). We note by inspection that y = 0 is a singular solution 


of the differential equation. 


2.2 Separable Variables 


(a) Setting x = 0 and y = 1 we have 1 = 1/(1 — 0), which is true for all values of ci. Thus, 
solutions passing through (0,1) are y = 1/(1 — cix). 


(b) Setting x = 0 and y = 0 in y = 1/(1— c1) we get 0 = 1. Thus, the only solution passing 
through (0,0) is y — 0. 


(c) Setting x = 5 and y = 4 we have 3 = 1/(1 — 161), soc) = —2 and y = 1/(1 + 2x). 


(d) Setting x = 2 and y = 1 we have 1 = 1/(1 — 2c1), so c1 = —$ and 
y=1/(1+ $2) = 2/(2 + 32). 


37. Singular solutions of dy/dx = x4/1— y? are y = —1 and y = 1. A singular solution of 
(e? + e^ *)dy/dz = y? is y = 0. 


38. Differentiating In (1? + 10) + csc y = c we get 


2x í dy 0 
——— — esc y cot y — = 0, 
z? + 10 STRE a 

2x 1 cosy dy 


zl E endi 
zx?--10 siny siny dx 


Or 
2x sin? y dz — (a? + 10) cos y dy = 0. 
Writing the differential equation in the form 


dy  2x sin? y 


dx — (a? + 10) cosy 


we see that singular solutions occur when sin? y = 0, or y = kr, where k is an integer. 


39. The singular solution y — 1 satisfies the initial-value problem. 101% 


—0.004 —0.002 0.002 0.004 ~ 


0.98 + 
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d y 
. Separating variables we obtain SIE — dx. Then tne 
y — 
. = ij 1.01 
—— =7+C and y Ad i) 
y—1 T+<c 
Setting x = 0 and y = 1.01 we obtain c = —100. The solution 0040002 au mur 
is 
| c — 101 
a — 100 ` 0.22 | 
0.98 - 
Separati iabl btai dy dx. Th | 
. Separating variables we obtain ————————— = dx. Then 
P a (y — 1)? + 0.01 1.0004 
1 
l0tan !10(y—1)—z--c and y= L+ tan tm. 1.0002 


Setting r — 0 and y = 1 we obtain c = 0. The solution is i x 
0.002 0.004 


=1+ : t = 0.9998 
i 3g" i 
0.9996 
, ; dy 
. Separating variables we obtain ——==—— = dx. Then, y 
(y — 1)? — 0.01 
with u = y — 1 and a = — , we get NE 
1.0002 
10y — 11 
5 ln A ctc. 
109 e Ge A 
0.004 -0.002 000707 


Setting x = 0 and y = 1 we obtain c = 5ln1 = 0. The 0.9998 


solution is 
I0y — 11 — 0.9996 
10y — 9 


5m| 


Solving for y we obtain 
(0114 9e7/5 
97 10-4 10€2/5 ' 


Alternatively, we can use the fact that 


dy 1 y—1 
— — eec aanh it Mii) 
leon Ul —- qx id (y - 1) 


(We use the inverse hyperbolic tangent because |y — 1| < 0.1 or 0.9 «y < 1.1. This 
follows from the initial condition y(0) — 1.) Solving the above equation for y we get y — 
1+0.1 tanh (x/10). 
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43. Separating variables, we have 


yo dy (1,12. PY), a 
EEN (G+ Ja dz: 


y 1-y 1+y 


Integrating, we get 


1 1 
In|y| -5ml -yl -5m1 + v =x+<c. 


When y > 1, this becomes 


1 1 
hy-gh(y-)-5l( +1) == =0+0 


Letting x = 0 and y = 2 we find c = In(2/V3). Solving for y we get y1(x) = 2e" /v/4e2* — 3, 
where x > In (3/2). 


When 0 < y < 1 we have 


1 
iy-5In(1- 9) - 5h09) =n =e +e 


Letting r = 0 and y = 3 we find c = In (1///3). Solving for y we get yo(x) = e/V e +3, 
where —oo < x < oo. 


When —1 < y < 0 we have 


1 1 — 
In(-y) - 5In(17 y) - 5In(1 y) =n = zc. 


Letting z = 0 and y = —4 we find c = In (1/V/3). Solving for y we get y3(x) = —e*/v/e?r +3, 


where —oo < xz < oo. 


When y < —1 we have 


il = 
In(—y) - 5In(1 y) T 1 y) =n — — - z 4 c. 


vy -1 


Letting x = 0 and y = —2 we find c = In (2/4 /3). Solving for y we get 


ya(x) = —2e* //4e?* — 3, where x > In (V/3/2). 


y y y y 


56 


44. (a) The second derivative of y is 


45. 
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y 


The solution curve is concave down when d?y/da? < 0 


or y > 3, and concave up when d?y/dz? > 0 or y < 3. See P Y 
-4 4 
From the phase portrait we see that the solution curve o 


2 
is decreasing when y < 3 and increasing when y > 3. 


(b) Separating variables and integrating we obtain > 


(y — 3) dy = dx 


Py __dy/de _ 1/(y-3)_ 1 6 A 
d?  (y-1) W- V a al 
4 


8 
ze 

1 
y? —6y+9=2x+c1 x 
2 


=i 1 2 3 4 5 


(y— 3)? = 2r +c 


y=3EvV22+C1. 


The initial condition dictates whether to use the plus or minus sign. 

When y¡(0) = 4 we have cı = 1 and y; (1) =3+y2x +1 where (—1/2, 00). 
When y2(0) = 2 we have c1 = 1 and yo(x) = 3 — y2x + I where (—1/2, 00). 
x) =3—./2x —1 where (1/2, oo). 
x) —3- 2x3 where (—3/2, 00). 


( 
When y3(1) = 2 we have cı = —1 and y3( 
When ya(—1) = 4 we have cı = 3 and y4( 


We separate variables and rationalize the denominator. Then 


1 1—smnz, l—sinz l—sinz 


l+sinz 1—sinzx 1 — sin? x cos? x 


dy = 


(sec? x — tan x sec x) dz. 


Integrating, we have y = tan x — sec x + C. 


Separating variables we have \/y dy = sin yz dx. Then 


2 
f viti [ sm visas and zu = [sn vas. 


To integrate sin y/x we first make the substitution u = yx. Then du = dx = + du and 


[snvedr = f (sinu) (2u) du =2 | usinudu 


AT. 


48. 


2.2 Separable Variables 57 
Using integration by parts we find 
[ imum = —u cos u + sinu = —/z cos yg + sin yz. 


Thus 


y= | sin Vede = —2 /z cos yz + 2sin yz + C 


wl N 


and 


y = 37/3 (-Vz cos yz + sin Vx + C). 


Separating variables we have dy/ (yy +y) = dx/(yz +2). To integrate fel (Vz +2) 


we substitute u? = x and get 


2 2 
| ceu du = 21n|1 t u| - c 2 21n (1 + vz) +c. 


u+ u? u 
Integrating the separated differential equation we have 


2ln (1+ /y) =2ln (1+ vz) +c or In(1+yy) 2 In (14 Vz) t-Ine. 


Solving for y we get y = [c (1 + yz) — 1)’. 


Separating variables and integrating we have 


dy _fa 
E (1— y!/$) =) 


y2/3 
| dy =x+C1 


In lag =--4+0¢ 
1 — y! = cze 7/3 
1 c y/3 = cae 2/8 


58 
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49. Separating variables we have y dy = eV" dz. If u = V , then u? = x and 2u du = dx. Thus, 


50. 


51. 


52. 


f eV? dy = | 2ue" du and, using integration by parts, we find 


1 
[va [Faz so su? = f Que" du = -26" +0 = 2y ne" - 207 + C, 


and 


y = 24/ /aev® — eV* +C. 


To find C we solve y(1) — 4. 


y(1) = 24/ V1eV1 — eV1 pL C =2VC =4 so C e 
and the solution of the intial-value problem is y = 24/ yz ev? — eV? +4. 


Seperating variables we have y dy = xtan”! z dx. Integrating both sides and using integration 
by parts with u = tan”! x and dv = z dx we have 


[vay = rtan z dx 


1 1 1 
= Y = Zg? tanl g — =g += tan? 


2 2 gig iunc 


y = r?° tan™! x z-tan !z4 C, 
y = Va? tan-! x — z + tanle 4- Ci 
To find C4 we solve y(0) = 3. 
y(0) = /0?tan-10 — 0 + tan-1 0c C4 = VC =3 so C; =9, 
and the solution of the initial-value problem is y = Vx? tan lx —z4- tan iz 4-9. 


(a) While yo(z) = —V25 — x? is defined at x = —5 and x = 5, y4(x) is not defined at these 
values, and so the interval of definition is the open interval (—5, 5). 


(b) At any point on the x-axis the derivative of y(x) is undefined, so no solution curve can 
cross the z-axis. Since —x/y is not defined when y = 0, the initial-value problem has no 
solution. 


The derivative of y = (ha? — s is dy/dr — x (4a? — Ly We note that zy!/? = x |1a? — 1]. 
We see from the graphs of y (black), dy/dx (red), and xy!/? (blue), below that dy/dx = ry"? 
on (—oo, 2] and [2, oo). 


2.2 Separable Variables 


r(iaà?—1), —o<zr<-2 
2 
ay? =2x/y=x (15-1) = «| 3021 = —a (4x? - 1), =2<x<2 
a (122 — 1), 250 oo. 


From this we see that dy/dx = xy'/? on (—oo, —2] and on [2, 00). 


53. Separating variables we have dy/ (VIF sin? y) = dx 
which is not readily integrated (even by a CAS). We 
note that dy/dx > 0 for all values of x and y and that 
dy/dx = 0 when y = 0 and y = 7, which are equilibrium 


solutions. 


X 


6 4 2 2 4 6 8 


54. (a) The solution of y' = y, y(0) = 1, is y = e”. Using separation of variables we find that the 
solution of y' = y [1 + 1/ (zln z)], y(e) = 1, is y = e*^*Inz. Solving the two solutions 


simultaneously we obtain 


e =e" *]nz, so e =Inx and r=e 


(b) Since y = ele) = 2.33 x 101,656,520 the y-coordinate of the point of intersection of the 


two solution curves has over 1.65 million digits. 


55. We are looking for a function y(x) such that 
dy : 
2 
==] =], 
"(s 


dy _ 
de — 


Using the positive square root gives 


L-3 


dy 
V1—y? 


sin”! y —dq 6 


= dx 


59 
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56. 


57. 


58. 
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Thus a solution is y = sin (x + c). If we use the negative square root we obtain 


y = sin (c — x) = — sin (x — c) = —sin (x + ci). 


Note that when c = cı = 0 and when c = c = 7/2 we obtain the well known particular 
solutions y = sin x, y = — sin x, y = cos x, and y = — cos x. Note also that y = 1 and y = —1 


are singular solutions. 


-34- 


(b) For |x| > 1 and |y| > 1 the differential equation is dy/dx = yy? — 1 /V x? — 1. Separat- 
ing variables and integrating, we obtain 
d d 
-——— -m md oh y = cosh ^! x + c. 
Jy? — 1 r? —1 
Setting x = 2 and y = 2 we find c = cosh^! 2 — cosh^! 2 = 0 and cosh"! y = cosh^! x 


An explicit solution is y = x. 


Since the tension Tı (or magnitude T1) acts at the lowest point of the cable, we use symmetry 
to solve the problem on the interval [0, 2/2]. The assumption that the roadbed is uniform 
(that is, weighs a constant p pounds per horizontal foot) implies W = px, where x is measured 
in feet and 0 € x € L/2. Therefore (10) becomes dy/dx = (p/Tı)x. This last equation is a 
separable equation of the form given in (1) of Section 2.2 in the text. Integrating and using the 
initial condition y(0) = a shows that the shape of the cable is a parabola: y(x) = (p/2T,)x?+a. 
In terms of the sag h of the cable and the span L, we see from Figure 2.2.5 in the text that 
y(L/2) = h-- a. By applying this last condition to y(x) = (p/2T1)2? +a enables us to express 
p/2T, in terms of h and L: y(x) = (4h/L?)a? + a. Since y(x) is an even function of x, the 
solution is valid on —L/2 < x < L/2. 


(a) Separating variables and integrating, we have 


7 
(3y? + 1) dy = —(8a + 5) dz and y? + y = —4z? — 5z + c. A 
Using a CAS we show various contours of 2 
f(x,y) = y? + y + 4r? + 5x. The plots shown on " : 
[—5, 5] x [—5, 5] correspond to c-values of 0, +5, +20, +40, 
+80, and 4125. = 

ES 


-4 


2.2 Separable Variables 


(b) The value of c corresponding to y(0) = —1 is f(0, —1) = —2; 
to y(0) = 2 is f(0,2) = 10; to y(—1) = 4 is f(—1,4) = 67; 


y 
and to y(—1) = —3 is —31. 2r 
0 x 
al 
EZB 
4 2 0 2 4 


59. (a) An implicit solution of the differential equation (2y + 2)dy — (4x? + 6x) dx = 0 is 
y? + 2y — zt — 327 +c=0. 


The condition y(0) = —3 implies that c = —3. Therefore y? + 2y — z* — 322 — 3 = 0. 


(b) Using the quadratic formula we can solve for y in terms of x: 


—2 + \/4+ 4(x4 + 3x? + 3) 
ie REEL 


The explicit solution that satisfies the initial condition is then 


y=-1 a+ 3a3 +4. 


(c) From the graph of the function f(x) = x^ + 32? + 4 below we see that f(x) < 0 on the 


approximate interval —2.8 < x € —1.3. Thus the approximate domain of the function 


y=-1 x4 + 3r? +4 = —1 f(x) 


is r < —2.8 or x > —1.3. The graph of this function is shown below. 


-1 - vf() 
fe) 


4 2 
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(d) 


60. (a) 


(b) 


Using the root finding capabilities of a CAS, the zeros of f are found ae 


to be —2.82202 and —1.3409. The domain of definition of the solution 2 
y(x) is then x > —1.3409. The equality has been removed since the 


x 


derivative dy/dx does not exist at the points where f(x) = 0. The 
graph of the solution y = f(x) is given on the right. 


Separating variables and integrating, we have 


(—2y + y?) dy = (x — z^) dz 4 
and A ] 
1 1 E 0 lx 
xu IH Toe m d y 

y + 3Y z” gu cc P 

Using a CAS we show some contours of a 


f(x,y) = 2? — 6y? + 22? — 32”. 


The plots shown on [—7, 7] x [—5,5] correspond to c-values of —450, —300, —200, —120, 
60, —20, —10, —8.1, —5, —0.8, 20, 60, and 120. 


The value of c corresponding to y(0) — 3 is T 
f (0, 3) = A. The portion of the graph be- s 
tween the dots corresponds to the solution curve 2 
satisfying the intial condition. To determine the 0 x 
interval of definition we find dy/dx for 2 
27 4 
2j? — 6y? + 2r? — 357 = ——, 
4 2 0 2 4 6 


Using implicit differentiation we get y = (2— 2?) /(y? — 2y), which is infinite when y = 0 


and y = 2. Letting y = 0 in 2y? — 6y? + 24% — 3x? = = and using a CAS to solve for x 


we get x = —1.13232. Similarly, letting y = 2, we find x = 1.71299. The largest interval 
of definition is approximately (—1.13232, 1.71299). 


2.3 


= 


N 


= 


A 


al 


N 


. For y + 2y = 0 an integrating factor is e 


. For y + 3z?°y = x 


. For y -2zy = x 


2.3 Linear Equations 


(c) The value of c corresponding to y(0) = —2 is al 
f(0, —2) = —40. The portion of the graph to the 2l 
right of the dot corresponds to the solution curve 0 x 
satisfying the initial condition. To determine the "I 
interval of definition we find dy/dx for a | 


y? — 6y? 4-22? — 327 = —40. 


Using implicit differentiation we get y’ = (x — 2?) / (y? — 2y), which is infinite when y = 0 
and y = 2. Letting y = 0 in 2y? — 6y? + 2x3 — 3x? = —40 and using a CAS to solve for x 
we get x = —2.29551. The largest interval of definition is approximately (—2.29551, oc). 


Linear Equations 


d 
. For y' — 5y = 0 an integrating factor is e~/°% = e752 so that T [ey] = 0 and y = ce”? 


for Coo < x < oo. 


d 
$2dx — 62” so that a [ey] = 0 and y = ce” for 
xv 


—oo < x < oo. The transient term is ce ?*, 


d 
For y' +y = €** an integrating factor is ef 4 = e? so that E [ey] = e* and y = ie cce * 
x 


for Coo« x < oo. The transient term is ce~”. 


Am 


d 
. For y'+4y = 4 an integrating factor is ef 4dv — et so that — di [e* turpes 7 andy = $+ce~ 


for —oo < x < oo. The transient term is ce~*”. 


2 an integrating factor is e/ ?*^ * = e? so that E E y = xe" and 
x 


. . E 
y= i + ce"? for —oo < x < oo. The transient term is ce”? 


d 
3 an integrating factor is e/ 224 = &"^ so that dz E y] = ave” and 
z 


2 —a? 


2 R * 
y= ic — 4 --ce * for —oo < x < oo. The transient term is ce 


1 d 1 1 
. For y es y = — an integrating factor is ef (1/2) de — x so that zm [cy] = — and y = — ln r+ 
a g x ü 


for 0 < x < oo. The entire solution is transient. 
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13. 


14. 


15. 
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d 
. For y/—2y = x?+5 an integrating factor is e~/ 24" = e7? so that d [ey] ege" 5g th 
i 
and y — -iz? — iz — i + ce?” for —oo < x < oo. There is no transient term. 


T|T 


1 1 d |1 
. For y' — " rx sinz an integrating factor is e7 $ (1/2) dv — "LS that d E i = sin x and 


y = cx — x cos x for 0 < x < oo. There is no transient term. 


2/x)dax 


2 3 d 
For y/+— y = C an integrating factor is e/( = z? so that d [2*y] = 3x and y = iter? 
x z xv 


for 0 < x < oo. The trancient term is cx~?. 


4 d 
For y + 2 y = z? — 1 an integrating factor is e/ (1/0 = x4 so that — [x^v] = zê — z^ and 
z z 
y= ia? — ir +ca~* for 0 < x < oo. The transient term is cz ?. 
For y' — ü T j y = z an integrating factor is e /[»/(L*2))dr — (x + l)e? so that 
d 
E [(z--1)e *y| = x(x + 1)e * and y = -z — LI + < j for —1 < z < oo. There 


is no transient term. 


x 


2 d 
For y' + (1 + =) y= S an integrating factor is e/ 1 +(2/2)]dr — 42e7 so that au eu = e 


ler ce”? . cent 
and y = = — + — for 0 < x < oo. The transient term is 
2 x? x? 


1 1 
For y' + (1+) y= ae sin2z an integrating factor is eSll+(1/2)lde — get go that 


ce * . . 
for 0 < x < oo. The entire solution 


1 
— [xe*y] = sin2x and y = ——e *cos2z + 
dx 2r 


is transient. 


dr 4 7 d 
For —-x = 4y? an integrating factor is eS (4/y) dy = elny™ — y ^sothat — E z] = 4y 
y y y 


and x = 2y8 + cyf for 0 < y < oo. There is no transient term. 


2 d 
For — + Lx = e" an integrating factor is ef 2/9 dv = y? so that — [y?x] = ye” and 
y y 


C é 
y = e! — —e" + — e" + — for 0 « y < oo. The transient term is =. 
y y 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


2.3 Linear Equations 


d 
For y + (tan x)y = sec an integrating factor is el "*4 = sec x so that —[(sec x)y] = sec? x 


dx 


and y = sin g + ccosz for —7/2 < x < 7/2. There is no transient term. 


2 


For y' + (cot z)y = sec? x csc x an integrating factor is e/ cot dz = eh|sinz| — sing so that 


dz [(sin x) y] = sec? x and y = sec x + cesc x for 0 < x < 7/2. There is no transient term. 
d 


x+2 2xe * 


For y + sar" p an integrating factor is e/l(@+2)/@+Dlde — (x + l)e*, so 
d " X" a B. nae : 
qq let De y] = 2z and y = aa” + TET for —1 < x < oo. The entire 
E x x 
solution is transient. 

; 4 ; o ef [4/(@+2)] de 4 
For y + z12! = EFD an integrating factor is e = (x + 2) so that 
d 5 
dz [(z + 2)*y] = 5(x + 2}? and y = 3€ 42)! + ee +2) for -2 < xz < oo. The 


entire solution is transient. 


dr ; : . we 
For d6 + rsec = cos@ an integrating factor is ef secódó — gQln|secz-Hanz| — sec 0 + tan 9 so 


that E [(sec 0 + tan 0)r] = 1 + sin0 and (sec 0 + tan 0)r = 0 — cos 0 + c for —17/2 < 0 < 7/2. 


There is no transient term. 


dP d 
For aE + (2t — 1)P = 4t — 2 an integrating factor is el 25-1) dt = eft so that ET Ged = 
(4t — 2)er + and P = 2+ cet for —co < t < oo. The transient term is cef? . 


—32 


1 
For y'+ (s + z) y= £ an integrating factor is eJ Bt Q/2)dr — get so that E [re?* y] EXT 
—3x 


ce 
and y=e% + 


for 0 < x < oo. The transient term is ce?" /z. 


2 1 —1 
zc y= = Qs integrating factor is ef 2/@?-D]dz — — 


that d |x—1 
so that — |—— 
dx oii” 


For y' + 


| = 1 and (x — 1)y = z(x + 1) + c(z +1) for -1 < x < 1. There is no 


transient term. 
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27. 


28. 


29. 


30. 
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d 
For y! — 5y = x an integrating factor is el -5dr — ¿5% so that dz [ey] = ze” and 
z 


1 1 
y= & [set dx = e (-5 ELLE 25 g^" +e) =- EET + ce 
If y(0) = 3 th : d : : ru 9r. The solution is defined on I = (—00, 00) 
= nc= — and y = —~-z——+—e™. The solu = (- f 
i SeS y 9787795" 25 


d 
For y' + 3y = 2x and integrating factor is ef 3d» — Q3" so that E [ey] = 2zxe* and 
; i 2 2 2 
y=e Jure dr =e * (5 re?” — a e3? + c) ==9==+07", 


1 5 2 5 
If t0) = 3 then c = 5 and y = 5 £ — 5 + 5 e ?*, THe solution is defined on I = (—oo, 00). 


1 1 d 1 E 
For ya = e” an integrating factor is ef (1/2)4* = y so that [xy] = e" and y = P iur: 


Ji 2— 
for 0 < x < oo. If y(1) = 2 then c = 2 — e and y = =e” + 27“ The solution is defined on 
x x 


I (060. 
d 1 1 d [1 

Por oca 2y an integrating factor is e/U/vd = = so that — la = 2 and 
dy y y dy |y 


49 
x = 2y? + cy for 0 < y < oo. If y(1) = 5 then c = —49/5 and x = 2y? — sU The solution is 
defined on I = (0,00). 


di R E d E 
ác. : : +. of (R/L)dt — ¿Rt/L | Rt/L ] — 4 FE 
For di + L i T an integrating factor is e e so that 4 € i TE 


E E 
and i = nee for —oo « t < oo. If i(0) = ig then c = ig — E/R and i = m 


E 
(i = x) e P'/L The solution is defined on I = (—00, 00) 


dT d 
For UN kT = —Tnk an integrating factor is ef 79 4* = e—* so that a le Ses cT peg 
and T = T --ce** for —oo < t < oo. If T(0) = To then c = To — T4, and T = Tm +(To—Tm)e™. 


The solution is defined on I = (—oo, 00) 


1 1 d 
For y' + "ug 4+ PEL integrating factor is eJ 0/2) d» — v so that 2 [ry] = 4x + 1 and 


Ble 


1 
y= f (ae +1) de= (20? 2-0) =2e+14—. 


32. 


33. 


34. 


35. 


2.3 Linear Equations 
5 TE 
If y(1) = 8 then c = 5 and y = 2x + 1 + —. The solution is defined on I = (0,00). 
i 


d 
For y + 4ry = ze” an integrating factor is ef 474” = e??? so that — ey = a? c9 and 
y y 


dx 
1 1 1 
y= e722? ee dis e72? (s zie Td 4 c) — gre == e" + ce” 
17 1 1 17 

If y(0) = —1 then c = = and y = 5 re? — E e” — T e-?*^, The solution is defined on 
I = (-00,00). 

For y'4- —— y = an integrating factor is ef [1/(e+Dlde — +1 so that —|(a+1)y] = Inz 

rcl rcl 
and 


y 
= impae 
Y r1 E qp 241 


21 
If y(1) = 10 then c = 21 and y = ie t . The solution is defined on 
rcl x+1 +1 
I = (0,20). 
For y' + ra SG an integrating factor is ef U/(@+Dlde — y +1 so that 
d 
= [Gc 1)g] — 1 and 
dx 


1 1 1 l 
y= [z= z Una +c) = cL NIMES 


d 
For y' — (sinz) y = 2sinz an integrating factor is ef (sing) dx _ Qcos7 so that 2 [eE] = 
z 


COS T 


2 (sin 1) e and 


y — come f'2 Gina) ea dx = gm coem Seco E) = Jeger, 


If y(1/2) = 1 then c = 3 and y = —2 + 3e7 “8”. The solution is defined on 7 = (—00, 00). 
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36. 


37. 


38. 


39. 
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For y'-- (tanz)y = cos?z an integrating factor is ef tanedx — gln|sez| — sec; so that 
d 

az (ee 2) vy] = cosx and y = sinxcosx + ccosz for —7/2 < x < m/2. If y(0) = —1 
z£ 

then c = —1 and y = sin z cos x — cos x. The solution is defined on I = (—r /2, 7/2). 

For y + 2y = f(x) an integrating factor is e?” so that 


1 
xe teh 0<x<3 


C2, d 3. 


If y(0) = 0 then c; = —1/2 and for continuity we must 


have co = e? — > so that 


For y' + y = f(x) an integrating factor is e” so that 


e+e, 0<xw<l 
ye” = 


e +, ml. 


If y(0) = 1 then cı = 0 and for continuity we must have 


C2 = 2e so that 


For y' + 2: = f(x) an integrating factor is e” so that 
1 2 
3° +c, O<a<1 


C2, qm]. 


If y(0) = 2 then cı = 3/2 and for continuity we must have 
C9 = ye + 3 so that 


2 


+30”, 0<x<1 


1 
2 
y= 
1 3 
(e+ 5) cor zl. 


40. 


41. 


2.3 Linear Equations 


For " If 
a <x<1 Ai 
2x 1+ 2?’ zs 1} 
y —_ e 

1 +22 —x si T 

, x , + + + + + > 

1+ a? 5 x 
an integrating factor is 1 + x? so that » 


1 

xr to 0<x<1 
(1 +2?) y = i 

-3% +02, x. 


y(0) = 0 then cı = 0 and for continuity we must have cz = 1 so that 


1 1 
ree ea 
2 2(1422) 
Y= 
3 -— 
— AZ) T 
2(1+42) 2 


We first solve the initial-value problem y' + 2y = 42, 


y(0) = 3 on the interval [0,1]. The integrating factor is 


eS 2da — e so 


d 
T [ey] = Are?” 


ey = ace dx = 2xe?* — e? + e 


2x 


y=2x-—1+ce 


3 x 


Using the initial condition, we find y(0) = —1 + ci = 3, so c1 = 4 and y = 22 — 1 + 4e ?", 
0 X z X 1. Now, since y(1) = 2 — 1 + 4e? = 1 + 4e~?, we solve the initial-value problem 
y! — (2/x)y = 4a, y(1) = 1 + 4e? on the interval (1,00). The integrating factor is 


el (-2/z)dz — ¿—2Inx — r72, so 


4 
iy | 5ds- az 
x 
2 


y = Az? In z + cox?. 


(We use In x instead of ln |x| because x > 1.) Using the initial condition we find 
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y(1) = co = 1 + 4e 7, so y = 42? In z + (1+ 4e ?)z2, x > 1. Thus, 


2r — 1+ 4e, 0<x<1 
y = 
4a” In x + (1 + 4e?) a. wl. 


42. We first solve the initial-value problem y' + y = 0, 
y(0) = 4 on the interval [0,2]. The integrating factor 


is ef 142 — e”, so 
ilu =0 
eye nr = 61 
uv=a 7". 


Using the initial condition, we find y(0) = c4 = 4, so c = 4 and y = 4e *, 0 € zx € 2. Now, 
since y(2) = 4e~?, we solve the initial-value problem y’ + 5y = 0, y(1) = 4e? on the interval 
5r 


(2,00). The integrating factor is ef 94% = e52, so 


d 
z^ [ey] =0 


ety = [oa = C2 


y = coe 77, 


Using the initial condition we find y(2) = c3e 1? = 4e~?, so cz = 4e? and y = 4e8e 9* = 


4c8-97. y > 2. Thus, the solution of the original initial-value problem is 
de®, 0<x<2 


y ==: 
Age 49 


2.3 Linear Equations 


43. An integrating factor for y' — 2ry = 1 is e”. Thus 


From y(1) = (/7/2)eerf(1) + ce = 1 we get c = e! — YE erf(1). The solution of the 


initial-value problem is 
y= va e erf(x) + (e -— va 20) e? 


=e ly m e (erf(z) — erf(1)). 


44. An integrating factor for y' — 2ry = —1 is e. Thus 


ee y= -f e`” dt = Al erf(z) + c. 
0 


From y(0) = /7/2, and noting that erf(0) = 0, we get c= /7/2. Thus 


ye (E erf(x) + Y) = s/n e” (1 — erf(z)) = va e” erfc (z): 


45. For y' + e"y = 1 an integrating factor is e”. Thus 


d T x x a 
ED [ey] =e and e y= / e dt+c. 
zx 0 


From y(0) = 1 we get c = e, so y = e°" f e% dt +e. 


1 
46. Dividing by z? we have y — —y = x. An integrating factor is e!/*. Thus 
m 


2 [e/=y] = ze” and ety = | tel dt +c. 


From y(1) = 0 we get c=0, so y = e-/* ff tel/t dt. 
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47. An integrating factor for 


is z2. Thus 


sin x 


d 
pm [2?y] =10 


J 
ay = 10 f a dt+e 
o t 
y = 10x ? Si (x) + ex ?. 
From y(1) = 0 we get c = —10 Si (1). Thus 


y = 10r ?Si(z) — 10z ? Si (1) = 102? (Si (x) — Si(1)). 


48. The integrating factor for y’ — (sin 49) y=0is e fo sin di Then 


d zs 
= le fo sin t? y] =) 


— [? sint? 
E fo sint dt = cy 


y= celo sin t? dt 


Letting t — y 1/2 u we have dt = fr /2 du and 
ur KE I s (<u?) du = Jos | Za) 
0 2 Jo 2 2 T 
so y = ce 1/28(yafmo) Using S(0) = 0 and y(0) = cı = 5 we have y = 5e 1/25(y2Trs) 
49. We want 4 to be a critical point, so we use y' — 4 — y. 


50. (a) All solutions of the form y = x°e* — ate” + ca? satisfy the initial condition. In this case, 
since 4/x is discontinuous at r = 0, the hypotheses of Theorem 1.2.1 are not satisfied 


and the initial-value problem does not have a unique solution. 
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(b) The differential equation has no solution satisfying y(0) = yo, yo > 0. 


(c) In this case, since xo > 0, Theorem 1.2.1 applies and the initial-value problem has a 


5 


unique solution given by y = z?e* — z^e* + cxt where c = yo/ x6 — age? + e™. 


51. On the interval (—3,3) the integrating factor is 
ef £ dz/(22—9) = e J zdz/(9—2?) = ez In (972?) = J/9 — a2 


and so 


| 9-22y]=0 and v= 


x 


52. We want the general solution to be y = 3x — 5 + ce *. (Rather than e~*, any function that 


approaches 0 as x — oo could be used.) Differentiating we get 
y —3—ce * =3—(y—324+5) 2 —y - 3x — 2, 
so the differential equation y’ + y = 3x — 2 has solutions asymptotic to the line y = 3x — 5. 


53. The left-hand derivative of the function at x = 1 is 1/e and the right-hand derivative at x = 1 


is 1 — 1/e. Thus, y is not differentiable at x = 1. 


54. (a) Differentiating y. = c/z? we get 


, 3c 3 36 3 
Yer —47 ^43 Tue 
x x 


so a differential equation with general solution y. = c/z? is ry’ + 3y = 0. Now using 


Up — gs 
zyn + 3yp = (3x7) + 3(1%) = 6r’ 


so a differential equation with general solution y = c/z? + z? is ry’ + 3y = 623. This 


will be a general solution on (0, oc). 
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(b) Since y(1) = 1? — 1/1? = 0, an initial condition is y(1) = 0. di 
Since y(1) = 1? 4-2/1? = 3, an initial condition is y(1) = 3. 
In each case the interval of definition is (0,00). The initial- | 
value problem xy'+3y = 6x°, y(0) = 0 has solution y = x? T 
for —oo < x < co. In the figure the lower curve is the ! 
graph of y(x) = z? — 1/z?, while the upper curve is the T 
graph of y = z? — 2/23. + 
BA 


(c) The first two initial-value problems in part (b) are not unique. For example, setting 


y(2) = 2 — 1/23 = 63/8, we see that y(2) = 63/8 is also an initial condition leading to 


the solution y = z? — 1/z°. 


55. Since ef PG) dete — ecef Ple) do — cef P(2)de we would have 


ciel Pla) dry = ep + / ciel P74" F(x)da and ef Py = e, + | e) MOE f(x) de, 


which is the same as (4) in the text. 


56. We see by inspection that y = 0 is a solution. 


57. The solution of the first equation is z = c,e7%1*. From z(0) = zo we obtain c; = zo and so 


r =xpe ^. The second equation then becomes 


d d 
El rpm e ^t — roy or a 


My = BALE ^ 
dt dt T Agy = TA € 


which is linear. An integrating factor is e?*. Thus 


d 
ES [ety | = goje et = goje) 
dt 
det, _ToÀ1 (A2-A1)t 
= ——e +0 
àr—À 1 


zodi 
e Ait 


= Aot 
A2 — Az f 


cce 


2.3 Linear Equations 


From y(0) = yo we obtain cz = (yoA2 — yo^1 — 19A1) / (A2 — A1). The solution is 


dE 
58. Writing the differential equation as — + —— E = 0 we see that an integrating factor is 


et/RC Then 


From E(4) = ce 


pes coi et yoÀ2 — yo^1 — to^1 eost 
À2— AM À2—AM 


1 
dt RC 


d [ uno gl — 
et RC y =c 
E = ce tI RC 


-4/RC — Fo we find c = Epet/PC. Thus, the solution of the initial-value 


E= Epe*/ RC et/ RC = Ege (-9/RC. 


(b) Using a CAS we find y(2) = 0.226339. 


problem is 
59. (a) y 
5 

60. (a) y 
1 

-i 

-2 

-3 

-4 


75 
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(b) From the graph in part (b) we see that the absolute maximum occurs around x = 1.7. 
Using the root-finding capability of a CAS and solving y'(x) = 0 for x we see that the 


absolute maximum is (1.688, 1.742). 


61. (a) YA 


(b) From the graph we see that as x — oo, y(x) oscillates with decreasing amplitudes ap- 
1 Ta 
proaching 9.35672. Since lim S(x) = 2, we have lim y(x) = 5eV7/* z 9.357, and 
L>00 2 ~— 00 


1 [718 
since lim S(w)=-—=,we have lim y(x) =5e~V7/* ~ 2.672. 
z—-—o0 2 £—>— oo 


(c) From the graph in part (b) we see that the absolute maximum occurs around x = 1.7 
and the absolute minimum occurs around « = —1.8. Using the root-finding capability of 
a CAS and solving y'(x) = 0 for x, we see that the absolute maximum is (1.772, 12.235) 


and the absolute minimum is (—1.772, 2.044). 


2.4 Exact Equations 


1. Let M = 22 — 1 and N = 3y +7 so that M, = 0 = Nz. From fr = 2x — 1 we obtain 
f =12?—2+hl(y), h'(y) = 3y +7, and h(y) = 3y? +7y. A solution is x? — x + ay? + Ty =c. 


2. Let M =2x+ y and N = —z — ôy. Then M, = 1 and N, = —1, so the equation is not exact. 


3. Let M = 5x + 4y and N = 42 — 8y? so that M, = 4 — Ny. From f, = 5x + 4y we obtain 
f= 3x? + 4xy + h(y), h'(y) = —8y?, and h(y) = —2y*. A solution is 3a? + 4ry — 2y* = c. 


4. Let M = siny — ysinz and N = cosg + zcosy — y so that M, = cosy — sing = Nz. From 
fz = siny — ysinz we obtain f = zsiny + ycosz + h(y), h/(y) = —y, and h(y) = —5y?. A 


solution is asin y + y cos x — iy Se 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


2.4 Exact Equations 


. Let M = 2y?x — 3 and N = 2yz? +4 so that M, = 4xy = Nz. From fz = 2y?x — 3 we obtain 


f = x?y? — 3a + h(y), h'(y) = 4, and h(y) = 4y. A solution is z?y? — 3x + 4y = c. 


. Let M = 42? — 3ysin3z — y/x? and N = 2y — 1/z + cos 3x so that M, = —3sin3z — 1/2? 


and N, = 1/z? — 3sin3z. The equation is not exact. 


. Let M = 2? — y? and N = z? — 2xy so that M, = —2y and N, = 2x — 2y. The equation is 


not exact. 


. Let M = 1 +lng  y/z and N = —1--Inz so that M, = 1/z = N,. From f, = —1--Inz we 


obtain f = —y 4 ylIn z 4- h(z), h'(x) 2 1--Inz, and h(x) = zInz. A solution is -y + ylnz + 


glag =c. 


. Let M = y? — y? sin x — x and N = 3xy? + 2y cos x so that M, = 3y? — 2ysinz = N,. From 


v = y? — y? sin x — x we obtain f = zy? + y? cos gz — 32? +h(y), h’(y) =0, and h(y) =0. A 


solution is zy? + y? cos z — iz? =C. 


Let M = 29 + y? and N = 3xy? so that M, = 3y? = N,. From f, = x? + y? we obtain 
f= iri + xy? + h(y), h'(y) ^ 0, and h(y) = 0. A solution is ja! + xy =c. 


Let M = yIny — e ^? and N = 1/y + zlny so that M, = 1 +lny 4- xe "Y and N, = lny. 


'The equation is not exact. 


Let M = 3z?y +e” and N = a? + ze" — 2y so that My = 32? +e” = Ny. From f; = 3z?y + eV 
we obtain f = z?y-- xe --h(y), h/(y) = —2y, and h(y) = —y?. A solution is z?y-- ze" — y? = c. 


Let M = y — 62? — 2xe” and N = z so that M, =1=N,. From f, = y — 6x? — 2ze* 
we obtain f = zy — 2r? — 2xe” + 2e” + h(y), h'(y) = 0, and h(y) = 0. A solution is 
zy — 223 — 2xe* + 2e* = c. 


Let M = 1 — 3/x + y and N =1-—3/y+z so that M, = 1 = Ny. From f; —1—3/z +y 

we obtain f = x — 31n |z| + zy + h(y), h'(y) = 1 — =, and h(y) = y — 3ln|y|. A solution is 
y 

x+y + zry -— 3ln|zy| = c. 


Let M = z^y? — 1/ (1 + 927) and N = z?y? so that M, = 3x*y? = N,. From 
fe = vy —1/(1+92?) we obtain f = iz?y? — 3 arctan (3x) + h(y), (y) = 0, and 
h(y) — 0. A solution is z?y? — arctan (3x) = c. 


Let M = —2y and N = 5y — 2a so that M, = —2 = N,. From f, = —2y we obtain 
f =—2ry + h(y), h’(y) = 5y, and h(y) = 3. A solution is —2ry + 3y? =. 


Let M = tanz —sinrsiny and N = cosrcosy so that M, = —sinzcosy = Nz. From 
fz = tan z — sin xsin y we obtain f = In |secz| + cos asin y + h(y), h’(y) = 0, and h(y) = 0. 
A solution is In | sec x| + cos z sin y = c. 
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78 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 
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Let M = 2y sin z cos £x — y + Dyer and N = =g + sin? x + AryetY” so that 
M, = 2sinzcosx—1+ Agde? + Aye? = N,. 


From fy = 2y sin z cos z — y + 2y2e*v we obtain f = ysin? z — xy + 2e + h(y), h'(y) — 0, 
and h(y) = 0. A solution is ysin? z — zy + WP — c. 


Let M = 4t?y — 152? — y and N = t + 3y? — t so that M, = 4t? — 1 = Ny. From 
f; = 4t%y — 152 — y we obtain f = tty — 5t? — ty + h(y), h'(y) = 3y?, and h(y) = y’. 
A solution is tty — 51? — ty + 4? — c. 


Let M =1/t+1/t? — y/ (t + y?) and N = ye” + t/ (t? + y?) so that 
M, — (y? — €) / (P 9) = Ni From f; = 1/t + 1/t* — y/ ( +y?) we obtain 


1 t 
f =1n|t| — ~ arctan () + h(y), h'(y) = ye”, and h(y) = ye? — e”. A solution is 
y 
1 t 
In |t| - = — arctan | — | + ye? — e? = c. 
t y 


Let M = x? + 2ry+y? and N = 2zy + x? — 1 so that M, = 2(z +y) = Ns. From 
fo = £? + 2xy + y? we obtain f = ir’ + z?^y + zy? + h(y), (y) = —1, and h(y) = —y. The 
solution is qa + ay vy? —y=c. If y(1) = 1 then c = 4/3 and a solution of the initial-value 
problem is ir? +2%y + ay? — y= 4 : 


Let M = e” + y and N = 2+ 2+ ye! so that M, = 1 = Ny. From fr = e” + y we 
obtain f = e + zy + h(y), h'(y) = 2+ ye", and h(y) = 2y + ye? — e". The solution is 
e” + zy + 2y + ye? — e? = c. If y(0) = 1 then c= 3 and a solution of the initial-value problem 
is e* + xy + 2y + ye? — e? — 3. 


Let M = 4y + 2t — 5 and N = 6y + 4t — 1 so that My = 4 = Ni. From f; = 4y + 2t — 5 
we obtain f = 4ty + t? — 5t + h(y), h'(y) = 6y — 1, and h(y) = 3y? — y. The solution is 
Aty +t? — 5t -- 3? — y = c. If y(—1) = 2 then c = 8 and a solution of the initial-value problem 
is 4ty + t? — 5t + 3y? — y = 8. 


Let M = t/2y^ and N = (3y? - 1?) /y? so that M, = —2t/y? = N,. From f; = t/2y* we 
A 3 3 4 3 
obtain f = 17 + h(y), (y) = m and h(y) — EE The solution is d» = 6 It 
d 3 5 


y(1) = 1 then c = —5/4 and a solution of the initial-value problem is — — = 
4yt 2y? 4 


Let M = y? cos x — 32?y — 2x and N = 2y sin x — a? + Iny so that M, = 2y cos x — 3x? = Ny. 


From f, = y? cosz — 327y — 2x we obtain f = y? sing — z?y — 2? + h(y), h'(y) = lny, and 


h(y) = ylny — y. The solution is y? sin z —2?y — z? + ylny — y = c. If y(0) = e then c = 0 


and a solution of the initial-value problem is y? sin z — z?y — z? + yIny — y = 0. 


Let M = y? + ysin zx and N = 2zy — cos x — 1/ (1 | y’) so that My = 2y +sin z = Ng. From 


—1 
fe = y? + ysinz we obtain f = zy? — ycosz + h(y), h'(y) = I and h(y) = — tan"! y. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 
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The solution is zy? — ycosx — tan”! y = c. If y(0) = 1 then c = —1 — 7/4 and a solution of 


the initial-value problem is zy? — y cos x — tan”! y = —1— a 


Equating M, = 3y? + Akzy? and N, = 3y? + 40xy? we obtain k = 10. 
Equating M, — 18ry? — sin y and N, = 4kxy? — sin y we obtain k = 9/2. 


Let M = —2?y? sin z + 22y? cos z and N = 22?y cos z so that 
M. 


y = —2z?^ysin z +4ry cos £ = Ny. From fy —2z?ycosz we obtain f = z?^y? cos z - h(y), 
h/ (y) = 0, and h(y) = 0. A solution of the differential equation is z?y? cos x = c. 


Let M = (2? + 2zy — y?)/ (x? + 2zy + y?) and N = (y? + 2xy — z?)/(y? + 2xy + x?) so 
that My = —Azy/(z + y)? = Nz. From f; = (x? --2xy + y? — 2y?) /(x + y)? we obtain 
2 


2 
fes D + h(y), h'(y) = —1, and h(y) = —y. A solution of the differential equation is 
z? + y? = c(z + y). 


We note that (My — Nz)/N = 1/z, so an integrating factor is el 2/2 = zy. Let M = 2xy? +32? 
and N = 22?y so that My = 4xy = Ny. From f, = 2xy?+3x? we obtain f = x?y? +23 +h(y), 
h'(y) = 0, and h(y) = 0. A solution of the differential equation is z?y? + a? = c. 


We note that (My — Nz)/N = 1, so an integrating factor is ef de = e*, Let 
M = zye? + y?e? + ye” and N = ze” + 2ye” so that M, = xe” + 2ye” + e” = Nz. From 
fy = ve* + 2ye? we obtain f = aye” + y?e* + h(x), W(x) = 0, and h(x) = 0. A solution of 


the differential equation is aye” + y?e* = c. 


We note that (NV, — M,)/M = 2/y, so an integrating factor is el 2dy/y = 4?. Let M = 6xy? 
and N = 43? -9z?y? so that M, = 18ry? = N,. From f, = 6xy? we obtain f = 32?y? -- h(y), 
h' (y) = 4y?, and h(y) = y^. A solution of the differential equation is 3z?y? + y^ = c. 


We note that (My, — N,)/N = —cotz, so an integrating factor is e-[cotzdr — osc, Let 
M = cosx csc x = cot x and N = (1+ 2/y)sinzcescz = 1 + 2/y, so that M, = 0 = Nz. From 
fz = cot x we obtain f = In (sin z) + h(y), A’(y) = 1+ 2/y, and h(y) = y+ Iny?. A solution 
of the differential equation is In (sin z) + y + In y? = c. 


We note that (M, — Nz)/N = 3, so an integrating factor is ef 3de — ¿32 Let 
M = (10 — 6y + e ?*)e?* = 10e?" — 6ye* + 1 and N = —2e3”, so that M, = —6e*” = Ny. 
From f, = 10e?* — 6ye3 + 1 we obtain f = Le? — 2ye?* + x + A(y), h' (y) = 0, and h(y) = 0. 


A solution of the differential equation is Pes = Ye" +r =e 
We note that (NV, — M,)/M = —3/y, so an integrating factor is e3Sdy/y = 1/y3. Let 


M = (y? + zy?)/y? = 1/y +z and N = (by? — zy + y? sin y) /y? = 5/y — 2/y? + sin y, so that 
My = —1/3? = Nz. From fs =1/y+x we obtain f = z/y4-3a?-- h(y), h'(y) = 5/y+sin y, and 
h(y) = 51n |y| — cos y. A solution of the differential equation is z/y -- 52? +51n |y| — cos y = c. 
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80 


37. 


38. 


39. 


40. 
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We note that (My — N,)/N = 2x/(4+ 27), so an integrating factor is 

e72S3d0/(442%) — 1/(4 +22). Let M = z/(4 + 32) and N = (a?y + 4y)/(4 + z?) = y, so 
that M, =0=N,. From f, = 2(4+ 2?) we obtain f = In(4+ x°) + h(y), h'(y) = y, and 
hy) = sy’. A solution of the differential equation is > In (4+ z2)4- zy? — c. Multiplying both 
sides by 2 the last equation can be written as ev (x? + 4) = c ,. Using the initial condition 
y(4) = 0 we see that cı = 20. A solution of the initial-value problem is e? (x? + 4) = 20. 


We note that (M,—N,)/N = —3/(1+2), so an integrating factor is e? / #/(+#) = 1/(140). 
Let M = (£? + y? — 5)/( + z)? and N = —(y+29/0 + x)? = —y/(1 + 2), so that 
M, = 2y/(1 + £)? = N,. From fy = —y/(1 + 2)? we obtain f = —Zy?/(1 + 2)? + h(a), 
h'(x) = (x? — 5)/(1 + z)?, and A(x) = 2/(1 + x)? +2/(1+ 2) +1n]1+x|. A solution of the 


differential equation is 


A 2 2 
———— HIE e =e 
2(14-2)? (10-2)? (14m) 

Using the initial condition y(0) — 1 we see that c — 7/2. A solution of the initial-value 

problem is 
2 

y 2 2 7 
—-—* — M li] = 5 
20x) (1+) dez | 73 


(a) Implicitly differentiating z? + 2z?y + y? = c and solving for dy/dx we obtain 


dy dy dy 3a? + Ary 
3r? 4 947 —— 4.4 2y — —0 d ————————. 
phe a UT Ye E" 222 + 2y 


By writing the last equation in differential form we get (4vy 4- 322)dx + (2y+2x7)dy = 0. 


(b) Setting x = 0 and y = —2 in x? + 2z?y + y? = c we find c = 4, and setting x = y = 1 we 


also find c = 4. Thus, both initial conditions determine the same implicit solution. 


(c) Solving x? + 22?y + y? = 4 for y we get 
gía) = -r?° — V4- x3 4 4 


and 


yo(x) = —z^ +7 4-23 E z^. 


Observe in the figure that y; (0) = —2 and ya(1) = 1. 


To see that the equations are not equivalent consider dx = —(r/y) dy. An integrating factor 
is u(x, y) = y resulting in y dz + z dy = 0. A solution of the latter equation is y = 0, but this 


is not a solution of the original equation. 
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41. The explicit solution is y = \/(3 + cos? x)/(1 — 12). Since 3 + cos? x > 0 for all z we must 
have 1— z? > 0 or —1 < x < 1. Thus, the interval of definition is (—1, 1). 


42. (a) Since fy = N(z,y) = xe™ + 2xy + 1/z we obtain f = e + xy? + Aur h(x) so that 
© 


fa = ye + y? — 2 + h'(x). Let M(z,y) = ye + y? — s 
= x 


(b) Since fs = M(x,y) = y?r! +z (a? + y” we obtain 
f=2Y PgMP + jm |a? + y| + g(y) so that fy = y eg + 5 (a? + y) + g (y). Let 
Nay 2 yal? + > (a? + y) 
43. First note that z " 
a( v? y!) = Fa? Ta 


Then zdz + y dy = y 2? + y? dr becomes 


=> mM E re — 
ri rr (ve +1?) = dz. 


The left side is the total differential of y x? + y? and the right side is the total differential of 
x+c. Thus yr? + y? = zx +c is a solution of the differential equation. 


44. To see that the statement is true, write the separable equation as —g(x) dx + dy/h(y) = 0. 
Identifying M = —g(x) and N = 1/h(y), we see that M, = 0 = Nz, so the differential 
equation is exact. 


45. (a) In differential form 
(v? — 32x) dz + xv dv = 0 


This is not an exact equation, but u(x) = x is an integrating factor. The new equation 
(ro? — 32x?) dz + x?v dv = 0 is exact and solving yields iz? — Za? =c. When x = 3, 


v = 0 and so c = —288. Solving 522v? — Za? = —288 for v yields the explicit solution 
x 9 


(b) The chain leaves the platform when x = 8, and so 


8 9 
= —~—-— 12.7 f 
v(8) 8y 3 m 7 ft/s 


2xy y? — q? 
= sO and Ma a rere 


46. (a) Letting 


we compute 
213 — 8xy? 
LI = Ne 
(a2 + y?)3 
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so the differential equation is exact. Then we have 


Of 2xy a E 
Da (x,y) (334 Pe zy(z^ + y^) 
f(x,y) = ye? + y!)7! + glu) = -* + oly) 
+ y 
Of y? = ae / y? = x? 
1d CIL LEN —N =1+ 5 
Thus, g'(y) = 1 and g(y) = y. The solution is y — GL — c. When c — 0 the solution 
£? +y 


is z? +y? — 1. 
(b) The first graph below is obtained in Mathematica using f(x,y) = y — y/(x? + y?) and 


ContourPlot |f[x, y], (x. -3, 3}, (y. -3, 3}, 
Axes—»' True, AxesOrigin—>{0, 0), AxesLabel—>{x, y}, 
Frame-—- False, PlotPoints—>100, ContourShading—> False, 
Contours—- (0, -0.2, 0.2, -0.4, 0.4, -0.6, 0.6, -0.8, 0.8)] 


'The second graph uses 


EE ios -y EN ix dm 
x= === and zr = 4| 1—1. 
c-y c-y 


In this case the x-axis is vertical and the y-axis is horizontal. To obtain the third graph, 
we solve y— y/(z?--y?) = c for y in a CAS. This appears to give one real and two complex 
solutions. When graphed in Mathematica however, all three solutions contribute to the 
graph. This is because the solutions involve the square root of expressions containing c. 


For some values of c the expression is negative, causing an apparent complex solution to 


actually be real. 


2.5 Solutions by Substitutions 


2.5 Solutions by Substitutions 


1. Letting y = ux we have 


2. Letting y = ux we have 


3. Letting « = vy we have 


(x — ux)dz + x(udx + x du) = 0 


dx+adu=0 
ee ee 
x 


In|z|+u=c 


zln|z| + y = cz. 


(x 4- ux) dz + z(udz + x du) = 0 
(1+ 2u) de + x du = 0 


dx du 


=0 
x 1+ 2u 


1 
In|z| + 5In|1 + 2u| =8 
x (1422) = Ci 
2a 


z? + 2xy — cy. 


vy(v dy + y dv) + (y — 2vy) dy = 0 
vy dv + y (v? — 2v +1) dy 20 


v dv dy 


CEST 


1 
ln |v 2 11 - —— + In|y| = c 
v=1 
1 S. uet 
—1|—- —— -In|y| 2c 
y z/y -1 


(x -y)ln|z — y| — y = c(x — y). 


83 
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4. Letting r — vy we have 


y(v dy + y dv) — 2(vy + y) dy =0 
ydv —(v+2)dy=0 
dv dy 


ln |v + 2| — ln ly] 2 c 


In 


242 —In|y| =c 
y 
EM 
x+2y= cy’. 
5. Letting y = ux we have 


(u?z? + uz?) dz — x’ (udz + z du) =0 


u? dr — z du = 0 


dr d 
a 0 
y u 
In [1] += =c 
In[z|-- 5 2c 
y 


yln |z| + z = cy. 


6. Letting y — ux and using partial fractions, we have 


(uz? + uz”) dx + 2*(udx + z du) = 0 
a? (u? + 2u) dz + 2? du = 0 


dx du 


A ef 
s T uod) 


1 1 
In|z| + 5 In|u| — 5 infu + 2] =c 


T U 
=¢ 
u+2 ? 
gi ds (2 +2) 
x MH 


7. Letting y = ux we have 


2.5 Solutions by Substitutions 


(ux — x) dz — (ux + x)(u dz + z du) = 0 
(u? +1) dz + x(u+1) du = 0 


da 


£ 


u+l 
u? 4-1 


du — 0 


1 
In [2] + 5 In (u? +1) +tantu=c 


2 


2 
In z? (5 + 1) + 0555877 2a Cl 
T T 


In (a? + y”) 424an 2 =c 


8. Letting y = ux we have 


(x + ux) dz — (82 + uz) (u dz + z du) = 0 
(u? — 1) dz + z(u + 3) du = 0 


dx u 3 


a DU) 


du — 0 


ln |x| + 21n Ju — 1] — Inju + 1] = c 


9. Letting y — ux we have 


—ux dz + (x + Vuz)(udz + z du) = 0 
(x? + 2? /u) du + zu?? dz = 0 


(war zi 3 du 4- e 0 
U 


T 


—2u-1? + In jul + In |z| 2 c 


In [y/z| + In|z| = 24/ x/y +c 


y(In |y 


— c)? = 4g. 
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10. Letting y = ux we have 


v z2 — ur? dx — x? du = 0 
zy1-—u?dz—a?du-0, (x0) 


lng — sint u = c 


sin™t u = lng +c 


sin”! q In z + co 
x 
2 — sin (In x + c2) 
u 


y = zsin (In x + c2). 


See Problem 33 in this section for an analysis of the solution. 
11. Letting y — ux we have 
(x? — uta?) de + u^ a? (u dz + z du) — 0 
dx + u?x du — 0 
dx 


— 4 u? du — 0 
ü 
1 
l zu = 
n|e|+ zu C 


32? In |x| + y? = az’. 


Using y(1) = 2 we find cı = 8. The solution of the initial-value problem is 32? In |r|--y? = 82°. 
12. Letting y — ux we have 


(a? + 2u?z?)dz — ux?’ (u dx + z du) = 0 
z?(1-- u2)dx — uz? du = 0 


Using y(—1) = 1 we find c = 1/2. The solution of the initial-value problem is 2z* = y? + z?. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


2.5 Solutions by Substitutions 


Letting y = ux we have 


(a + uxe") dz — xe“(udz + z du) = 0 
dx — ze" du = 0 


dx 


—-—e du=0 
x 


In |x| - e^ 2c 


In |x| — e — c. 


Using y(1) = 0 we find c = —1. The solution of the initial-value problem is In |x| = e¥/* — 1. 


Letting x = vy we have 


y(vdy + y dv) + vy(Invy — ny — 1) dy = 0 
ydv 4 vlnvdy — 0 


dv dy — 


0 
vinv y 


In [In |v|| + In|y| = c 


y ln =C1. 


; 


Using y(1) = e we find cı = —e. The solution of the initial-value problem is y In 


j 
—| 6. 
y 


dw 3 3 
? and w = y? we obtain FA + =w ==. An integrating factor is a? so 
T g x 


1 1 
From y + =y = =y 
x x 


that z?w = z? + c or y? = 1 + ex ^3. 


dw 
From y' — y = ey? and w = y^! we obtain E +w = —e*. An integrating factor is e” so 
ue 
that e*w = -e +eory t= je” cce *. 
/ 4 =3 _ dw : ——À 
From y + y = zy^ and w = y ? we obtain dr 3w = —3x. An integrating factor is e So 


xv 
that ey = qxe * + ze 7 t+eory?%=a2+ i + ce, 


1 d 1 
From y! — (1 + 3 y = y? and w = y^! we obtain An + (1 + =) w = —1. An integrating 
x z x 
1 c 
factor is ze” so that e w = —ze* +e” +c ory | =-14+—+4+-e°°. 
y g 


OO os Dips os, gute T 
mE x = RE IY 111 Tatin 1 
AT egrating factor is t so 


1 [e t 
E Int 4- a Writing this in the form — = lnt + c, we see that the 
y 


1 1 
From y! — Te =at and w = y^! we obtain 
that tw = lnt +c or y? 


solution can also be expressed in the form e!/¥ = cıt. 
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20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 
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2 2t dw 2t —2t 

E l4 L—M— MA = —— anda gy? btain — — —zw = A 

rom y +tsarey 30487 and w y " we obtain di 1g" 18 n 

ib 
integrating factor is 7—y so that ne = pterys=lte (iari: 
y 2 ae E . dw 6 9 : : 
From y — —y = y” and w = y " we obtain — + —w = —-5. An integrating factor 
x xoc x 

is zê so that 2°w = —2a? +eor y? = dar! -cx 9. If y(1) = > then c = 2 and 


y? = gal + Be 6, 


-1/2 


dw 3 
From y +y =y and w = y?/? we obtain — + zw = 3 An integrating factor is e9*/? so 


dr 2 
that e3®/2w = e32/2 + e or 43/2 = 1+ ce732/2. If y(0) = 4 then c= 7 and y? = 1 + 7e-32/2, 


2 
u 
u =z +c or u = tan (x + c), and z +y +1 = tan (x +c) or y = tan (x +c)- x — 1. 


d 1 
Let u = x +y + 1 so that du/dx = 1 + dy/dx. Then T <=? or Tonus = dx. ‘Thus 
ip 


tan”! 


1— 
Let u = xz + y so that du/dr = 1 + dy/dx. Then a -1 = 


ju? = x +c or u? = 2z + ci, and (£ +y)? 2 2z + e. 


2 or udu = dx. Thus 


d 
Let u = x + y so that du/dx = 1 + dy/dx. Then T — 1 = tan?u or cos? udu = dx. Thus 
x 
su + fsin2u = x +c or 2u+sin2u = 4z +c, and 2(z + y) + sin 2(x +y) = Az + cı or 
2y +sin2(x + y) = 2z +c. 


d 1 
Let u = x + y so that du/de = 1 + dy/dx. Then T" 1 = sinu or — ——— du — dz. 
dead dx 1+sinu 
= du = dz or (sec? 


os? u 
Thus tan u — secu = z + c or tan (x + y) - sec (x +y) 2 xz 4 c. 


Multiplying by (1—sin u)/(1—sin u) we have u—sec u tan u)du — dz. 


d i 

Let u = y — 2x + 3 so that du/dx = dy/dx — 2. Then 7^2 — 2-. Vu or vues Thus 
z£ u 

2/u = xz +c and 2/y — 2r +3 =z +c. 


d 
Let u = y — x + 5 so that du/dx = dy/dx — 1. Then T +1=1+e" or e "du = dx. Thus 


—e“%=7+cand —e^9**-9 = g +c. 


d 1 
Let u = x + y so that du/dx = 1 + dy/dx. Then C" L1 = cosu and ——— du = dz. Now 
da: 1+ cosu 
1 1—cosu  1-—cosu 2 
TL = — =y = csc u escucotu 
l+cosu  1—cos*u sin* u 


so we have f (csc? u — csc u cot u) du = f de and —cotu+cscu = x +c. Thus — cot (x + y) + 
cse (x + y) =z +c. Setting x = 0 and y = 7/4 we obtain c = 2 — 1. The solution is 


esc (x + y) — cot (£ +y) = x + V2 — 1. 


2.5 Solutions by Substitutions 


du 2u 5u + 6 
30. Let u = 3 2 that du/dr = 3--2dy/dx. Then — = 3 = d 
oe x + 2y so that du/dx + 2dy/dx en = EDS ug 9n 
I— 6 du = dx. Now by long division 


u+2 m 4 
5u+6 5 25u+30 


iL 4 
f = + —— ] du = dz 
5 25u + 30 


and tu + 35 In|25u + 30| =x+c. Thus 


so we have 


il 4 
gc + 2y) + zg In [75 + 50y + 30| =1+C. 


Setting r = —1 and y = —1 we obtain c = 3 In 95. The solution is 


1 4 4 
gc + 2y) + zg In [T52 + 50y + 30] =1+ zr% 
or 


5y — 5x + 21n |75x + 50y + 30| = 21n 95 


31. We write the differential equation M(x, y)dz + N(x, y)dy = 0 as dy/dx = f(x,y) where 


f(x,y) = 


The function f(x,y) must necessarily be homogeneous of degree 0 when M and N are ho- 
mogeneous of degree a. Since M is homogeneous of degree a, M(tx,ty) = t*M(x,y), and 


letting t = 1/x we have 
1 
M(1,y/z) — qa M(z,y) or M (o, y) = z^ M(1, y/x). 


Thus 
dy _ _ £z^M(Ly/z) | M(Lvw/x) ay 
ds 9 = RN. ys) ~ N(ly/x) E ) 


32. Rewrite (5z? — 2y?)dz — zy dy = 0 as 


d 
cy S 52? 2y? 
dx 
and divide by xy, so that 
d 
uM LN S2 
dx y T 


We then identify 
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33. (a) By inspection y = x and y = -—z are solutions of the differential equation and not 


members of the family y = x sin (In z + c). 


(b) Letting x = 5 and y = 0 in sin”? (y/z) = nz + c2 we get 
sin! 0 = In54- c9 or c = — ln 5. Then 
sin"! (y/z) = In x — ln 5 = In (2/5). Because the range of 


the arcsine function is [-7/2, 7/2] we must have 


The interval of definition of the solution is approximately [1.04, 24.05]. 


34. As x > —oo, eĉ? — 0 and y > 2z--3. Now write (1--ce9") /(1— cef?) as (e79* +c) /(e~ © — c). 
Then, as z > oo, e-9* > 0 and y > 2x — 3. 


35. (a) The substitutions y = yı + u and 


m. mu m 
dr dx dz 
lead to 
d d 
m LT S P+R tut Ry +4)? 
dr dx 
= P+Qy + Ry? + Qu + 2y Ru + Ru? 
or E 
es (Q + 2y; R)u = Ru?. 
dx 


This is a Bernoulli equation with n = 2 which can be reduced to the linear equation 


dw 
2 2 Z 
Tz + (Q + 2y,R)w R 


by the substitution w = u-1. 


d lod 
(b) Identify P(x) = —4/z?, Q(x) = —1/z, and R(x) = 1. Then AA + (-: + =| w=-1l. 
z S dm 
An integrating factor is x? so that z?w = Lat +coru= [-iv + a) = Thus, 


2 2 ( 1 a 
y^-—--ru or y= F |t HEr 
x x 4 


36. Write the differential equation in the form x(y'/y) = Ing + Iny and let u = lny. Then 
du/dx = y'/y and the differential equation becomes z(du/dx) =lng +u or du/dz — u/x = 


37. 


38. 


2.5 Solutions by Substitutions 


(In z)/z, which is first-order and linear. An integrating factor is e~/@/* = 1/2, so that 


(using integration by parts) 


d [1 lng u 1 Ing 
——|—u|-—- and ~=- — +e 
dx |x z? x x 
The solution is 
per=1 
Iny=-1-Inz+cx or y= 
x 
Write the differential equation as 
d 1 
og aue. 
di c 
and let u = v? or v = u!/2, Then 
d 1 
Raid — — uu de 
dr 2 dx 
and substituting into the differential equation, we have 
He d 1 d 2 
Lu 2T + Lu? 3247/7 or = +—u= 64. 
2 dr z dr x 
The latter differential equation is linear with integrating factor eJ (2/2) de — z?, so 
— [z^u] = 64r? 
and 
64 64 C 
2, % 3 2 _ la Ed 
r^u zT te or v zit 
Write the differential equation as dP/dt — aP = —bP? and let u = P^! or P = u^!. Then 
dp _ Lap du 
dt — dt ' 
and substituting into the differential equation, we have 
du du 
-2 -1 -2 
— — — =-—b — + au =b. 
di au u or dt + 
The latter differential equation is linear with integrating factor ef adt — ett so 


d 
d [ew ul = be” 


and 


Y 
= 
Il 
| e 
+ 
[e] 
i 
Q 
Si 


1 a 


Pama 
b/a--ce-9*  b+ce™% 
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2.6 


1. 
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A Numerical Method 


We identify f(x,y) = 2x — 3y +1. Then, for h = 0.1, 


Yn+1 = Yn + 0.1(2£n — 3Yn + 1) = 0.22, + 0.7yn + 0.1, 


and 
y(1.1) = y; = 0.2(1) + 0.7(5) +0.1 = 3.8 
y(1.2) z y2 = 0.2(1.1) + 0.7(3.8) + 0.1 = 2.98 
For h = 0.05, 
Yn+1 = Yn + 0.05(2z,, — 3Yn + 1) = 0.12, + 0.85y,, + 0.1, 
and 
y(1.05) = yı = 0.1(1) + 0.85(5) + 0.1 = 4.4 
y(1.1) = y2 = 0.1(1.05) + 0.85(4.4) + 0.1 = 3.895 
y(1.15) & ya = 0.1(1.1) + 0.85(3.895) + 0.1 = 3.47075 
y(1.2) = ya = 0.1(1.15) + 0.85(3.47075) + 0.1 = 3.11514 


. We identify f(x,y) = x -- y?. Then, for h = 0.1, 


Yn+1 = Yn +0.1(2,, + y?) = 0.12, + Yn + 0.192, 


and 
(0.1) = yı = 0.1(0) + 0 + 0.1(0)? = 0 
y(0.2) = yo = 0.1(0.1) + 0 + 0.1(0)? = 0.01 
For h = 0.05, 
Yn+1 = Yn + 0.05(£n + y2) = 0.057, + Yn + 0.052, 
and 
y(0.05) z y; = 0.05(0) + 0 + 0.05(0)? = 0 
y(0.1) = y2 = 0.05(0.05) + 0 + 0.05(0)? = 0.0025 
y(0.15) = y3 = 0.05(0.1) + 0.0025 + 0.05(0.0025)? = 0.0075 
y(0.2) = ya = 0.05(0.15) + 0.0075 + 0.05(0.0075)? = 0.0150 


. Separating variables and integrating, we have 


d 
Y -de and In|y| = z + c. 
y 


Thus y = ce” and, using y(0) = 1, we find c = 1, so y = e” is the solution of the initial-value 


problem. 


2.6 A Numerical Method 


h=0.1 h=0.05 
M y Actual Abs. 2c Rel. x y Actual Abs. 7o Rel. 
a E Value Error Error li z Value Error Error 
0.00 1.0000 1.0000 0.0000 0.00 0.00 1.0000 1.0000 0.0000 0.00 
1.10 1.1000 1.1052 0.0052 0.47 0.05 1.0500 1.0513 0.0013 0.12 
0.20 1.2100 1.2214 0.0114 0.93 0.10 1.1025 1.1052 0.0027 0.24 
0.30 1.3310 1.3499 0.0189 1.40 0.15 1.1576 1.1618 0.0042 0.36 
0.40 1.4641 1.4918 0.0277 1.86 0.20 1.2155 1.2214 0.0059 0.48 
0.50 1.6105 1.6487 0.0382 2.32 0.25 1.2763 1.2840 0.0077 0.60 
0.60 1.7716 1.8221 0.0506 2:11 0.30 1.3401 1.3499 0.0098 0.72 
0.70 1.9487 2.0138 0.0650 3.23 0.35 1.4071 1.4191 0.0120 0.84 
0.80 2.1436 2.2255 0.0820 3.68 0.40 1.4775 1.4918 0.0144 0.96 
0.90 2.3579 2.4596 0.1017 4.13 0.45 1.5513 1.5683 0.0170 1.08 
1.00 2.5937 2.7183 0.1245 4.58 0.50 1.6289 1.6487 0.0198 1.20 
0.55 1.7103 1.7333 0.0229 1.32 
0.60 1.7959 1.8221 0.0263 1.44 
0.65 1.8856 1.9155 0.0299 1.56 
0.70 1.9799 2.0138 0.0338 1.68 
0.75 2.0789 2.1170 0.0381 1.80 
0.80 2.1829 2.2255 0.0427 1.92 
0.85 2.2920 2.3396 0.0476 2.04 
0.90 2.4066 2.4596 0.0530 2.15 
0.95 2.5270 2.5857 0.0588 227 
1.00 2.6533 2.7183 0.0650 2.39 
4. Separating variables and integrating, we have 
Y adv and dn|y =z? 
-9:dr an n|y| = z^ 4 c. 


Thus y — cie” and, using y(1) = 1, we find c = e^ 


initial-value problem. 


y 


, S0 Y = e'^-1 is the solution of the 


h=0.1 

x y Actual Abs. Zo Rel. x y Actual Abs. Zc Rel. 
" " Value Error Error " z Value Error Error 

1.00 1.0000 1.0000 0.0000 0.00 1.00 1.0000 1.0000 0.0000 0.00 

1.10 1.2000 1.2337 0.0337 2.73 1.05 1.1000 1.1079 0.0079 0.72 

1.20 1.4640 1.5527 0.0887 5.71 1.10 1.2155 1.2337 0.0182 1.47 

1.30 1.8154 1.9937 0.1784 8.95 1.15 1.3492 1.3806 0.0314 2.27 

1.40 2.2874 2.6117 0.3243 12.42 1.20 1.5044 1.5527 0.0483 3.11 

1.50 2.99278 3.4903 0.5625 16.12 1.25 1.6849 1.7551 0.0702 4.00 

1.30 1.8955 1.9937 0.0982 4.93 

1.35 2.1419 2.2762 0.1343 5.90 

1.40 2.4311 2.6117 0.1806 6.92 

1.45 2.7714 3.0117 0.2403 7.98 

1.50 3.1733 3.4903 0.3171 9.08 
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h=0.1 h=0.05 
x, y, x, y, 
0.00 0.0000 0.00 0.0000 
0.10 0.1000 0.05 0.0500 
0.20 0.1905 0.10 0.0976 
0.30 0.2731 0.15 0.1429 
0.40 0.3492 0.20 0.1863 
0.50 0.4198 0.25 0.2278 
0.30 0.2676 
0.35 0.3058 
0.40 0.3427 
0.45 0.3782 
0.50 0.4124 
h=0.1 h=0.05 
x, MA x, y, 
0.00 0.5000 0.00 0.5000 
0.10 0.5250 0.05 0.5125 
0.20 0.5431 0.10 0.5232 
0.30 0.5548 0.15 0.5322 
0.40 0.5613 0.20 0.5395 
0.50 0.5639 0.25 0.5452 
0.30 0.5496 
0.35 0.5527 
0.40 0.5547 
0.45 0.5559 
0.50 0.5565 
h=0.1 h=0.05 
x, y, x, Y, 
1.00 1.0000 1.00 1.0000 
1.10 1.0000 1.05 1.0000 
1.20 1.0191 1.10 1.0049 
1.30 1.0588 1,15 1.0147 
1.40 1.1231 1.20 1.0298 
1.50 1.2194 1:25 1.0506 
1.30 1.0775 
1.35 1.1115 
1.40 1.1538 
1.45 1.2057 
1.50 1.2696 


6. 


h=0.1 h=0.05 
x, y, 
0.00 1.0000 0.00 1.0000 
0.10 1.1000 0.05 1.0500 
0.20 1.2220 0.10 1.1053 
0.30 1.3753 0.15 1.1668 
0.40 1.5735 0.20 1.2360 
0.50 1.8371 0.25 1.3144 
0.30 1.4039 
0.35 1.5070 
0.40 1.6267 
0.45 1.7670 
0.50 1.9332 
h=0.1 h=0.05 
x, Vn Xn Ya 
0.00 1.0000 0.00 1.0000 
0.10 1.1000 0.05 1.0500 
0.20 1.2159 0.10 1.1039 
0.30 1.3505 0.15 1.1619 
0.40 1.5072 0.20 1.2245 
0.50 1.6902 0.25 1.2921 
0.30 1.3651 
0.35 1.4440 
0.40 1.5293 
0.45 1.6217 
0.50 1.7219 
h=0.05 
x Yn 
0.00 0.5000 0.00 0.5000 
0.10 0.5250 0.05 0.5125 
0.20 0.5499 0.10 0.5250 
0.30 0.5747 0.15 0.5375 
0.40 0.5991 0.20 0.5499 
0.50 0.6231 0.25 0.5623 
0.30 0.5746 
0.35 0.5868 
0.40 0.5989 
0.45 0.6109 
0.50 0.6228 


2.6 A Numerical Method 


11. Tables of values were computed using the Euler and RK4 methods. The resulting points were 
plotted and joined using ListPlot in Mathematica. 


h=0.25 h=0.1 h=0.05 
y y y 
q q RK4 7 RK4 
6 6 6 
5 5 5 
4 4 4 
3H] 3 3 
2 2 2 
1 1 Euler 1 
t T X 
2 4 6 8 10 2 4 6 8 10 
12. See the comments in Problem 11 above. 
h=0.25 h=0.1 h=0.05 
y y y 
$ s RK4 $ RK4 
5 5 5 
4 4 Euler 4 Euler 
Ewer 
3 3 3 
2 2 2 
1 1 1 
X X x 
1 2 3 4 5 1 2 3 4 5 1 2 3 4 5 


13. Using separation of variables we find that the solution of the differential equation is y — 
1/(1 — x”), which is undefined at x = 1, where the graph has a vertical asymptote. Because 
the actual solution of the differential equation becomes unbounded at x approaches 1, very 
small changes in the inputs z will result in large changes in the corresponding outputs y. This 
can be expected to have a serious effect on numerical procedures. The graphs below were 
obtained as described in Problem 11. 


h=0.1 h=0.05 

107 10% 

8 RK4 8 RK4 

6 6 

4 4 

Eytr, 
2 Euler 2 
x x 
0.2 0.4 0.6 0.8 1 0.2 0.4 0.6 0.8 1 


14. (a) The graph to the right was obtained using RK4 


and ListPlot in Mathematicawith h = 0.1. 628 
0.4 
0.3 
0.2 
0.1 
1 2 3 4 5 * 
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(b) Writing the differential equation in the form y' + 2zy = 1 we see that an integrating 
factor is ef 2d» — e”, so 


q? 


cie 
ae yj =e 


and 2a : 
y=e * i) e dice. 
0 
This solution can also be expressed in terms of the inverse error function as 
Va 
—e 
2 


y= 7^ orfi(a) t ce, 


Letting x = 0 and y(0) = 0 we find c = 0, so the solution of the initial-value problem is 


x 
y=e™ f e dt = ve e-* erfi(z). 
0 


(c) Using FindRoot in Mathematica we see that y'(r) = 0 when x = 0.924139. Since 
y(0.924139) = 0.541044, we see from the graph in part (a) that (0.924139, 0.541044) is 


a relative maximum. Now, using the substitution u = —t in the integral below, we have 


y(—z) = pP e” dt = di e0? (-du) = i e" du = —y(z). 


Thus, y(x) is an odd function and (—0.924139, —0.541044) is a relative minimum. 


Chapter 2 in Review 


1. Writing the differential equation in the form y' = k(y + A/k) we see that the critical point 
— A/ k is a repeller for k > 0 and an attractor for k < 0. 


2. Separating variables and integrating we have 


d 
2 s di 
y r 


lny = 4lnz +c = lnr +c 
Y= cart. 
We see that when x = 0, y = 0, so the initial-value problem has an infinite number of solutions 
for k = 0 and no solutions for k Z 0. 
3. True; y = k2/kı is always a solution for kı Æ 0. 


4. True; writing the differential equation as aı(x)dy + as(x)y dx = 0 and separating variables 
yields 


10. 


11. 


12. 
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d? 


. —;-— rsiny (There are many answers.) 


da? 


. False: E =r04r4+041=(r+1)(041) 
. True 


. Since the differential equation in the form y’ = 2 — |y| is seen to be autonomous, 2 — |y| = 0 


has critical points 2 and —2 so yı = 2 and y» = —2 are constant (equilibrium) solutions. 
d 
oY -e dg 
y 
Iny — e* +c 
y =e t = ee” or y=ce" 


1 
39 +e, r20 


1 5 
The initial condition y(—1) — 2 implies 2 — 5 + cı and thus c4 = 7 Now y(x) is supposed 
to be differentiable and so continuous. At x = 0 the two parts of the functions must agree 


5 
and so c9 = c1 = 5. So, 


2 
y 
10 
1 2 
36-2), r«0 * 
dm 1 
5 (5), r20 P 


y= ex te” “ost dt 
0 


dy — e 08 yg COST + (— sin x) uer te” cost dt 
dx 0 
d 
xd =x-—(sinz)y or Z + (sine) y = a. 
dy dy 2 
— = 3 — = 3 
a ee a ea 
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dy _ 2 2 
13. a UU (y — 3) 
dy — 2 
14. de UY 2) (y — 4) 


15. When n is odd, x” < 0 for x < 0 and x” > 0 for x > 0. In this case 0 is unstable. When n is 
even, x" > 0 for x < 0 and for x > 0. In this case 0 is semi-stable. 
When n is odd, =x” > 0 for x < 0 and =x” < 0 for x > 0. In this case 0 is asymptotically 


stable. When n is even, —x” < 0 for x < 0 and for x > 0. In this case 0 is semi-stable. 


16. Using a CAS we find that the zero of f occurs at approximately P — 1.3214. From the graph 
we observe that dP/dt > 0 for P « 1.3214 and dP/dt « 0 for P > 1.3214, so P = 1.3214 is 
an asymptotically stable critical point. Thus, Jim P(t) = 1:3214: 
—00 


y 
17. $0 — UNA NANANA AAA NM ASA FF 


. ooo == NN» 
errr re == a 
$999.99 9 
$477-NV VN 


== — NA ARA NN EP NAT MU -- 
40 —« «a A NANAN EY aa ss 4 


18. 
(a) linear in y, homogeneous, exact (b) linear in z 
(c) separable, exact, linear in x and y (d) Bernoulli in z 
(e) separable (f) separable, linear in x, Bernoulli 
(g) linear in x (h) homogeneous 
(i) Bernoulli (j) homogeneous, exact, Bernoulli 
(k) linear in x and y, exact, separable, (1) exact, linear in y 
homogeneous 
(m) homogeneous (n) separable 


19. Separating variables and using the identity cos? x = $(1 + cos 2r), we have 


2 y 
dr = dy, 
cos” x dx "OX Y 
1 1 1 
gj? * sin2r = 5 In (y? +1) +0, 


20. 


21. 


22. 
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and 


2x + sin 2r = 21n (y? + 1) +c. 
Write the differential equation in the form 
yln= dz = (em? — v) dy. 
y y 


This is a homogeneous equation, so let x = uy. Then dx = u dy + y du and the differential 


equation becomes 


ylnu(udy + y du) = (uylnu — y)dy or ylnudu = —dy. 


Separating variables, we obtain 


d 
Inudu =-Y 
uln ju] - u = —1n|y| + c 
ana "a ET 
y y y 


z(nz — lny) — z = —yln |y| + cy. 


The differential equation 
dy 2 Jg" os 


de Carl” perl” 


is Bernoulli. Using w = y?, we obtain the linear equation 


dw 6 9x? 


pa Gill” mue 


An integrating factor is 6r + 1, so 


COLI aF 
and 


(6x + 1)? = —32? + c. 
(Note: The differential equation is also exact.) 
Write the differential equation in the form (3y? + 2x)dx + (Ay? + 6xy)dy = 0. Letting 
M = 3y? + 2x and N = 4y? + 6zy we see that M, = 6y = Nz, so the differential equation is 
exact. From fs =3y?+2x we obtain f = 3xy?+2?+h(y). Then fy = 6ry+h'(y) = 4y?+6xy 
and h'(y) = 4y? so h(y) = EUR . À one-parameter family of solutions is 


4 
3xy? + x? + m = 
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23. Write the equation in the form 


In 


An integrating factor is e? = t, so 


d _ 44 
qq 140] =e Int 


l s, ls 
tQ = ——t -t° Int 
Li a ere 
and 
la l4 c 
= == =t*Int+-. 
ES MO LEN 
24. Letting u = 2x + y 4-1 we have 
Hk p 0H 
dr — dx’ 


and so the given differential equation is transformed into 


du _, =j - du 2u+1 
“aa B “ae. 4 7 


Separating variables and integrating we get 


u 
=i 
wat A 


1 1 1 
(imoa) tuna 
2 22u+1 


ge luus ea 
7” ao u = XI C 


2u — In |2u + 1| = 4x + c. 


Resubstituting for u gives the solution 
Az + 2y + 2 — ln |4z + 2y + 3| 2 4c + c 


or 
2y + 2 — In |4x + 2y + 3| = c1. 


25. Write the equation in the form 
dy 8x 2r 
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and 


yo tert ed). 


26. Letting M = 2r? cosÜ sin 0 + rcos@ and N = 4r + sin 0 — 2r cos? 0 we see that 
M, = 4r cos 0 sin 0 + cos 0 = Ne, so the differential equation is exact. From 
fo = 2r? cos 0 sin 0 + r cos0 we obtain f = —r? cos? 0 + rsin 0 + h(r). Then 
fr = —2r cos? 0 + sin0 + h/(r) = 4r + sinf — 2r cos? 0 and R'(r) = 4r so h(r) = 2r?. The 


solution is 


—r? cos? 0 + rsin 0 + 2r? = c. 


d d 1 
27. We put the equation = +4(cosx)y = x in the standard form i + 2 (cos 1) y = z7 then 
ut x 


the integrating factor is ef 2cosrdx — ¿2sinz Therefore 


u a b sen 
sin ems sint q 
[ En [e y(t)] d 3 te t 


: a 1 f* : 
gen Gp) = c? y(0) = F te2 Sint dt 
0 
: 1 f* : 
e? sin 24 (y) X J te? Sint dy 
0 


y(a) — eg 25e a E ju te2 inl dt 
0 


d A 
28. The equation Z — day = sinz? is already in standard form so the integrating factor is 
T 


d "m 
e [4dr 67235 Therefore p^ [ey] = e? sina?. Because of the initial condition 
44 


y(0) = 7 we write 


d f [ —212 n 42 
— le y(t)| dt = € sin t^ dt 
/ dt | l ) 0 


7 
AAR T 
e y(x) — e y(0) = f e? sint? dt 
0 


zr 
y(z) = Tem y e / e Y sint? dt 
0 
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d 
29. We put the equation oh +2y = xe?” into standard form = + 
z 
2 


Ing 


; 2 
factor is el 7“ =e = x”. Therefore 


30. 


sint 


The integrating factor is elo ^v^ dv. Therefore, 


2 
—y = e*”. Then the integrating 
x 


vd paiay f 
J dt [el d ) i 


10 
T sin ra 
elo “ty (x) — e y(0) — 0 


y(x) = 10e^ Jo EE at 
31. 
d cesis Ose, mo 
—+y= f(z), = 5, where f(x) = 
da d d 0, gzl 
For 0 € z « 1, 
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Using y(0) = 5, we have c; = 5. Therefore y = ze * + 5e~”. Then for x > 1, 


d 
2 [e*y] =0 
e”y = ca 
Y = &e * 


Requiring that y(x) be continuous at x = 1 yields 


C2€ l=e 1450! 
C9 = 6 
Therefore 
xe “+5 *, 0<x<1 
y(x) = 
6e *, x>1 
32. 
pay lei. wee a ^ 7-070" 
a = e, =-1, where mpm 
de e á -1, 2>1 
For 0 <2 « 1, 
d 
de [e*y] = e? 
1 
pue ll +c 
y= Em tee? 
2 1 
Using y(0) = —1, we have cı = —3. Therefore y = ze" — ze”. Then for x > 1, 
d, 
p [ey] =1 


e“y=r+o 


y = xe” + ae” 


Requiring that y(x) be continuous at x = 1 yields 


" A Nr 
e+ce = 2e — ce 
EC UR 
1 3. 
a-c-3-3** 
Therefore 
1 3 
ze 5e 0<a<l 
y(x) = i. 3 
ne ee ee. wd 
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33. The differential equation has the form (d/dz) [(sin x)y] = 0. Integrating, we have (sinz)y = c 
or y = c/sin x. The initial condition implies c = —2sin (77/6) = 1. Thus, y = 1/ sin z, where 
the interval (7,27) is chosen to include x = 77/6. 


34. Separating variables and integrating we have 


dy — 


» —2(t + 1) dt 
1 
—~==(¢41) +c 
y 
: h 
= —_.—_,, where —c=c 
"= FiF Fa ! 
The initial condition y(0) = —} implies c; = —9, so a solution of the initial-value problem is 
1 1 
AA or = ———— 
V +12—9 VU B48 


where —4 < t < 2. 


35. (a) For y < 0, yy is not a real number. 
(b) Separating variables and integrating we have 
d 
2. —de and 2/9 =£ +. 


vu 


Letting y(ro) = yo we get c = 2,/Yo — To, so that 
1 
2/y —z--2/yo—zo and y= qe + 2,/yo — zo). 


Since yy > 0 for y # 0, we see that dy/dx = F(x + 2,/yo — To) must be positive. Thus, 
the interval on which the solution is defined is (zo — 24/yo, oc). 


36. (a) The differential equation is homogeneous and we let y — ux. Then 


(a? — y?) dx + xy dy = 0 


(a? — u?2?) dx + uz?(u dz + du) = 0 
dx + ux du = 0 
d. 
udu = a 


x 


l 2 
Zul = —1nlx 
u n|z| +c 


= = —2In|z| +c. 


The initial condition gives cy = 2, so an implicit solution is y? = z?(2 — 21n |z|). 


37. 


38. 


39. 


40. 
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(b) Solving for y in part (a) and being sure that the initial con- 
dition is still satisfied, we have y = — v2 |z|(1 — In ||) /2, 2] 
where —e < x < e so that 1 — In|z| > 0. The graph of 1 


this function indicates that the derivative is not defined at 


x = 0 and «=e. Thus, the solution of the initial-value 
problem is y = —/2a(1—Inz)!/?, for 0 < x < e. 


The graph of yı(x) is the portion of the closed blue curve lying in the fourth quadrant. Its 
interval of definition is approximately (0.7,4.3). The graph of yo(r) is the portion of the 
left-hand blue curve lying in the third quadrant. Its interval of definition is (—oo, 0). 


The first step of Euler's method gives y(1.1) ~ 9+0.1(1 +3) = 9.4. Applying Euler’s method 
one more time gives y(1.2) ~ 9.4 4- 0.1(1 + 1.1V9.4) ~ 9.8373. 


Since the differential equation is autonomous, all lineal 


elements on a given horizontal line have the same slope. 
The direction field is then as shown in the figure at the 
right. It appears from the figure that the differential 


equation has critical points at —2 (an attractor) and 
at 2 (a repeller). Thus, —2 is an aymptotically stable 
critical point and 2 is an unstable critical point. 


Since the differential equation is autonomous, all lineal 


elements on a given horizontal line have the same slope. 
The direction field is then as shown in the figure at the 
right. It appears from the figure that the differential 


equation has no critical points. 


| «a <a 


Chapter 3 


Modeling with First-Order Differential Equations 


3.1 Linear Models 


1. Let P = P(t) be the population at time t, and Pp the initial population. From dP/dt = kP 
we obtain P = Pye*!. Using P(5) = 2P) we find k = 11n2 and P = Bye 205. Setting 
P(t) = 3P) we have 3 = en 2t/5. so 

In2 l 

(In 2)t und fees 51n3 


In3 = 
i 5 In2 


= 7.9 years. 


Setting P(t) = 4P) we have 4 = e 2t/5. so 


(In 2)t 


ln 4 = and t = 10 years. 


2. From Problem 1 the growth constant is k = ¿1n2. Then P = Pe M2 and 
10,000 = P5e(3/91n2. Solving for P) we get Pp = 10,000e~ (8/5) ™2 = 6,597.5. Now 


P(10) = Pye/90n 200) — 6 597.562? = 4P) = 26,390. 
The rate at which the population is growing is 


P'(10) = kP(10) = =(In 2)26,390 = 3658 persons/year. 


1 
5 
3. Let P = P(t) be the population at time t. Then dP/dt = kP and P = ce. From 


P(0) = c = 500 we see that P = 500e**. Since 15% of 500 is 75, we have 
P(10) = 500e!* = 575. Solving for k, we get k = i5 In 25 = 5 In 1.15. When t = 30, 


500 
P(30) = 500e 1/10 (n 1.15)30 = 5Q9¢3115 ~ 760 years 


and 


1 
P'(30) = kP(30) ~ ign 1.15)760 = 10.62 persons/year. 
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. Let P = P(t) be bacteria population at time t and Po the initial number. From dP/dt = kP 


we obtain P = Poe*'. Using P(3) = 400 and P(10) = 2000 we find 400 = Pye** or 
e! = (400/ P5)!/?. From P(10) = 2000 we then have 2000 = Pye! = Py(400/Po)!9/3, so 


2000 -7/3 f 3000 y 
1001073 = Po and Po = (ans) = 201. 


. Let A = A(t) be the amount of lead present at time t. From dA/dt = kA and A(0) = 1 


we obtain A = e*t. Using A(3.3) = 1/2 we find k = 45 In (1/2). When 90% of the lead has 
decayed, 0.1 grams will remain. Setting A(t) = 0.1 we have et(1/3.3) In(1/2) — 0.1, so 


| + 


u 3.31n 0.1 


= In 0.1 == AA 
nO and In (1/2) 


In = 10.96 hours. 


[ovi 
bole 


3 


. Let A = A(t) be the amount present at time t. From dA/dt = kA and A(0) = 100 we obtain 


A = 100e*". Using A(6) = 97 we find k = 11n0.97. Then A(24) = 100€(1/6(n 0.97)24 — 
100(0.97)* ~ 88.5 mg. 


. Setting A(t) = 50 in Problem 6 we obtain 50 = 100e**, so 


1 In (1/2) 
kt = ln = t = ————_. & 136.5 hours. 
n5 and (1/6) In 0.97 36.5 hours 


. (a) The solution of dA/dt = kA is A(t) = Age". Letting A = $Ap and solving for t we 


obtain the half-life T = —(In 2) /k. 
(b) Since k = —(In2)/T we have 
A(t) = Age {24/7 = A3 tT. 


c) Writing 14g = 402" as 2-3 = 2-*/T and solving for t we get t = 3T. Thus, an initial 
8 
amount Ao will decay to x Ao in three half-lives. 


. Let I = I(t) be the intensity, t the thickness, and 7(0) = Io. If dI /dt = kI and I(3) = 0.251o, 


then I = Ipe*, k = $1n0.25, and I(15) = 0.00098Jp. 


From dS/dt = rS we obtain S = Soe” where S(0) = So. 
(a) If So = $5000 and r = 5.75% then S(5) = $6665.45. 
(b) If S(t) =$10,000 then t = 12 years. 


(c) S = $6651.82 
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11. 


12. 


13. 


14. 


15. 


16. 
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Using 5730 years as the half-life of C-14 we have from Example 3 in the text A(t) = 
Age-9.00012097t'^ Since 85.5% of the C-14 has decayed, 1 — 0.855 = 0.145 times the origi- 


nal amount is now present, so 


ln 0.145 


0.145Ag = Age -900012097t — ¿—0.00012097% — 0.145, and t=-=— 2 
0.00012097 


= 15,968 years 


is the approximate age. 

From Example 3 in the text, the amount of carbon present at time t is A(t) = Age 9000120971. 
Letting t = 660 and solving for Ay we have A(660) = Age” 0:00012097(660) — 0.923264 Ao. Thus, 
approximately 92% of the original amount of C-14 remained in the cloth as of 1988. 


Assume that dT'/dt = k(T — 10) so that T = 10 + ce**. If T(0) = 70° and T(1/2) = 50° then 
c = 60 and k = 21n (2/3) so that T(1) = 36.67°. If T(t) = 15? then t = 3.06 minutes. 


Assume that dT'/dt = k(T — 5) so that T = 5 + ce. If T(1) = 55° and T(5) = 30° then 
k = —IIn2 and c = 59.4611 so that T(0) = 64.4611°. 


Assume that dT'/dt = k(T — 100) so that T = 100 + ce**. If T(0) = 20° and T(1) = 22°, then 
c = —80 and k = 1n (39/40) so that T(t) = 90°, which implies t = 82.1 seconds. If T(t) = 98° 
then t = 145.7 seconds. 


The differential equation for the first container is dT1/dt = kı (Tı — 0) = k4 T1, whose solution 
is T,(t) = aet. Since T,(0) = 100 (the initial temperature of the metal bar), we have 
100 = c4 and Ti(t) = 100e*!*. After 1 minute, T,(1) = 100e% = 90°C, so kı = In0.9 and 
Ti (t) = 100et 0-9. After 2 minutes, T,(2) = 100e?™° = 100(0.9)? = 81°C. 


The differential equation for the second container is dT5/dt = k2(T> — 100), whose solution 
is T»(t) = 100 + cge*2*. When the metal bar is immersed in the second container, its initial 
temperature is T>(0) = 81, so 


T»(0) = 100 + cpe? = 100 + c; = 81 


and c = —19. Thus, 7»(t) = 100—19e*2*. After 1 minute in the second tank, the temperature 
of the metal bar is 91°C, so 


Ta(1) = 100 — 19e? = 91 


k 9 
19 

9 

kə = In — 


17. 


18. 
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and T(t) = 100 — 19e'™ 9/19), Setting T»(f) = 99.9 we have 


100 — 19€! ™ (9/19) — 99.9 

0.1 

19 

_ In (0.1/19) 
~~ 1n(9/19) 


et n(9/19) 


= 7.02. 


Thus, from the start of the “double dipping” process, the total time until the bar reaches 


99.9°C in the second container is approximately 9.02 minutes. 


Using separation of variables to solve dT/dt = k(T — Tm) we get T(t) = Tm +ce™. Using 
T(0) = 70 we find c = 70 — Tm, so T(t) = Tm + (70 — T;,)e"*. Using the given observations, 


we obtain 

1 
T (5) = Tm + (70 — Tm)e*/? = 110 
T(1) = Tm + (70 — T, )e" = 145. 


Then, from the first equation, e*/? = (110 — T,)/(70 — Tm) and 


110- A 1% 145 — Tn (110 - TP 
&- (ey = (00 = EE = 145 - Tm 


Me) o F=f, =T 
12100 — 22071, + TŻ = 10150 — 2507, + T2 
Tm = 390. 


The temperature in the oven is 390°. 


(a) The initial temperature of the bath is Tm(0) = 60°, so in the short term the temperature 
of the chemical, which starts at 80°, should decrease or cool. Over time, the temperature 
of the bath will increase toward 100° since e~°-!! decreases from 1 toward 0 as t increases 
from 0. Thus, in the long term, the temperature of the chemical should increase or warm 
toward 100°. 


(b) Adapting the model for Newton’s law of cooling, 
we have 
dT 


FH = 7 OUT = 100 + 4085.  T(0) = 80. 


Writing the differential equation in the form 


dT 
— +0.1T = 10 ae 4 t 
dt 10 20 30 40 50 


we see that it is linear with integrating factor ef 0.1dt — ¿0.1 
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Thus 


Eje = 10e2: 14 —4 


etr = 100% — 4t +c 


and 
T(t) = 100 — 4a gq ee, 


Now T'(0) = 80 so 100 + c = 80, c = —20 and 
T) = 100 — 4te™®1t — 99e-9-1* = 100 — (4t + 20)g- 09. 


The thinner curve verifies the prediction of cooling followed by warming toward 100°. 


The wider curve shows the temperature Tm of the liquid bath. 


19. According to Newton's Law of Cooling 


Separating variables we have 


dT 


=kadt so In|T — Tinl = kt +c and T = Tm +e". 
T — Im 


Setting T(0) = To we find c1 = To — Tm. Thus 

TUS = Tm + (To — Tm). 
In this problem we use 7o = 98.6 and Tm = 70. Now, let n denote the number of hours elapsed 
before the body was found. Then T(n) = 85 and T(n + 1) = 80. Using this information, we 


have 
70 + (98.6 —70)e""=85 and 70+ (98.6 — 70)e*^*9 = 80 


or 
28.6e^^ = 15 and 28.6e%"t* — 28. 6e*"e* = 10. 


The last equation is the same as 15e^ = 10. Solving for k, we have k = In 3 x —0.4055. 
Finally, solving e70-4055n = 15/28.6 for n, we have 


15 
—0.4 = ln | — 
0.4055n n (5) 


1 15 
n = —— In | — | © 1.6. 
—0.4055 28.6 


Thus, about 1.6 hours elapsed before the body was found. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


3.1 Linear Models 
Solving the differential equation dT'/dt = kS(T — Tm) subject to T(0) = To gives 
TG e T, + (o — Te. 
The temperatures of the coffee in cups A and B are, respectively, 
Ta(t) = 70 +80% and Tp(t) = 70+ 80e?*5*. 
Then T4(30) = 70 + 80e%S = 100, which implies 9955 = 2. Hence 


2 

Tp (30) = 70 + 80e%*S = 70 + 80 (es) 
~7+80(3) =704+80(2.) =s1.25°F 
i 8) — 64] ^ 


From dA/dt = 4 — A/50 we obtain A = 200 + ce-*/99, Tf A(0) = 30 then c = —170 and 
A=200—170e-7™. 


From dA/dt = 0 — A/50 we obtain A = ce-*/99, If A(0) = 30 then c = 30 and A = 30e-*/50, 


From dA/dt = 10 — A/100 we obtain A = 1000 + ce-*/199, Tf A(0) = 0 then c = —1000 and 
A(t) = 1000 — 1000e-*/100, 


From Problem 23 the number of pounds of salt in the tank at time t is A(t) = 1000 — 
1000e-*/100, The concentration at time t is c(t) = A(t)/500 = 2 — 2e-'/100, Therefore 
c(5) = 2 — 2e 1/2 = 0.09751b/gal and Jm. c(t) = 2. Solving c(t) = 1 = 2 — 2e~*/! for t we 
obtain t = 100 In 2 = 69.3 min. 


From 


dA 10A 2A 


OO NL MNT LL 
dt 500 — (10 — 5)t 100 —1 
we obtain A = 1000 — 10t + c(100 —t)?. If A(0) = 0 then c = —45. The tank is empty in 100 


minutes. 


With cin(t) = 2 + sin (t/4) Ib/gal, the initial-value problem is 


dA i ot 
a 10947 ot 3sinz, A(0) = 50. 
The differential equation is linear with integrating factor ef dt/A00 — et/ 100 so 
A (190 AQ] = (6 + 3sin 5 et/100 
dt 4 
150 t 3750 t 
t/100 = t/100 t/100 4% t/100 a E 
e ^ A(t) = 600e + am sin — * cos 7 +c, 
and 
150 t 
A(t) = 600 + — sin — — a cos B egg t100, 


313 4 313 4 
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Letting t = 0 and A = 50 we have 600 — 3750/313 + c = 50 and c = —168400/313. Then 


150 t 3750 t 168400 
ditis 130 und. 090 » —t/100. 
(t) = 600 + 313 M7 313 87 aa * 


The graphs on [0,300] and [0,600] below show the effect of the sine function in the input 
when compared with the graph in Figure 2.7.4(a) in the text. 


i A() 


600 600 t 
500 500 t 
400 400 E 
300 300 F 
200 200 Fr 
100 100 
: : , : : ot : : : , : -f 
50 100 150 200 250 300 100 200 300 400 500 600 
27. From 
dA 4A 2A 


— = 3- OS OPEB Es ——— 
dt 100 + (6 — 4)t 50+¢ 


we obtain A = 50+¢+c(50+1t)~?. If A(0) = 10 then c = —100,000 and A(30) = 64.38 
pounds. 


28. (a) Initially the tank contains 300 gallons of solution. Since brine is pumped in at a rate of 
3 gal/min and the mixture is pumped out at a rate of 2 gal/min, the net change is an 
increase of 1 gal/min. Thus, in 100 minutes the tank will contain its capacity of 400 
gallons. 


(b) The differential equation describing the amount of salt in the tank is 
A'(t) = 6 — 24/(300 + t) with solution 


A(t) = 600 + 2t — (4.95 x 107)(300 -2)?, | 0« t € 100, 


as noted in the discussion following Example 5 in the text. Thus, the amount of salt in 


the tank when it overflows is 
A(100) = 800 — (4.95 x 10")(400) ? = 490.625 lbs. 


(c) When the tank is overflowing the amount of salt in the tank is governed by the differential 


equation 
dA f A : 
P (3 gal/min)(2 Ib/gal) — E Ib/gal ) (3 gal/min) 
—-6— 34. A(100) = 490.625. 


29. 


30. 


31. 


32. 


33. 


3.1 Linear Models 


Solving the equation, we obtain A(t) = 800 + ce—**/400 The initial condition yields 
c = —654.947, so that 
A(t) = 800 — 654.947e 34/400 , 


When t = 150, A(150) = 587.37 lbs. 


(d) As t > oo, the amount of salt is 800 lbs, which is to be expected since (400 gal)(2 
Ib/gal)— 800 lbs. 


(e) A 


200 400 600 


Assume Ldi/dt + Ri = E(t), L = 0.1, R = 50, and E(t) = 50 so that i = 3 + ce 50%. If 
¿(0) = 0 then c = —3/5 and Jim it) = 3/5. 


Assume L di/dt + Ri = E(t), E(t) = Eosin wt, and i(0) = ig so that 
1= Pra eo Jus qa e d 
E0L 
Since ¿(0) = ¿q we obtain c = ig + PRO f 


Assume Rdq/dt + (1/C)q = E(t), R = 200, C = 10%, and E(t) = 100 so that 
q = 1/100 + ce™5%. If q(0) = 0 then c = —1/100 and i = $e-9*t. 


Assume Rdq/dt + (1/C)q = E(t), R = 1000, C = 5 x 109, and E(t) = 200. Then 
q = qy + ce~? and i = —200ce-?9*, If i(0) = 0.4 then c = — zty, q(0.005) = 0.0003 
coulombs, and 7(0.005) = 0.1472 amps. We have q > — as t — oo. 


For 0 < t < 20 the differential equation is 20 di/dt--2i = 120. An integrating factor is et/10 so 
(d/dt)[e/195] = 6e*/19 and i =60+c,e 0. If i(0) = 0 then cı = —60 and i = 60 — 60e/10. 
For t > 20 the differential equation is 20 di/dt + 2i = 0 and i = cze*/10, At t = 20 we want 
ce”? = 60 — 60e7? so that c9 = 60 (e? — 1). Thus 


(à 60 — 60e *19. 0<t< 20 
— |eo(e? —1) et > 20 
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35. 


36. 


37. 
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We first solve (1 — t/10)di/dt + 0.22 = 4. Separating variables we obtain 
di/(40 — 2i) = dt/(10 — t). Then 


1 
~5 n|40 2i| =—In|10-t|+c¢ or v40- 2i = c& (10 — t). 
10 20 

Since ¿(0) = 0 we must have c; = 2/y10. Solving for i we get i(t) = 4t — st, 0<t< 10. 
For t > 10 the equation for the current becomes 0.27 = 4 or i = 20. Thus 

ly 
4t- =P, 0St<10 
20, t>10. 
The graph of i(t) is given in the figure. 


(a) From m dv/dt = mg — kv we obtain v = mg/k+ce—*/™, If v(0) = vo then c = vo —mg/k 
and the solution of the initial-value problem is 


v(t) — = + (v — zay e Fm. 


(b) As t > oo the limiting velocity is mg/k. 


(c) From ds/dt = v and s(0) = 0 we obtain 


-TAT( - 25) —kt/m =( -29 

s(t) A t z \vo- = de + z \ve- 7T) 

(a) Integrating d?s/dt? = —g we get v(t) = ds/dt = —gt -- c. From v(0) = 300 we find 
c = 300, and we are given g = 32, so the velocity is v(t) = —32t + 300. 


(b) Integrating again and using s(0) = 0 we get s(t) = —16t? + 300t. The maximum 
height is attained when v = 0, that is, at ta = 9.375. The maximum height will be 
s(9.375) = 1406.25 ft. 


When air resistance is proportional to velocity, the model for the velocity is m dv/dt = 
—mg — kv (using the fact that the positive direction is upward.) Solving the differential 
equation using separation of variables we obtain v(t) = —mg/k + ce-"*/". From v(0) = 300 


we get 


v(t) = - + (300 + za) cee. 


Integrating and using s(0) = 0 we find 


oc et (not) acm 


Setting k = 0.0025, m = 16/32 = 0.5, and g = 32 we have 


s(t) = 1,340,000 — 6,400t — 1,340,000€ -9-005t 


38. 


39. 


3.1 Linear Models 


and 
u(t) = —6,400 + 6,700e 9-005: 


The maximum height is attained when v = 0, that is, at ta = 9.162. The maximum height 
will be s(9.162) = 1363.79 ft, which is less than the maximum height in Problem 36. 


Assuming that the air resistance is proportional to velocity and the positive direction is 
downward with s(0) = 0, the model for the velocity is m dv/dt = mg — kv. Using separation 
of variables to solve this differential equation, we obtain v(t) = mg/k + ce ^'/", Then, using 
v(0) = 0, we get v(t) = (mg/k)(1 — e-**/"). Letting k = 0.5, m = (125 + 35)/32 = 5, and 
g = 32, we have v(t) = 320(1 — e-9*), Integrating, we find s(t) = 320t + 3200e 9 + c. 
Solving s(0) = 0 for c we find cı = —3200, therefore s(t) = 320t + 3200e70-1* — 3200. At 
t — 15, when the parachute opens, v(15) — 248.598 and s(15) — 2314.02. At this time 
the value of k changes to k = 10 and the new initial velocity is vy = 248.598. With the 


=kt/m where t is reset to 0 when 


parachute open, the skydiver’s velocity is v,(t) = mg/k + coe 
the parachute opens. Letting m = 5, g = 32, and k = 10, this gives vp(t) = 16 + coe ?*. 
From v(0) = 248.598 we find cz = 232.598, so vp(t) = 16 + 232.598e ?. Integrating, we 
get sp(t) = 16t — 116.299e% + c3. Solving s,(0) = 0 for cz, we find c3 = 116.299, so 
sp(t) = 16t — 116.299e + 116.299. Twenty seconds after leaving the plane is five seconds 
after the parachute opens. The skydiver's velocity at this time is vp(5) = 16.0106 ft/s and 
she has fallen a total of s(15) + sp(5) = 2314.02 4- 196.294 = 2510.31 ft. Her terminal velocity 
is jm Up(t) = 16, so she has very nearly reached her terminal velocity five seconds after the 
parachute opens. When the parachute opens, the distance to the ground is 15,000 — s(15) — 
15,000 — 2,314 = 12,686 ft. Solving s,(t) = 12,686 we get t = 785.6 s = 13.1 min. Thus, it 
will take her approximately 13.1 minutes to reach the ground after her parachute has opened 
and a total of (785.6 + 15)/60 = 13.34 minutes after she exits the plane. 


(a) With the values given in the text the initial-value problem becomes 


dv | 2 T— " 2000 
di .200—2 ——.  300—' 


u(0) e t. 


This is a linear differential equationwith integrating factor 


al [2/(200—t)] dt = e 21n|200—1| = (200 = i: 


d 
= [(200 — t)~*v] = —9.8(200 — t)? + 2000(200 — t)? — — integrate 


(200 — t) 4 = —9.8(200 — t)! + 1000(200 — t) ? +c — multiply by(200 — t)? 
v = —9.8(200 — t) + 1000 + c(200 — t)? 
= —960 + 9.8t + c(200 — t)?. 
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Using the initial condition we have 


960 


c= = 0.024 
40,000 


0 = v(0) = —960 + 40,000c so 


Thus 


v(t) = —960 + 9.8t + 0.024(200 — t)? 
= —960 + 9.8t + 0.024(40, 000 — 400¢ + t?) 
= —960 + 9.8t + 960 — 9.6t + 0.0241? 
= 0.024t? + 0.2t. 


(b) Integrating both sides of 


ds 
— = v(t) = 0.024t? + 0.2t 
di v(t) + 
we find 
s(t) = 0.008¢ + 0.12? + c. 


We assume that the height of the rocket is measured from s = 0, so that s(0) = 0 and 
cı = 0. Then the height of the rocket at time t is s(t) = 0.0080? + 0.1t?. 


40. (a) From Problem 22 in Exercises 1.3, ty = mf(0)/A. In this case my(0) = 50 and A = 1, so 


the time of burnout is 50 s. 


(b) The velocity at burnout time is 


v(50) = 0.024(50)? + 0.2(50) = 70 m/s. 


(c) The height of the rocket at burnout is 


s(50) = 0.008(50)? + 0.1(50)? = 1250 m. 


(d) At burnout the rocket will have upward momentum which will carry it higher. 


(e) After burnout the total mass of the rocket is a constant 200 — 50 — 150 kg. By Problem 


22 in Exercises 1.3 the velocity for a rocket with variable mass due to fuel consumption 


is 
dv dm 
Hd m U mg + R 


Here m is the total mass of the rocket, and in this case m is constant after burnout, so 
dm/dt — 0 and the velocity of the rocket satisfies 


mo + ky = -mg + R. 


We identify m = 150, k = 3,g = 9.8 and R = 0, since the thrust is 0 after burnout. Then 


dv du 1 
150% + 3v = —150(9.8) = —1470 W uto ees 0 
a ER) 9E SEM un" 


3.1 Linear Models 


41. (a) The differential equation is first-order and linear. Letting b = k/p, the integrating factor 
is ef 39dt/(bt+r0) — (ry + bt). Then 


iro --bt)?v| = g(ro + bt)? and (ro + bt)v = Xr (ro + bt) +c. 


The solution of the differential equation is v(t) = (g/4b)(ro + bt) + c(ro + bt) ?. Using 
v(0) = 0 we find c = —gr§/4b, so that 


4 4 
g gro gp k gpro 
UM ou OF ue LIS dE (n T ) Ak(ro + kt/p)3 


(b) Integrating dr/dt = k/p we get r = kt/p +c. Using r(0) = ro we have c = ro, so 
r(t) = kt/p + rg. 


(c) Ifr = 0.007 ft when t = 10s, then solving r(10) = 0.007 for k/p, we obtain k/p = —0.0003 
and r(t) = 0.01 — 0.0003t. Solving r(t) = 0 we get t = 33.3, so the raindrop will have 
evaporated completely at 33.3 seconds. 


42. Separating variables, we obtain dP/ P — kcost dt, so 
In |P| = ksint+c and p — ce", 


If P(0) = Po, then c; = Po and P = Pyet ®t, 


43. (a) From dP/dt = (kı — ka)P we obtain P = Pye1-*9! where P) = P(0). 


(b) If kj > ko then P > oo as t > oo. If ky = kg then P = Py for every t. If kı < kz then 
P — 0 as t => oo. 


44. (a) The solution of the differential equation is P(t) = ce" + h/k. If we let the initial 
population of fish be P) then P(0) = Po which implies that 


m eu => and ri) - (n AL 


(b) For P) > h/k all terms in the solution are positive. In this case P(t) increases as time t 


increases. That is, P(t) + oo as t > oo. For Po = h/k the population remains constant 


for all time t: 


For 0 < Py « h/k the coefficient of the exponential function is negative and so the 


function decreases as time t increases. 
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(c) For 0 < Py < h/k the function decreases and is concave down, therefore the graph of 
P(t) crosses the t-axis. That is, there exists a time T > 0 such that P(T) = 0. Solving 


h h 
P= kT a 
(n aE "E 0 


for T' shows that the time of extinction is 


1 h 
NN AC A 
k a(z) 


45. (a) Solving r — kr = 0 for x we find the equilibrium solution x = r/k. When X 
x < r/k, de/dt > 0 and when z > r/k, dx/dt < 0. From the phase 
portrait we see that Jim He =P ke 
£ 
k 
(b) From dz/dt = r — kr and x(0) = 0 we obtain 
x = r/k — (r/k)e-** so that x > r/k as t — oo. If 1 
a) =r/2k then T = (ln 2)/k. 
rik t 
t 
46. (a) Solving kı(M — A) — k2A = 0 for A we find the equilibrium solution A 
A = kiM/(ki + ke). From the phase portrait we see that 
Jim A(t) = ky M/(ki + ka). Since ko > 0, the material will never 
—oo 
be completely memorized and the larger kə is, the less the amount 
of material will be memorized over time. 
Mk, 


3.1 Linear Models 


(b) Write the differential equation in the form 


dA/dt + (kı + ka) A = kj M. Then an integrating 
factor is e*t 


, and 
d ent a] = k Mel that 
dt 
e(kitka)t A — kiM eit») y e 
1 + ka 
ki M 
A= —(kitke)t 
mS + ce 
ky M kiM 
Using A(0) = 0 we find c = MEUS and A — ps E: (1 — gen, As t > oo, 
ky M 
ky + ko ` 


47. (a) For 0 € t « 4, 6 € t « 10 and 12 < t < 16, no voltage is applied to the heart and 
E(t) — 0. At the other times, the differential equation is dE/dt = —E/RC. Separating 
variables, integrating, and solving for e, we get E = ke-*/FC, subject to E(4) = E(10) = 
E(16) = 12. These intitial conditions yield, respectively, k = 12e*/RC, k = 12e10/RC. 
k = 12e!6/RC and k = 12e22/FC , Thus 

0, 


0<t<4,6<t<10, 12 <t< 16 
12e 4-0/RC. 


4<t<6 

E(t) = 4 1260970/RC. 10<t<12 
er. 16<t<18 
de OP Re. Dix poros 


4 6 10 12 16 18 


t 
22 24 


48. (a) (i) Using Newton's second law of motion, F = ma = m dv/dt, the differential equation 
for the velocity v is 


v ing du inó 
m — = Tg sin or — = sın ; 
do d I 


where mgsin0, 0 < 0 < 7/2, is the component of the weight along the plane in the 
direction of motion. 
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(ii) The model now becomes 
d 
m ^ = mgsin0 — umg cos 0, 


where umg cos 0 is the component of the force of sliding friction (which acts perpendicular 
to the plane) along the plane. The negative sign indicates that this component of force 
is a retarding force which acts in the direction opposite to that of motion. 
(iii) If air resistance is taken to be proportional to the instantaneous velocity of the 
body, the model becomes 

mo = mg sin @ — umg cos 0 — kv, 


where k is a constant of proportionality. 


(b) (i) With m = 3 slugs, the differential equation is 


dv 1 dv 
3— = (96) -= — = 16. 
a ig ud dt 
Integrating the last equation gives v(t) = 16t + cı. Since v(0) = 0, we have c; = 0 and 


so u(t) = 16t. 
(ii) With m = 3slugs, the differential equation is 


du 1 v3 V3 dv 
— = A su —=4, 
3 (96) ae (96) 5 or 3i 
In this case u(t) = 4t. 
(iii) When the retarding force due to air resistance is taken into account, the differential 


equation for velocity v becomes 
U Or 3— —12— —v. 


The last differential equation is linear and has solution v(t) = 48 + cje~"/!2. Since 
v(0) = 0, we find c; = —48, so v(t) = 48 — 48e */12, 


49. (a) (i) If s(t) is distance measured down the plane from the highest point, then ds/dt = v. 
Integrating ds/dt = 16t gives s(t) = 8t? + c3. Using s(0) = 0 then gives cz = 0. Now 
the length L of the plane is L = 50/sin 30° = 100ft. The time it takes the box to slide 
completely down the plane is the solution of s(t) = 100 or t? = 25/2, so t ~ 3.54s. 

(ii) Integrating ds/dt = 4t gives s(t) = 2t?-- c3. Using s(0) = 0 gives cz = 0, so s(t) = 2t? 
and the solution of s(t) = 100 is now t © 7.07 s. 

(iii) Integrating ds/dt = 48 — 48e '/? and using s(0) = 0 to determine the constant of 
integration, we obtain s(t) = 48t + 576e-*/1? — 576. With the aid of a CAS we find that 
the solution of s(t) — 100, or 


100 = 48t + 576e-*/1? — 576 or 0 = 48t + 576e7*/12 — 676, 


is now t = 7.84s. 
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(b) The differential equation m dv/dt = mg sin 0 — umg cos0 can be written 
d 
m Z = mg cos 0 (tan 0 — u). 
If tan 0 = u, dv/dt = 0 and v(0) = 0 implies that v(t) = 0. If tan < y and v(0) = 0, 
then integration implies v(t) = g cos 8 (tan 0 — u)t < 0 for all time t. 


(c) Since tan23° = 0.4245 and u = V/3/4 = 0.4330, we see that tan23° < 0.4330. The 
differential equation is dv/dt = 32 cos 23° (tan 23° — /3/4) = —0.251493. Integration 
and the use of the initial condition gives v(t) = —0.251493t + 1. When the box stops, 
v(t) = 0 or 0 = —0.251493t + 1 or t = 3.976254s. From s(t) = —0.125747t? + t we find 
s(3.976254) = 1.988119 ft. 


(d) With vo > 0, v(t) = —0.251493t + vo and s(t) = —0.125747t? + vot. Because two real 
positive solutions of the equation s(t) = 100, or 0 = —0.125747t? + vot — 100, would be 
physically meaningless, we use the quadratic formula and require that b? — 4ac = 0 or 
ve — 50.2987 = 0. From this last equality we find vo = 7.092164 ft/s. For the time it takes 
the box to traverse the entire inclined plane, we must have 0 = —0.125747t? +7.092164t— 
100. Mathematica gives complex roots for the last equation: t = 28.2001 + 0.01244587. 
But, for 


0 = —0.125747t? + 7.092164691t — 100, 


the roots are t = 28.1999s and t = 28.2004s. So if vo > 7.092164, we are guaranteed 
that the box will slide completely down the plane. 


50. (a) We saw in part (a) of Problem 36 that the ascent time is ta = 9.375. To find when the 
cannonball hits the ground we solve s(t) = —16¢? + 300t = 0, getting a total time in 
flight of t = 18.75s. Thus, the time of descent is tg = 18.75 — 9.375 = 9.375. The impact 


velocity is v; = v(18.75) = —300, which has the same magnitude as the initial velocity. 


(b) We saw in Problem 37 that the ascent time in the case of air resistance is tg = 9.162. 
Solving s(t) = 1,340,000 — 6,400¢ — 1,340,000e70-%05 — 0 we see that the total time of 
flight is 18.466s. Thus, the descent time is tg = 18.466 — 9.162 = 9.304. The impact 
velocity is v; = v(18.466) = —290.91, compared to an initial velocity of vp = 300. 


3.2 Nonlinear Models 


1. (a) Solving N(1 — 0.0005N) = 0 for N we find the equilibrium solutions N =0 5999 V. 
and N = 2000. When 0 < N < 2000, dN/dt > 0. From the phase portrait we 
see that Jim N(t) = 2000. A graph of the solution is shown in part (b). 
—oo 
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(b) Separating variables and integrating we have Saou | 
dN 1 1 1500 
N(1— 0.0005N) (x N- xxx) js 


500 


t 
and 5 10 15 20 


In N — ln |N — 2000| = t + c. 
Solving for N we get N (t) = 2000e*+*/(1 + e***) = 2000e^ef/(1 + efet). Using N(0) = 1 
and solving for e* we find e^ = 1/1999 and so N (t) = 2000e! / (1999 + e). Then N(10) = 
1833.59, so 1834 companies are expected to adopt the new technology when t = 10. 
2. From dN/dt = N (a — bN) and N(0) = 500 we obtain 


" 500a 
~ 500b + (a — 500b)e~% ` 


Since Jim N = a/b = 50,000 and N(1) = 1000 we have a = 0.7033, b = 0.00014, and N = 
00 
50,000/(1 + 99e0-7085t) | 


3. From dP/dt = P (107! — 107" P) and P(0) = 5000 we obtain P = 500/(0.0005+0.0995e70-1%) 
so that P — 1,000,000 as t > oo. If P(t) = 500,000 then t = 52.9 months. 


4. (a) We have dP/dt = P(a— bP) with P(0) = 3.929 million. Using separation of variables we 


obtain 
P(t) = 3.929a 7 a/b 
.. 3.929b + (a — 3.929b)e-** — 1 + (a/3.929b — 1)e-^t 
C 


~ 1+ (c/3.929 — le’ 
where c = a/b. At t = 60(1850) the population is 23.192 million, so 


Cc 


23.192 = —___________. 
1 + (c/3.929 — 1)e-60a 
or c = 23.192 + 23.192(c/3.929 — 1)e-99*, At t = 120(1910), 


C 


91.972 = ————— — 
1 + (c/3.929 — 1)e-120a 


or c = 91.972 + 91.972(c/3.929 — 1)(e-99*)?. Combining the two equations for c we get 


(c — 23.192) /23.192 V? ( c 1) | c— 91.972 
c/3.929 — 1 3.929 |». 91.972 
Or 


91.972(3.929)(c — 23.192)? = (23.192)? (c — 91.972)(c — 3.929). 


The solution of this quadratic equation is c = 197.274. This in turn gives a = 0.0313. 


''herefore, 
197.274 


P(t) = T Y39316-0088 * 
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(b) Census Predicted % 
Year Population Population Error Error 
1790 3.929 3.929 0.000 0.00 
1800 5.308 5.334 -0026 | -049 
1810 7.240 7.222 0.018 0.24 
1820 9.638 9.746 —0.108 -142 
1830 12.866 13.090 —0.224 -1.74 
1840 17.069 17.475 —0.406 -2.38 
1850 23.192 23.143 0.049 0.21 
1860 31.433 30.341 1.092 3.47 
1870 38.558 39.272 -0.714 -1.85 
1880 50.156 50.044. 0.112 0.22 
1890 62.948 62.600 0.348 0.55 
1900 75.996 76.666 -0.670 | -0.88 
1910 91.972 91.739 0.233 0.25 
1920 105.711 107.143 -1432 -1.35 
1930 122.775 122.140 0.635 0.52 
1940 131.669 136.068 —4.399 -334 
1950 150.697 148.445 2252 1.49 
5. (a) The differential equation is dP/dt = P(5— P) —4. Solving P(5— P) —4 = 0 for P P 


we obtain equilibrium solutions P = 1 and P = 4. The phase portrait is shown 
on the right and solution curves are shown in part (b). We see that for Py > 4 
and 1 < Py < 4 the population approaches 4 as t increases. For 0 < P < 1 the 


population decreases to 0 in finite time. 


(b) The differential equation is 


dP 
dt — 


P(5—P)—4 = -(P?-5P+4) = —(P—4)(P-1). 


Separating variables and integrating, we obtain 


dP MED" 
(P-4P-1- 
1/3 . 1/3 7 
Cea POPE 
Lue yg 
5 ri v- 
P=4 _ _3¢ 
mj M . 


Setting t = 0 and P = Pp we find cı = (Po — 4)/(Po — 1). Solving for P we obtain 


A(.Pb = 1) — (P5 — Ave 


"0 DAR DE 
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(c) To find when the population becomes extinct in the case 0 < Py < 1 we set P= 0 in 


Ped Bit o 
= [e 


P-1 R-i 


from part (a) and solve for t. This gives the time of extinction 


1. 4 — 
1, 40-0) 
3 Po-4 


. Solving P(5 — P) — 2 = 0 for P we obtain the equilibrium solution P = 3. For PH 3, 


4 2 
dP/dt < 0. Thus, if Py < 5, the population becomes extinct (otherwise there would be 


another equilibrium solution.) Using separation of variables to solve the initial-value problem, 
we get 
P(t) = [4Po + (105 — 25)t] /[4 + (4Po — 10)t]. 


To find when the population becomes extinct for Py < 3 we solve P(t) = 0 for t. We see that 
the time of extinction is t = 4P5/5(5 — 2Pp). 


. Solving P(5— P) — 7 = 0 for P we obtain complex roots, so there are no equilibrium solutions. 


Since dP/dt « 0 for all values of P, the population becomes extinct for any initial condition. 


Using separation of variables to solve the initial-value problem, we get 


P(t) — > + YB tan tan [n — = . 


Solving P(t) — 0 for t we see that the time of extinction is 


i= z (V3 tan™! (5/V3) + V3tan ^! [2P — 5)/V3 |) . 


. (a) The differential equation is dP/dt = P(1—1In P), which has the T 


equilibrium solution P = e. When P) > e, dP/dt < 0, and 
when Pp < e, dP/dt > 0. 


(b) The differential equation is dP/dt = P(1--1n P), which has the P 
equilibrium solution P = 1/e. When Po > 1/e, dP/dt > 0, and 
when Pp < 1/e, dP/dt < 0. 


10. 


11. 


12. 


13. 
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. Let X = X(t) be the amount of C at time t and dX/dt = k(120—2X)(150— X). If X(0) 20 


and X(5) — 10, then 
150 — 150e180kt 
1 — 2.5e180kt. ^ 


where k = .0001259 and X(20) = 29.3 grams. Now by L'Hópital's rule, X — 60 as t > oo, 
so that the amount of A > 0 and the amount of B > 30 as t > oo. 


X(t) = 


From dX/dt = k(150 — X)?, X(0) = 0, and X (5) = 10 we obtain X = 150 — 150/(150kt + 1) 
where k = .000095238. Then X (20) = 33.3 grams and X > 150 as t > oo so that the amount 
of A > 0 and the amount of B > 0 as t > oo. If X(t) = 75 then t = 70 minutes. 


(a) The initial-value problem is dh/dt = —8Aj Vh /Aw, 10% 


h(0) = H. Separating variables and integrating we 8 
have 6 
4 
dh 8A, 
Poi Mui Wh = BI 2 
Th ra dt and 2Vh= A +c. 


500 1000 1500 
Using h(0) = H we find c = 2VH, so the solution of the initial-value problem is 
h(t) = (Auv H — 4Apt)/Aw, where AwVH — 4Apt > 0. Thus, 


A(t) = (A, VH — 4Apt)?/42 for 0<t< A, VH /4Ap. 


(b) Identifying H = 10, A, = 47, and Az = 7/576 we have 
h(t) = t?/331,776 — (4/5/2 /144)t + 10. Solving h(t) = 0 we see that the tank empties 
in 576y 10 seconds or 30.36 minutes. 


To obtain the solution of this differential equation we use h(t) from Problem 13 in Exercises 
1.3. Then h(t) = (Auv H — 4cA,t)?/4?. Solving h(t) = 0 with c = 0.6 and the values from 
Problem 13 we see that the tank empties in 3035.79 seconds or 50.6 minutes. 


(a) Separating variables and integrating gives 
12 
653? dh = —5t and =o = —5t t c. 


Using h(0) = 20 we find c = 1920/5, so the solution of the initial-value problem is 
Alt) = (8004/5 — 254). Solving h(t) = 0 we see that the tank empties in 384/5 
seconds or 14.31 minutes. 


(b) When the height of the water is h, the radius of the top of the water is 
r = htan 30° = h/V3 and A = nh? /3. The differential equation is 


dh A, = m(2/12)? — 2 
p^ = AY 29 = ERE 64h =  Bh8 . 


Separating variables and integrating gives 


5h32 dh = —2dt and 2h? = —9t +c. 
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Using h(0) = 9 we find c = 486, so the solution of the initial-value problem is h(t) = 
(243 — t)?/5. Solving h(t) = 0 we see that the tank empties in 243 seconds or 4.05 


minutes. 


14. When the height of the water is h, the radius of the top of the water is 2(20 — A) and 
Aw = 4n(20 — h)?/25. The differential equation is 


dh 


a = -cÈ Vh = —0. e VO = 3 Vh 


h)2/25 6 (20 — hy? 
Separating variables and integrating we have 


(20 — hy? 


5 80 2 5 
Tk d zd and 800Vh +h atte 


Using h(0) = 20 we find c = 25604/5/3, so an implicit solution of the initial-value problem is 


2 5 2560/5 
800V — L pal? y Pasa = -2t 4 Ya, 

3 5 6 3 
To find the time it takes the tank to empty we set h = 0 and solve for t. The tank empties 
in 1024/5 seconds or 38.16 minutes. Thus, the tank empties more slowly when the base of 
the cone is on the bottom. 


15. (a) After separating variables we obtain 


m dv 
e 
mg — kv? 


de 
g 1— (Vkv/,y/mg Y? 
a (o ykhmgw — 
Vkg 1=(Vkv/ymgy? - 


k 
xs tanh! D 


kg mg 


=t+c 


k k 
tanh7! mm = tta. 


Thus the velocity at time t is 


v(t) = "LE (Rs a). 


Setting t = 0 and v = vp we find c4 = tanh”! (Vk u9/,/mg). 


(b) Since tanht > 1 as t > oo, we have v > ,/mg/k as t > oo. 


3.2 Nonlinear Models 


(c) Integrating the expression for v(t) in part (a) we obtain an integral of the form f du/u: 


s(t) = A [tom (+a) dt = Zin E (Res) 


Setting t = 0 and s = 0 we find cp = —(m/k) In (cosh c1), where c, is given in part (a). 


+ Ca. 


16. The differential equation is m dv/dt = —mg — kv?. Separating variables and integrating, we 
have 
dv | dt 
mg--kv? m 


Setting v(0) = 300, m = $ = 4, g = 32, and k = 0.0003, we find v(t) = 230.94 tan(cı — 
0.138564t) and c, = 0.914743. Integrating 
v(t) = 230.94 tan (0.914743 — 0.138564) 
we get 
s(t) = 1666.67 In | cos (0.914743 — 0.138564t)| + cz. 


Using s(0) = 0 we find cz = 823.843. Solving u(t) = 0 we see that the maximum height is 
attained when t = 6.60159. The maximum height is s(6.60159) = 823.843 ft. 


17. (a) Let p be the weight density of the water and V the volume of the object. Archimedes’ 
principle states that the upward buoyant force has magnitude equal to the weight of the 


water displaced. Taking the positive direction to be down, the differential equation is 


m dv = di 
(mg — pV) — kv? 
m Vk dv = dt 
VE (Jing pV? - (VE) 
k 
= TENET: - t4 c. 
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Thus 
J = A. m 
m 


(c) Since tanht > 1 as t — oo, the terminal velocity is y (mg — pV)/k. 


18. (a) Writing the equation in the form (x — y 2? + y? )dx + y dy = 0 we identify 
M = xz — zx? +y? and N = y. Since M and N are both homogeneous functions of 
degree 1 we use the substitution y — uz. It follows that 


(s - Va? + ula? ) de ux(udz + du) =0 


x [1- DFU? ea] dz + a?2udu = 0 


B udu _ dg 
l+u2-vVl+u2  z 
udu dx 


Virwü-vVicxwu) z` 
Letting w = 1 — v1 +u? we have dw = —udu/V1+u? so that 


In |1- vice! =In lx +c 


1 
CT 
e 
C 
1 1+u2=-2 (=c2 =1/c1) 
HH 
2 
i4 ex iq. 
HH 
2c c 2 
14242 =14 E 
HH HH 


Solving for y? we have 


C C2 
y? = 2cox + cà =4(5) (2+2) 


which is a family of parabolas symmetric with respect to the x-axis with vertex at 
(—c2/2,0) and focus at the origin. 


(b) Let u = z? + y? so that 


dy 
— = 2x + 2y os. 
'Then 
dy  1du 
Vds 2d 
and the differential equation can be written in the form 
1 du 1 du 
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Separating variables and integrating gives 


du 
a~ 
vVu=x+c 


u = r? + 2er + c? 
r +y =r Hre? 
y? = 2cx +c’. 


19. (a) From 2W? — W° = W?(2— W) = 0 we see that W = 0 and W = 2 are constant solutions. 


(b) Separating variables and using a CAS to integrate we get 


dW 


1 
waw * and — tanh”? (VE) =0 +0 


Using the facts that the hyperbolic tangent is an odd function and 1 — tanh? x = sech? x 
we have 


4 — 2W = tanh (-z — c) = — tanh (x +c) 


Ble mele 


(4 — 2W) = tanh? (x + c) 


1 
1— a = tanh? (x 4- c) 


1 
3” = 1 — tanh? (x + c) = sech? (x + c) 


Thus, W(x) = 2 sech? (x + c). 


(c) Letting r = 0 and W = 2 we find that sech? (c) = 1 
and c = 0. 


20. (a) Solving r? + (10 — h)? = 10? for r? we see that r? = 20h — h?. Combining the rate of 
input of water, 7, with the rate of output due to evaporation, 
krr? = kn (20h — h?), we have dV/dt = 1 — kn(20h — h?). Using V = 10h? — inh), we 
see also that dV/dt = (20xh — th?)dh/dt. Thus, 


dh 1—20kh+ kh? 


dh 
_ 7h?) = 7k — h2 Lea See A 
(207h — h^) T — kn(20h — h^) and di hohe 


dt 
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(b) Letting k = 1/100, separating variables and inte- 
grating (with the help of a CAS), we get 


100A(h — 20) 


and 
100(h? — 10h + 100) 


10— h 
Using h(0) = 0 we find c = 1000, and solving for 


h we get h(t) — 0.005 (v t? + 4000¢ — t). where 2000 4000 6000 8000 10000 
the positive square root is chosen because h > 0. 


=t+<c. 


(c) The volume of the tank is V = 37(10)? feet, so at a rate of m cubic feet per minute, the 
tank will fill in 2(10)? = 666.67 minutes = 11.11 hours. 


(d) At 666.67 minutes, the depth of the water is (666.67) = 5.486 feet. From the graph in 
(b) we suspect that lim, 55 h(t) = 10, in which case the tank will never completely fill. 
To prove this we compute the limit of h(t): 


t? + 4000¢ = t? 
Jim h(t) = 0.005 lim ( t^ + 4000t t) SS A Ee E 


4 4 
— 0.005 lim MS 005 bl = 0.005(2000) = 10. 


== =. 
£o 14/1 + 4000/t + t 1+1 


21. (a) With c = 0.01 the differential equation is dP/dt = kP'®°!. Separating variables and 
integrating we obtain 
po dP = kdt 


p-901 
—0.01 


= kt +1 


p-99! — —0.01kt+0 
P(t) = (—0.01kt + c9) 199 
P(0) ge 


= dor ta 


Then 


1 


REN SEEN 
n (—0.01kt + 1070-01) 100 


and, since P doubles in 5 months from 10 to 20, 


1 
P(5) = —— — ————— m = 20 
©) (—0.01k(5) + 10-0.01)100 
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SO 
= —0.01) 100 — 1 
(—0.01k(5) + 10 99)" = 2 
1/100 1/100 
“po EA 
ME 5 
— —0.001350. 


Thus P(t) = 1/ (—0.001350t + 1078-01) 1°, 


(b) Define T = ay /0.001350 = 724 months = 60 years. As t > 724 (from the left), 


P — oo. 
P(50) = 1/ [—0.001350 (50) + 107991]? ~ 12,839 and 
(c) 
P(100) = 1/ [—0.001350 (100) + 10-°-°"] "°° ~ 28, 630, 966 


22. (a) From the phase portrait we see that P = 0 is an attractor for 0 < Py < K = a/b 
and P = K is a repeller for Py > K. 


(b) Letting a — 0.1, b — 0.0005 and using separation of variables gives 


(-5* 2 ) a= ad 
a 


Integrating we have 


—InP+In(bP — a) = at +<c1 


l tal. at +c 
n = 
P 1 


bP — 
P = coe?! 
a 
P= . 
b — caet 
Since P(0) — 300, 
| 300b—a 300a 


= d — aai 
E a 300b — (300b — a) e% 
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Then, with b = 0.0005 and a = 0.1, 


P(t) = 300(0.1) 7 30 |. 600 
~ 00(0.0005) — [300(0.0005) — 0.1] e914 — 0.15 — 0.05e0-1£ — 3 — g0.1t 


and 


3-691 20 implies 0.1t1In 3 so t= 101n3. 


This is doomsday in finite time, since P(t) — oo as t > 101n3 (from the left) = 10.99. 


(c) For Hy = 100 


P(t) = 100a D 100(0.1) 
-100b — (100b — a)e% 100(0.0005) — [100(0.0005) — 0.1] e0-1t 
10 200 


~ 0.05 +0.05e018 — 14 eit? 


and P(t) — 0 as t — 00. 


23. (a) 

t P(t) Q(t) 
0 3.929 0.035 
10 5.308 0.036 
20 7.240 0.033 
30 9.638 0.033 
40 12.866 0.033 
50 17.069 0.036 
60 23.192 0.036 
70 31.433 0.023 
80 38.558 0.030 
90 50.156 0.026 
100 62.948 0.021 
110 75.996 0.021 
120 91.972 0.015 
130 105.711 0.016 
140 122.775 0.007 
150 131.669 0.014 
160 150.697 0.019 
170 179.300 
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(b) The regression line is Q = 0.0348391 — 0.000168222P. 


0.035 
0.03 E 
0.025 f 
0.02 F 
0.015 F 
0.01 F 
0.005 t 


—P 


20 40 60 80 100 120 140 


(c) The solution of the logistic equation is given in Equation (5) in the text. Identifying 
a = 0.0348391 and b = 0.000168222 we have 


aPo 
PE == HP 
( ) bPo + (a = bP)e-*t 


(d) With P = 3.929 the solution becomes 


P(t) = 0.136883 
~ 0.000660944 + 0.0341781e—0-0348391¢ ` 


(e) P 


175 
150 . 
125 | . 

100 ° 

75 . 

50 e 

25 4 


(f) We identify t = 180 with 1970, t = 190 with 1980, and t = 200 with 1990. The model 
predicts P(180) = 188.661, P(190) = 193.735, and P(200) = 197.485. The actual 
population figures for these years are 203.303, 226.542, and 248.765 millions. As t > oo, 
P(t) > a/b = 207.102. 


24. (a) Using a CAS to solve P(1— P) + 0.3e7? = 0 for P we see that P = 1.09216 is an 


equilibrium solution. 
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(b) Since f(P) > 0 for 0 < P < 1.09216, the solution 
P(t) of 


dP/dt = P(1 — P)+0.3e-?, P(0) = Po, 1 


is increasing for Pp < 1.09216. Since f(P) < 0 HR MR 
for P > 1.09216, the solution P(t) is decreasing for 
Py > 1.09216. Thus P = 1.09216 is an attractor. =a 


(c) The curves for the second initial-value problem are 
thicker. The equilibrium solution for the logic model 2 
is P = 1. Comparing 1.09216 and 1, we see that the 


percentage increase is 9.216 


0.5 


25. To find £4 we solve 


using separation of variables. This gives 


/ |k 
v(t) = TU tanh Zi 


Integrating and using s(0) = 0 gives 


s(t) = T In (sn T 


To find the time of descent we solve s(t) = 823.84 and find t4 = 7.77882. The impact velocity 


is v(t4) = 182.998, which is positive because the positive direction is downward. 


26. (a) Solving v, = \/mg/k for k we obtain k = mg/v?. The differential equation then becomes 


Separating variables and integrating gives 
U 
vtanh-! — = gt +c. 
Ut 
The initial condition v(0) = 0 implies cı = 0, so 


t 
v(t) = v; tanh zx 
Ut 


27. 
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We find the distance by integrating: 


2 
s(t) = E iek de = a (co 2) Le 
g 


Ut Ut 


The initial condition s(0) = 0 implies cz = 0, so 


In 25 seconds she has fallen 20,000 — 14,800 = 5,200 feet. Using a CAS to solve 


2(2 
5200 = (v2/32) In (cost S25] ) 
Ut 


for v, gives v ~ 271.711 ft/s. Then 


? t 
s(t) = ln (cost £y = 2307.08 In (cosh 0.1177 72t). 
t 


(b) At t — 15, s(15) = 2,542.94 ft and v(15) = s'(15) = 256.287 ft/sec. 


While the object is in the air its velocity is modeled by the linear differential equation 
mdu/dt — mg — kv. Using m — 160, k — i. and g — 32, the differential equation be- 
comes dv/dt + (1/640)v = 32. The integrating factor is ef 4*/640 — 64/649 and the solution 
of the differential equation is e*/040,, = f 3261/6419 dt = 20,480e!/949 + c. Using v(0) = 0 we 
see that c = —20,480 and v(t) = 20,480 — 20,480e/6%0. Integrating we get s(t) = 20,480t + 
13,107,200e-*/949 + c. Since s(0) = 0, c = —13,107,200 and s(t) = —13,107,200 + 20,480t + 
13,107,200e/6% To find when the object hits the liquid we solve s(t) = 500 — 75 = 425, 
obtaining ta = 5.16018. The velocity at the time of impact with the liquid is v; = v(ta) = 
164.482. When the object is in the liquid its velocity is modeled by the nonlinear differ- 
ential equation m dv/dt = mg — kv?. Using m = 160, g = 32, and k = 0.1 this becomes 


dv/dt = (51,200 — v?)/1600. Separating variables and integrating we have 


1 
== E 
1600. ^ ^ 


du dt /2 


v — 16042 
——————,— —— an —— In |——————— 
51,200 — v? — 1600 640 


v + 160 /2 


Solving v(0) = v, = 164.482 we obtain c = —0.00407537. Then, for v < 1604/2 = 226.274, 


v — 16042 


— eV2/5-18443 or — v — 160/2 — e V2t/5-1.8443. 
v + 16042 


v+160V/2 | 


Solving for v we get 
.. 13964.6 — 2208.290 2/5 


— 61.7153 + 9.75937eV2t/5 ` 
Integrating we find 


s(t) = 226.275t — 16001n (6.3237 + eV2/5) + c. 
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Solving s(0) = 0 we see that c = 3185.78, so 


s(t) = 3185.78 + 226.275t — 1600 In (6.3237 + eV24/5), 


To find when the object hits the bottom of the tank we solve s(t) = 75, obtaining tj = 


0.466273. The time from when the object is dropped from the helicopter to when it hits the 
bottom of the tank is ta +t, = 5.62708 seconds. 


28. The velocity vector of the swimmer is 


dx d 
V = Vs + Vr = (—v; cos 0, —v, sin 8) + (0, vr) = (—vs cos 0, —vs sin 0 + vr) = (=. w) : 


Equating components gives 


dx d 
p = —w, cos 0 and Z =v, sind v, 
so 
e —U : and aH ee —U 2 Tv 
dt * SJ 4- y? do ay oc 
Thus, 


dy  dy/di  —vusy+uwyr+y Vy — Ury T? +y? 


dr |— dr/dt — —Usk Usk 


29. (a) With k = u,/us, 


dy y-kya? +4? 

dr T 
is a first-order homogeneous differential equation (see Section 2.5). Substituting y — ux 
into the differential equation gives 


d d 
utes == ky/ 1408 or Se. 


dx 


Separating variables and integrating we obtain 


du 
/=S-- kdx or In (w+ 1442) - -kInz -Inc. 
v1- u? / 


This implies 


[2 2 
Ina (u+ 1+u2) - Inc Or P (t EE). 
x x 


The condition y(1) = 0 gives c = 1 and so y + /a? + y? = x^^. Solving for y gives 


y(z) — > Ca _ git) 


30. 


31. 


32. 
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(b) If k = 1, then v, =v, and y= (1 — x7), Since y(0) = >, the swimmer lands on the west 


beach at (0,4). That is, 5 mile north of (0,0). If k > 1, then v, > vs and 1—k < 0. 
This means lim, ,9« y(x) becomes infinite, since lim,_, 9+ 117" becomes infinite. The 


swimmer never makes it to the west beach and is swept northward with the current. If 


0<k < 1, then v, > v, and1—k>0. The value of y(x) at x = 0 is y(0) = 0. The 


swimmer has made it to the point (0,0). 


The velocity vector of the swimmer is 


v = vs + vr = (70,0) + (0,07) = (5.2) 


Equating components gives 
dx d dy 
— ——u, and —=v 
dt i di C 
so 
dy  dy/di | Up Up 


de dx /dt =U, Ug 


The differential equation 

dy 30x(1 — x) 

dr 2 — 
separates into dy = 15(—x + z?)dz. Integration gives y(x) = Ba? + 57? +c. The condition 
y(1) = 0 gives c = 3 and so y(x) = $(—152? + 102? + 5). Since y(0) = 3, the swimmer has 
to walk 2.5 miles back down the west beach to reach (0,0). 


This problem has a great many components, so we will consider the case in which air resistance 
is assumed to be proportional to the velocity. By Problem 35 in Section 3.1 the differential 


equation is 


and the solution is 


v(t) = Ts + (vo — 22) ee. 


If we take the initial velocity to be 0, then the velocity at time t is 
mg — MJ —kt/m 
je 
== 
The mass of the raindrop is about m = 62 x 0.000000155/32 = 0.0000003 and g = 32, so the 


volocity at time t is 
. 0.0000096 — 0.0000096 ¿—3333333Kkt 


a) =< — T 
If we let k = 0.0000007, then v(100) = 13.7 ft/s. In this case 100 is the time in seconds. 
Since 7 mph z 10.3 ft/s, the assertion that the average velocity is 7 mph is not unreasonable. 
Of course, this assumes that the air resistance is proportional to the velocity, and, more 
importantly, that the constant of proportionality is 0.0000007. The assumption about the 


constant is particularly suspect. 
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33. (a) Letting c= 0.6, Ap = 7(4-4)?, Aw = 7-1? = m, and g = 32, the differential equation 


(b) 


32° 12 
in Problem 12 becomes dh/dt = —0.00003255/h. Separating variables and integrating, 
we get 24h = —0.00003255t + c, so h = (c, — 0.00001628t)?. Setting h(0) = 2, we find 


c= V2, so h(t) = (V2 — 0.00001628t)?, where h is measured in feet and t in seconds. 


One hour is 3,600 seconds, so the hour mark should be placed 

at time height 
(seconds ) (inches ) 
0 24.0000 
h(3600) = [v2 — 0.00001628(3600)]? ~ 1.838 ft ~ 22.0525 in. 1 22.0520 
2 20.1864 
up from the bottom of the tank. The remaining marks corre- 3 18.4033 
sponding to the passage of 2, 3, 4, ..., 12 hours are placed at E ear 
the values shown in the table. The marks are not evenly spaced 6 13.5485 
because the water is not draining out at a uniform rate; that 7 12.0952 
is, h(t) is not a linear function of time. 8 10.7242 
9 9.4357 
10 8.2297 
11 7.1060 
12 6.0648 


34. (a) In this case A,, = th? /4 and the differential equation is 


(b) 


di T7680 


Separating variables and integrating, we have 


1 
h3/? dh = ———d 
d 7680 ^ 
2 1 
M epe 
5 7680 ^ € 


Setting h(0) = 2 we find c = 8V/2/5, so that 


2 1 2 
* h = 1 ¿8 
5 7680 5 
1 
A" = 4/2 = = 
v2 3072 b 


and 


h = (v : e 


el 

3072 
In this case h(4 hr) = h(14,400 s) = 11.8515 inches and h(5 hr) = h(18,000 s) is not 
a real number. Using a CAS to solve h(t) = 0, we see that the tank runs dry at 


t£ 17,378 s ~ 4.83 hr. Thus, this particular conical water clock can only measure time 


intervals of less than 4.83 hours. 


35. 


3.3 
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If we let rj denote the radius of the hole and A, = 7[f(h)]?, then 


the differential equation dh/dt = —kWh, where k = CAn /2g/Aw, | 24 
becomes | | 
dh _ _ enri 2g p _ _ Serv bol — jJ 
dt [P "no "T jJ 
For the time marks to be equally spaced, the rate of change of the 


height must be a constant; that is, dh/dt = —a. (The constant is 


negative because the height is decreasing.) Thus 


=a = Eu ; [f (h)? = a and r= fh y Pr 


Solving for h, we have 


a? 4 
ED TREO rua 
64c^ry 


The shape of the tank with c — 0.6, a — 2 ft/12 hr — 1 ft/21,600 s, 
and rp, = 1/32(12) = 1/384 is shown in the above figure. 


Modeling with Systems of First-Order DEs 


. The linear equation dx/dt = —A¡x can be solved by either separation of variables or by an 


integrating factor. Integrating both sides of dx/x = —A4dt we obtain ln |x| = —A1t + c from 
which we get x = ce ^!. Using z(0) = xo we find c4 = zo so that x = xe". Substituting 


this result into the second differential equation we have 


d 
di Tay = Arzoe ^ 


which is linear. An integrating factor is e^ so that 


£ ie + My = Auge? 0! 


_ A110 (A2—A1)t_,—Aat rot _ ^0 et 
= ———e € + ce ———— 
À2—AX FEN m 


Using y(0) = 0 we find c = —A1zo/(A2 — A1). Thus 


= DS [oan — east) : 


+ coe AGE. 


Substituting this result into the third differential equation we have 


dz =, Ay A220 Mt — ot 
aE * ) 


Integrating we find 
A290 -at AITO azt 
z = -e p —— "4 63. 
NM-M mep > 
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Using z(0) = 0 we find c3 = zo. Thus 


2. We see from the graph that the half-life of A is 
approximately 4.7 days. To determine the half- un 
life of B we use t = 50 as a base, since at this T y(t) 

time the amount of substance A is so small that it 

contributes very little to substance B. Now we see 

from the graph that y(50) ~ 16.2 and y(191) = 8.1. 2 ^ z(t) 

— 


Thus, the half-life of B is approximately 141 days. 


25 50 75 100 125 150 


3. The amounts x and y are the same at about t = 5 days. The amounts x and z are the same 
at about t = 20 days. The amounts y and z are the same at about t = 147 days. The time 
when y and z are the same makes sense because most of A and half of B are gone, so half of 
C should have been formed. 


4. Suppose that the series is described schematically by W => —A,X => -AY => —JAaZ 
where —A1, —Ag, and —A3 are the decay constants for W, X and Y, respectively, and Z is 
a stable element. Let w(t), x(t), y(t), and z(t) denote the amounts of substances W, X, Y, 


and Z, respectively. A model for the radioactive series is 


dw 

dE = —AÀ1Uw 

da 

UE = A w = Aoc 

dy 

TE = Àox — Aay 

dz 

dE Ay. 

5. (a) Since the third equation in the system is linear and containts only the variable K (t) we 
have 

dk 

— = — (ù + à2) P 
di (Ai + Az) 


K(t) = ce Ort 


Using K(0) = Ko yields K(t) = Kye Atat, 
We can now solve for A(t) and C(t): 


dA 
— = AgP(t) = Ag Kge OX?» 
dt 
^2 =(A1+A2)t 
A(t) = Koe LEA Ee 


aay 


3.8 Modeling with Systems of First-Order DEs 141 


A2 
Using A(0) = 0 impli = Ko. Therefore, 
sing A(0) implies ca Xr 5 erefore 
A(t) = sca E cag Mie 
Ai + r2 


We use the same approach to solve for C(t): 


ge = A, K (t) = AiKge- O12 
dt 
C(t) qe ^A Kge- tA) dea 
Ai + A2 


A 
Using C(0) = 0 implies c3 = To. Therefore, 


^ 
t)= 
(t) A1 + A 


Ko [1 u e OM) f 


(b) It is known that A, = 4.7526 x 107? and A» = 0.5874 x 107 so 


Ay + Ag = 5.34 x 10719 


K(t) = Ke "PI 
1 


1 
In 5 


y H 21. 10° 
—0.000000000534 ^ L9 10" years 


or the half-life of K-40 is about 1.3 billion years. 


(c) Using the solutions A(t), C(t), and the values of A; and A5 from part (b) we see that 


Jim. Alt) = > ar Jim [Ko (1 = | 


LT Aa 
A2 0.5874 x 10710 
= — Ko = So Ko = 01K or 11% of K, 
Ap ^ — 531x109 ^4 o or 1196 of Ko 
lim C(t) = Àl dim E (1 = gear] 
nes d Aa t—oo 0 
Az 4.7526 x 10-19 
MFA O saxo” o or 89% of Ko 
6. (a) From part (a) of Problem 5: 
A eio 
A(t) pees Fai! (1 —€ ( i+ 2)t) B de 


K(t) Koe- Oi X01 At +22 
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(b) Solving for t in part (a) we get 


(5 T =) At) _ eOr*9* 1 


A KG) 


eO 14 (2 + =) A(t) 


(c) From part (b) 


5.34 x 10719 ) 8.5 x 1077 


1 
= In f1 — r | ——___| ~ 1.66 billi 
5.34 x 10-10 n | + — en 54x — illion years 


7. The system is 


1 
NUN RW E | | 
Y Peu gt api eget o 
nod 4 : T Big 3 E x T 
72 = gg” 50 7 50”? 95 L^ a. 


8. Let x1, x2, and x3 be the amounts of salt in tanks A, B, and C, respectively, so that 


T P A: 3 
= —— T . — — . — AA €—— 
7 = 300 > 100°! 50 ^ 50%! 
/ : 6+ : x l 29-2 l 223-5 Ta 4 za + 1 x 
72 = T00"! 100 100? ing” 50 ^ 100? 100 ° 
"E E: NE. 1 
73 = T00”? jug 9 mo. O° 2. 
9. (a) A model is 
dx, X2 Tı 
SE eso =e 0) = 100 
dt 100 — 1 100 4- t v1(0) 
dx» X1 T2 
Lo REL Lg. E 0) — 50. 
dt ioa: 2 Toone? PO 


(b) Since the system is closed, no salt enters or leaves the system and 21(t) + za(t) = 
100 + 50 = 150 for all time. Thus x; = 150 — zə and the second equation in part (a) 


becomes 
drj — 2(150 — 22) 319 300 219 329 


dt 100+t 100—-¢ 100+t 100+¢ 100-¢ 
or 


dx» E 2 n 3 300 

— —— —— ME OS) —— 

dt \100+¢ 100-1/ ^ 100+¢’ 
which is linear in x2. An integrating factor is 


e? (100+t)=3 In (100-4) — (100 + £)?(100 — t)? 
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SO 
“(100 + t)?(100 — t) ?2z5] = 300(100 + £)(100 — t)~°. 


Using integration by parts, we obtain 


1 1 
(100 + t)? (100 — t) %x2 = 300 ET + t)(100 — t)? — 5 (100 — ee | 


Thus 
T3 = Hrs: (100 =) = 5 (100 —t)?+ 5 (100 + t)(100 — 7 
- nop egg — t +4(100 — t). 


Using z3(0) = 50 we find c = 5/3000. At t = 30, x2 = (300/1302)(70?c + 30 - 70) = 
47.4 lbs. 


10. A model is 


1 
x = (4 gal/min)(0 Ib/gal) — (4 gal/min) (san ib/sa 
dax» il 1 
E eb pal jaa) |b —— — iud o 
di (4 gal/min) (z^ ib/sal) (4 gal/min) Ga ib/sal) 
daa . 1 . 1 
ON (4 gal/min) (Be Ib/sal) — (4 gal/min) (xg Ib/sal) 
or 

dai — 1 " 

di o B 

dax» 1 2 

— = —21 — mcr 

de 50 75^ 

dx3 2 1 


dt^ 7b? ^ 95 


Over a long period of time we would expect 11, 72, and x3 to approach O because the entering 


pure water should flush the salt out of all three tanks. 


11. Zooming in on the graph it can be seen that the 
populations are first equal at about t = 5.6. The 


approximate periods of x and y are both 45. 
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13. 


14. 
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(a) The population y(t) approaches 10,000, while the 


population x(t) approaches extinction. 


(b) The population x(t) approaches 5,000, while the pop- 
ulation y(t) approaches extinction. 


(c) The population y(t) approaches 10,000, while the 


population x(t) approaches extinction. 


(d) The population x(t) approaches 5,000, while the pop- 


ulation y(t) approaches extinction. 


In each case the population x(t) approaches 6,000, while the population y(t) approaches 8,000. 


By Kirchhoff's first law we have 21 = i2 + i3. By Kirchhoff's second law, on each loop we 
have E(t) = Li, + Riig and E(t) = Li, + Roig + q/C so that q = CRiis — CRoiz3. Then 


15. 


16. 


17. 
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i3 = ql = CR — C Rozig so that the system is 


Lig + Liz + Ryig = E(t) 


1 
— Riis + Hai + Siz = 0. 


C 
By Kirchhoff’s first law we have i; = ig + 13. Applying Kirchhoff's second law to each loop 
we obtain : 
dig |. 
E(t) =1,;R,+ Ly + i2 Ro 
and di 
E(t) = ifi + Lam + i3 R3. 
Combining the three equations, we obtain the system 
di ; . 
LT + (Ri + Ra)ia + Rıis = FE 
diz : : 
In + Riis + (Ri + R3)i3 = E. 
By Kirchhoff's first law we have 21 = i2 + i3. By Kirchhoff's second law, on each loop we 


have E(t) = Li, + Rig and E(t) = Li +q/C so that q = C Riz. Then iz = ql = C Ri? so that 


system is 
Li’ + Rig = E(t) 
C Ri + ig — i4 = 0. 


We first note that s(t) + 1(t) + r(t) 2 n. Now the rate of change of the number of susceptible 
persons, s(t), is proportional to the number of contacts between the number of people infected 
and the number who are susceptible; that is, ds/dt = —k si. We use —k, < 0 because s(t) 
is decreasing. Next, the rate of change of the number of persons who have recovered is 
proportional to the number infected; that is, dr/dt = koi where kz > 0 since r is increasing. 


Finally, to obtain di/dt we use 


d d 
qe +i+r) = 3,550 
This gives 
di dr ds icum 
— == — — = S 
di dt dt Te 
The system of differential equations is then 
d 
^ = —k si 
di 
a E E 
di koi + ky si 
dr 
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A reasonable set of initial conditions is ¿(0) = 4o, the number of infected people at time 0, 
s(0) = n — ig, and r(0) = 0. 


18. (a) If we know s(t) and i(t) then we can determine r(t) from s 4- i -- r — n. 


(b) In this case the system is 


d 

X = —0.2si 

i 

i = —0.7i + 0.2si. 


We also note that when i(0) = io, s(0) = 10 — io since r(0) = 0 and i(t) + s(t) + r(t) =0 
for all values of t. Now k2/kı = 0.7/0.2 = 3.5, so we cconsider initial conditions s(0) = 2, 
i(0) = 8; s(0) = 3.4, i(0) = 6.6; s(0) = 7, «(0) = 3; and s(0) = 9, i(0) = 1. 


S, iA 


10 


We see that an initial susceptible population greater than k2/kı results in an epidemic in 
the sense that the number of infected persons increases to a maximum before decreasing 
to 0. On the other hand, when s(0) < k2/k¡, the number of infected persons decreases 
from the start and there is no epidemic. 


19. Since zo > yo > 0 we have x(t) > y(t) and y — x < 0. Thus 
dx /dt < 0 and dy/dt > 0. We conclude that x(t) is decreasing 
and y(t) is increasing. As t + oo we expect that x(t) — C 
and y(t) + C, where C is a constant common equilibrium 


concentration. 


20. We write the system in the form 


dx 

a ki(y — 2) 
d 

e = ko (a zs y), 


21. 
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where kı = &/V4 and ko = &/Vp. Letting z(t) = x(t) — y(t) we have 


dr dy 
di Gk ki(y — 2) — ka(x — y) 
E = ki(=2) = kəz 
dz 
— + (kı + k2)2=0 
ae ta + exe 
This is a linear first-order differential equation with solution z(t) = c1e- 1 **9!, Now 
z = —ki(y — z) 2 —kyz = —kycye i tt 


and 
e e +ko2)t + ca. 


Since y(t) = x(t) — z(t) we have 


Ko —(ki+ko)t 
t) =- ithe 
u(t) VE ky us 
The initial conditions x(0) = zo and y(0) = yo imply 
u | xok2 + yoki 
Ci = T0 — Yo and dg corn cm 


The solution of the system is 


(zo — yo)i (s ok, , Tok2 + Vola 
t O raa ERR aL ERE 1 2 + A O Acorn 
aM kı + ke 


(yo — Zo) ko (hy +ho)t_, toka + Yor 
t)= 14-2 
y(t) ky + ka + kı + ke 


As t > oo, x(t) and y(t) approach the common limit 


Zoka + yokı — xoK/Vpg -- yo&/Va — xoVA + yoVB 


ky + ko K/ VA +1/VB Va + Vg 


i Vi +Vg Ua 


'This makes intuitive sense because the limiting concentration is seen to be a weighted average 


of the two initial concentrations. 


Since there are initially 25 pounds of salt in tank 
A and none in tank B, and since furthermore 
only pure water is being pumped into tank A, we 
would expect that x4(t) would steadily decrease 
over time. On the other hand, since salt is being 


added to tank B from tank A, we would expect 


x(t) to increase over time. However, since pure 


water is being added to the system at a constant 
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rate and a mixed solution is being pumped out of the system, it makes sense that the amount 


of salt in both tanks would approach 0 over time. 


22. We assume here that the temperature, T(t), of the metal bar does not affect the temperature, 
Ta(t), of the medium in container A. By Newton’s law of cooling, then, the differential 


equations for T'A(t) and T(t) are 


dT. 

— 3 LkA(TA— Tg) ka <0 
dt 

dT 

—-=kT—T,), k«0 
di ( A) < U, 


subject to the initial conditions T(0) = To and T4 (0) = Ti. Separating variables in the first 
equation, we find T4 (t) = Tg + cre. Using T4(0) = T; we find c = T; — Tp, so 


Ta (t) = Tg + (T, Tg. 


Substituting into the second differential equation, we have 


T 
Z = h(T — T4) = KT — HTA = KT — k[To + (T, — Toe 
a kT = —kTg — k(T, — Tp)e*". 


This is a linear differential equation with integrating factor el -Edt — ¿kt Then 


Ser] = —kTge-"* — k(T, — Tg)e4-Pt 
-kt -kt k (kak) 
e “T = Tpe — cgi + Ca 

T = Tg (Tı — Tg)e^^t Jag 
kA—k 
k 

Using T'(0) = To we find c2 = To — Tp + i race — Tp), so 
vm 
k 
T(t) = Tg — ye adt — Tg)e"^! + |To — Tp + roe a gr 
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1. The differential equation is dP/dt = 0.15P. 


2. True. From dA/dt = kA, A(0) = Ao, we have A(t) = Age* and A'(t) = kAge*, so A'(0) = 
kAg. At T = —(In2)k, 


A'(—(In 2)/k) 2 kA(—(In 2)/k) = kAgeFl- 00 2/k] = Ayer? = Ao. 
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dP 
. From m 0.018P and P(0) = 4 billion we obtain P = 4e°-°!*' so that P(45) = 8.99 billion. 


. Let A = A(t) be the volume of CO» at time t. From dA/dt = 1.2 — A/4 and A(0) = 16 ft? 
we obtain A = 4.8+11.2e~"/4. Since A(10) = 5.7 ft?, the concentration is 0.071%. As t — oo 
we have A — 4.8 ft? or 0.06%. 


. The starting point is A(t) = Age 990012097 With A(t) = 0.53A9 we have 


In 0.53 
—0.00012097t = In 0.53 jul ER l 
o S P —0.00012097 Em 


'This represents the iceman's age in 1991, so the approximate date of his death would be 


1991 — 5248 = —3257 or 3257 BC. 


. (a) We assume that the rate of disintegration of Iodine-131 is proportional to the amount 


remaining. If A(t) is the amount of Iodine-131 remaining at time t then 


dA 
— — kA, A(0)=A 
di k ; (0) 05 


where k is the constant of proportionality and Ap is the initial amount. The solution of 


the initial-value problem is A(t) = Age". After one day the amount of Iodine-131 is 
(1 —0.083)49 = 0.931749 so A(1) = Ape" = 0.91740 
and e* = 0.917. After eight days 
A(8) = Age = Ag(e*)* = Ap(0.917)® & 0.49998 Ag. 


(b) Since A(8) = 540, the half-life of Iodine-131 is approximately 8 days. 


7. Separating variables, we have 


Substituting y = ssin 0, this becomes 


2. a? sin? 0 
c cos 0) dd = —dx 


2 
ofS -d9 - | as 
sin 0 


1 — sin? 
a| = a 
sin 0 


a | (csc — sind) do = —rz-c 


a sin 0 


aln|csc 6 — cot 6| + acosó = —z + c 


VER, Vee | 
a 


y 


aln|— +a —z-c. 
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Letting s = 10, this is 


101n + 4/100 — y? = —rz-c. 


10 y100— y2 
y y 


Letting x = 0 and y = 10 we determine that c = 0, so the solution is 


10/100 — y? 
y 


y 


101n + y 100 — y? = —z. 


8. From V dC /dt = kA(C, — C) and C(0) = Co we obtain C = C, + (Co — C,)e-*^t/V. 
9. (a) The differential equation 


Z = k(T — Tm) = k[ — Ta — B(T, — TD) 


= k[(1 + B)T — (BT, + T2)] = k(1 + B) (r- a) 


1+B 


is autonomous and has the single critical point (BT; + T3)/(1 + B). Since k < 0 and 


B > 0, by phase-line analysis it is found that the critical point is an attractor and 


Moreover, 


BT, 4 T: BT, +T 
lim Tm(t) = lim [T5 + B(T, — T) = To + B (n - a) NEU: 
t>00 i—oo 


1+B X4 B 


(b) The differential equation is 


x = k(T — Tm) = k(T — Tz — BT, + BT) 
or dT 
uro RA + B)T = -K(BTy + Tr). 


This is linear and has integrating factor e J K(L--B)dt — g- kB) Thus, 


Fle erm] = —k(BT, dE Dije SUED 


-k(1+B)jtp — BTi + T2. ka By 


ILB +c 


€ 


BT 4+ T: 
T) EETA Ho epee Ry. 


BT, 4 T: Ti — T: 
Since T(0) = T, we find, T(t) = oo + rue a 
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(c) The temperature T(t) decreases to (BT, +T2)/(1+ B), whereas Tm(t) increases to (BT, + 
T2)/(1+ B) as t — oo. Thus, the temperature (BT; + T2)/(1+ B), (which is a weighted 


average, 


B 1 
— T1 + —— T: 
REB cen 25 


of the two initial temperatures), can be interpreted as an equilibrium temperature. The 
body cannot get cooler than this value whereas the medium cannot get hotter than this 


value. 


10. (a) By separation of variables and partial fractions, 


T — T, E T 
nf | — 2tan L (5) = AT® kt + c. 


m m 


Then rewrite the right-hand side of the differential equation as 


= K(T*- T4) = [Tn + (UT)! - T4] 
TN 
=k A 2) -1 
era | (1+ EL) | 
=i, puoi" T" 
c Ga +o( T ) es jn] © binomi expansion 


(b) When T — Tm is small compared to Tm, every term in the expansion after the first two 


can be ignored, giving 
dt x kı(T — Tm), where kı = 4kT?. 


11. Separating variables, we obtain 


dq | dt 
Eo-q/C kı + kot 
-CIn|[E -i|-uml + kot| te 
0-G 5s 1 2 1 


(Eo — 4/C) € 


(ky 4 kat) ka. = C2. 
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12. 


13. 


14. 
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Setting q(0) = qo we find cz = (E — qo/C)~¢ [ey , SO 


(Eo—4/C) _ (Eo — q)/C) * 
(ky + kat)1/ko pre 


e B -1/k 
(-2) -(-9) (um) 


1/Cko 
C _ 0 kı 
m (E a) (a) 
=E =O) (1 
q oC + (qo o (5) 


From y [1 + (y/)?] = k we obtain dx = (\/y/Vk— y )dy. If y = ksin? 9 then 
1 1 
dy = 2ksin0cos0d0, dx = 2k (s — 5 cos 20) dð, and x=kd— E sin 29 +c. 


If x = 0 when 0 = 0 then c = 0. 


From dx/dt = kız(a — x) we obtain 


(42. 28.) dx = kı dt 


r a-Z 
so that x = acye™"/(1 + cye®*1"). From dy/dt = kovy we obtain 


akyt aid ka/ ki 


k 
ln |y| = 7 ln |1 tere 


In tank A the salt input is 


+c or y- o (1*ae 
gal Ib gal xa lb 1 
pe gu QS eee E iii 
( =) ( 2) Y ( min / \ 100 gal E 100°” 
The salt output is 
l Ib l Ib 2 Ib 
¿y a Ib) | (5 gal) (a Ib) 2, b. 
min 100 gal min 100 gal 25 min 


In tank B the salt input is 
gal xı lb 1 Ib 
a | | Os 
min 100 gal 20 min 
The salt output is 


gal zə lb gal zə lb 1 lb 
La —— ll 4 SAA ca Jua 
min 100 gal min 100 gal 20 ` min 


The system of differential equations is then 


Ib 


min 


dai il 2 
pa me AM Se 
dt t 1007? ^ 957! 
dx» il 1 

— = — T] — — T2. 

dt 20° 290^? 
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15. 
Y = CT 
dy — 
d£ u 
dy y 
dr x 


Therefore the differential equation of the orthogonal family is 


dy _ 
dx -— 


ü 
y 
ydy + zdz —0 
a? + y? = Ca 
which is a family of circles (c9 > 0) centered at the origin. 


16. 


17. From y = ce” we obtain y' = y so that the differential equa- 


tion of the orthogonal family is 


y dy = —dx 
l a 
PE == FC 
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18. Differentiating the family of curves, we have 


y =- 1 = ge 
(x +c)? 


The differential equation for the family of orthogonal trajecto- 


1 
ries is then y' = —;. Separating variables and integrating we 
y 


get 
y^ dy = dx 
l 3 
3Y = zc 
y? = 32 +c. 


19. Critical points of the equation 


dP P P K 
—=rP(1—-—)({(—-1 0 
EP) a) ee 
are 0, A, and K. Here A is called the Allee threshold and satisfies 
0 < A < K. From the accompanying phase portrait we see that K and O are 0 
attractors, or asymptotically stable, but A is a repeller, or unstable. Thus, for an 


initial value Py < A the population decreases over time, that is, P > 0 as t > oo. 


20. (a) From the cross section on the right we see in this case that 
w(x) = 2V4 — zx? and the initial-value problem is then 


zdr _ 


2/4—z 1, x(0) = -2. 


Solving the differential equation by separation of variables gives 
aV4— az? -- Asin ! (Ix) =t+c. Using z(0) = —2 we have 


Therefore an implicit solution is x4 — x? + Asin! (3) =t— 2r. 
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(b) The graph of t(z) = 2r + 2/4 — 22 + Asin ! (2) on the 
z-interval |-2, 2] is given on the right. From the graph we 
see that the time corresponding to x = 2 is approximately 
t = 12.5. The exact time to cut throug the piece of wood 


1S 
t(2) = 2n + 2/4— 22 + Asin"! (1) = 2n +4 (5) 


or t = 4r. In other words, the solution x(t) defined 
implicitely by the equation in part (a) is defined on the 
t-interval [0, 47]. 


21. The piecewise-defined function w(x) is now 


2 v2 
z, oc. Y 2 
w(x) = 
V2 — x, EPET 
va * 
First, we solve 
dx 
—=1 0j 20 
s 1, s0 


by separation of variables. This yield x(t) = /2t. The time interval corresponding to 0 < 
r< Y is defined by 0 € t € i. Second, we solve 


d. 1 2 
CEA : (1) =. 
This gives z? — 2V2 x+2t+1 = 0. Using the quadratic formula, we have z(t) = V2- V1 = 2t. 
'The time interval corresponding to Y <a € V2 is defined by i <t< >. Thus, 
vt, 0<t<3 
vV2=y1=2, i«tzi. 


The time that it takes the saw to cut through the piece of wood is then t = 3. 


a(t) = 


22. (a) By separation of variables 


— = kA? 
dt 
A? dA = —kdt 
=A. = —kt + C1 
At= co + kt 
A) = — 


ca + kt 
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1 1 A 
Then A(0) = — and thus c? = A Therefore A(t) — pup mr: 
C2 0 0 


Ao 
B(t) = Ao — A(t) = Ao Iam 
2 
(y LEA 
1+ Aokt 


Chapter 4 


Higher-Order Differential Equations 


4.1 


1. 


Preliminary Theory - Linear Equations 


From y = c4€* 4- coe ^* we find y' = c4e* — coe”. Then y(0) = cy +c = 0, y'(0) = cy —-cg = 1 


so that cy = i and c9 — -i. The solution is y = je” — ze”. 


. From y = cie” + cae? we find y' = 4c1e** — coe *. Then y(0) = ci +c = 1, y'(0) = 


4c; — & = 2 so that cy = 3 and c9 = 2. The solution is y = iet + 2e 7. 


. From y = ciz 4 coz ln z we find y' = cı +c2(1+1n x). Then y(1) 261 23, y(1) 20409 = —1 


so that c; = 3 and c2 = —4. The solution is y = 3r — Ax In z. 


. From y = cj + c? cos z + c3 sin z we find y’ = —ca sin £ + c3 cos x and y” = —c2 cos z — ca sin T. 


Then y(r) = cy — co = 0, y (7) = —c3 = 2, y'(x) = cg = —1 so that cy = —1, cp = —1, and 


c3 = —2. The solution is y = —1 — cosa — 2sin z. 


. From y = ci + coz? we find y! = 2c9x. Then y(0) = c = 0, y'(0) = 2c2 - 0 = 0 and hence 


y'(0) = 1 is not possible. Since a2(x) = x is 0 at x = 0, Theorem 4.1.1 is not violated. 


. In this case we have y(0) = ci = 0, y'(0) = 2cg-0 = 0 so cı = 0 and c» is arbitrary. Two 


solutions are y = zx? and y = 227. 


. From z(0) = zo = cı we see that x(t) = xy cos wt+cz sin wt and z'(t) = —xy sin wt+ cav cos wt. 
/ 


Then z'(0) = zı = cow implies c2 = z1/w. Thus 


Xl. 
x(t) = xo cos wt + — sin wt. 
w 


. Solving the system 


x(to) = c1 cos wto + co sin wto = Lo 
x’ (to) = -cwsin wto + cow cos wto = 21 
for cı and c» gives 
WEY cos wto — x1 sin wto _ £1 COS wto + wzo sin wto 


cy = —————— and Q= 
Ww w 
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Thus 


wzo cos wto — 11 Sin wto xı coswto + wxosinwto . 
x(t) = === cos wt + ————————————— — sin wt 
w QJ 


Ti,. ' 
= zo(cos wt cos wto + sin wt sin wto) + 2 (sin wt cos wto — cos wt sin wto) 
w 


= zo cos w(t — to) + a sinw(t — to). 
w 


. Since az(x) = x — 2 and zo = 0 the problem has a unique solution for —oo < x < 2. 


Since ag(r) = tan x and zo = 0 the problem has a unique solution for —7/2 < x < 7/2. 


(a) We have y(0) = ci +c = 0, y"(1) = ee + coe! = 1 so that e = e/ (e? — 1) and 
c9 = —e/ (e? — 1). The solution is y = e (e? — e^) / (e? — 1). 


(b) We have y(0) = c3 cosh 0-- c4 sinh 0 = c3 = 0 and y(1) = cz cosh 1+ c4 sinh 1 = c4 sinh 1 = 
1, so c3 = 0 and cy = 1/sinh 1. The solution is y = (sinh x)/(sinh 1). 


(c) Starting with the solution in part (b) we have 


. e”? e" —e e 
sinh z = ————, ————- = 


~ sinh 1 el — el 2 e=1/e &-1 


In this case we have y(0) = c = 1, y'(1) = 2c? = 6 so that c; = 1 and ca = 3. The solution 
is y —1--32?. 


From y = ce” cos x + cze” sin x we find y' = cye*(— sin x + cos £) + cze” (cos x + sin x). 


(a) We have y(0) = c = 1, y'(0) = ci + c = 0 so that c4 = 1 and cz = —1. The solution is 


y = e” cos x — e” sin x. 
(b) We have y(0) = ci = 1, y(t) = —e” = —1, which is not possible. 


(c) We have y(0) = c; = 1, y(7/2) = coe7/? = 1 so that c; = 1 and cy = e 7/?. The solution 


is y = e” cos x + e77/2e* gin x. 


(d) We have y(0) = c1 = 0, y(t) = cse" sina = 0 so that cı = 0 and c» is arbitrary. Solutions 


are y = coe* sin x, for any real numbers c2. 
(a) We have y(—1) = c1 +c2+3=0, y(1) = e +c + 3 = 4, which is not possible. 
(b) We have y(0) = cı -0 + c2 -0 +3 = 1, which is not possible. 


(c) We have y(0) = c1-0+c2-0+3 = 3, y(1) = c1 + c2 4-3 = 0 so that cy is arbitrary and 
€) = —3 — c. Solutions are y = cz? — (c1 + 3)a* +3. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 
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(d) We have y(1) = c1 + c3 +3 = 3, y(2) = 4c) + 16c2 + 3 = 15 so that cı = —1 and co = 1. 
The solution is y = —x? + z* + 3. 


Since (—4)a + (3)x? + (1)(4x — 32?) = 0 the set of functions is linearly dependent. 


Since (1)0 + (0)a + (0)e” = 0 the set of functions is linearly dependent. A similar argument 


shows that any set of functions containing f(x) = 0 will be linearly dependent. 
Since (—1/5)5 + (1) cos? x + (1) sin? x = 0 the set of functions is linearly dependent. 
Since (1) cos 2x + (1)1 + (—2) cos? x = 0 the set of functions is linearly dependent. 


Since (—4)z + (3)(z — 1) + (1)(x + 3) = 0 the set of functions is linearly dependent. 


Ay 
3+ 
f,=2+|x]| 


From the graphs of fı(x) = 2 +z and 
falx) = 2+ lu] we see that the set of 
functions is linearly independent since they 


cannot be multiples of each other. 


Suppose cı(1 + x) + coz + cza? = 0. Then ci + (ei + e3)z + caa? = 0 and so c = 0, 
cy + co = 0, and c3 = 0. Since cy = 0 we also have c9 = 0. Thus, the set of functions is 


linearly independent. 
Since (—1/2)e* + (1/2)e~* + (1) sinh x = 0 the set of functions is linearly dependent. 
The functions satisfy the differential equation and are linearly independent since 
W (e73, E = 7e £0 
for —oo < x < oo. The general solution is 
y = ce ?* + ee. 
The functions satisfy the differential equation and are linearly independent since 
W (cosh 2x, sinh 21) = 2 
for —oo < x < oo. The general solution is 
y = c1 cosh 2x + cg sinh 2x. 
The functions satisfy the differential equation and are linearly independent since 
W (e cos 2x, e? sin 2x) = 2e? £0 


for —oo < x < oo. The general solution is y = c¡e* cos 2x + coe* sin 2x. 
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26. The functions satisfy the differential equation and are linearly independent since 
W (0212, me*/?) ep 20 
for —oo < x « oo. The general solution is 


y= cie? + comer? 


27. The functions satisfy the differential equation and are linearly independent since 
W (23,2*) = a9 £0 
for 0 < x < oo. The general solution is 


y= cx? + cox’. 


28. The functions satisfy the differential equation and are linearly independent since 
W (cos (In z), sin (In z)) = 1/z £0 
for 0 < a < oo. The general solution is 


y = c1 cos (In x) + ca sin (In 2). 


29. The functions satisfy the differential equation and are linearly independent since 
W [matus In x) —95 930 
for 0 < x < oo. The general solution is 


y = a£ cor ?-rcegx ?lhmna. 


30. The functions satisfy the differential equation and are linearly independent since 
W (1, x,cos x,sin x) = 1 
for —oo < x < oo. The general solution is 


Y = c1 + cot + c3 cos z + c4 sin m. 


31. The functions y; = e?” and yz = €&?* form a fundamental set of solutions of the associated 


homogeneous equation, and y, = 6e” is a particular solution of the nonhomogeneous equation. 


32. The functions yı = cos x and y» = sin x form a fundamental set of solutions of the associated 
homogeneous equation, and yy = xsinx + (cos x) ln (cosx) is a particular solution of the 


nonhomogeneous equation. 


33. 


34. 


35. 


36. 


37. 


4.1 Preliminary Theory - Linear Equations 


The functions y; = e°” and y» = xe?” form a fundamental set of solutions of the associated 


homogeneous equation, and y, = z?e?* +g — 2 is a particular solution of the nonhomogeneous 


equation. 


The functions y; = x~!/? and y, = z-! form a fundamental set of solutions of the associated 
homogeneous equation, and y, — ic? — er is a particular solution of the nonhomogeneous 
equation. 


(a) We have y, = 6e% and y”, = 12e?", so 
yz, — 6yh, + 5yp, = 12e?" — 36e* + 15e?7 = —ge%, 
Also, yp, = 2x + 3 and yj, = 2, so 
yl, — 6yh, + yp, = 2 — 6(2x + 3) + 5(2° + 35) = 5a? + 3x — 16. 


(b 


wa 


By the superposition principle for nonhomogeneous equations a particular solution of 
y" — 6y' + 5y = 5z? + 3x — 16 — 9e% is yp = zx? + 3x + 3e?*. A particular solution of the 
second equation is 


2x 


1 
Yp = —2yp, — cup. = — 22” — 6x — 3* 


9 


(a) ys, — 5 

(b) yp, = —2x 

(c) Up = Up, + Up; = 9 — 2x 
(d) Yp = iyp, — 2yp, = 3 + 4a 


(a) Since D?z = 0, x and 1 are solutions of y” = 0. Since they are linearly independent, the 


general solution is y = cx + Co. 


n 


(b) Since D?z? = 0, z?, x, and 1 are solutions of y” = 0. Since they are linearly independent, 


the general solution is y = cix? + coz + c3. 


(c) Since D*z? = 0, x3, z?, x, and 1 are solutions of y = 0. Since they are linearly 


independent, the general solution is y = cix? + cox? + c3x + c4. 


(d) By part (a), the general solution of y" = 0 is ye = cix + c». Since D?x? = 21 = 2, y, = x? 


is a particular solution of y" = 2. Thus, the general solution is y = cx + c» + z?. 


(e) By part (b), the general solution of y" = 0 is ye = cix? + coz + c3. Since D?z? = 


3! = 6, y, = a? is a particular solution of y" = 6. Thus, the general solution is 


y= ar? + cox + C3 + a?. 
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(f) By part (c), the general solution of y = 0 is ye = cia? + cox? + 037 + c4. Since 
D*z4 = 4! = 24, y, = qf is a particular solution of y“ = 24. Thus, the general solution 


isy= cix? + cox? + C32 + c4 + x. 


38. By the superposition principle, if y; = e" and yo = e * are both solutions of a homogeneous 
linear differential equation, then so are 

1 e+e 1 e” —e * . 
gu + yo) = EE ELE coshr and PIU — y2) = ———— = sinhz. 
39. (a) From the graphs of y, = 1% and y» = |z|’ 
we see that the functions are linearly inde- 
pendent since they cannot be multiples of 


each other. It is easily shown that y, = x? 


is a solution of z?y" — Azy' + 6y = 0. To 


show that ya = |z|? is a solution let yo = x? 


for x > 0 and let yo = —z? for x < 0. 


(b) If x > 0 then yo = 2% and 


3 3 
x x 
W (y1, ya) = ar? 3r =0 
If x < 0 then yo = —2? and 
yo <q? 
W (qi, y2) = 3x2 —3r? =0 


This does not violate Theorem 4.1.3 since as(1) = 2? is zero at z = 0. 


2 


(c) The functions Y, = z? and Ya = z? are solutions of x?y" — 4xy' + 6y = 0 on the interval 


(—00,00) because we have, in turn, 


a Y — AzY] + 6Y, = x? (6x) — 4x (327) + 62? = 0 
z^Yj — 4xY3 + 6Y, = x” (2) — 4x (2x) + 62? = 0. 


The solutions Y, = z? and Y? = 2? are also linearly independent on the interval (—oo, 00). 
In order for cix? + cox? = 0 for every real number z it is necessary that cj = c2 = 0. To 
see this, observe that if either cı or cz were not 0, then the equation cc? + coz? = 0 or 


x? (cx + c2) = 0 would hold for at most two real numbers. 


(d) Since the linear differential equation is homogeneous, the superposition principle indi- 
cates that y = x? + z? is a solution of the equation. It is also clear that y = a? + 2? 
satisfies the initial conditions y(0) = 0, y'(0) = 0. 


(e) Neither is the general solution on (—oo, oo) since we form a general solution on an interval 


for which a»(x) Æ 0 for every x in the interval. 


4.2 Reduction of Order 


40. Since e? = e^?e* = (e^?e2)e* = e-?e**?. we see that €"? is a constant multiple of e**? 


and the set of functions is linearly dependent. 
41. Since Oy; + 0yo +--- + 0yz + 1yg +1 = 0, the set of solutions is linearly dependent. 


42. The set of solutions is linearly dependent. Suppose n of the solutions are linearly independent 


(if not, then the set of n 4- 1 solutions is linearly dependent). Without loss of generality, let 


this set be y1, yo, ..., ya. Then y = cy, + cayo +--+: + CnYn is the general solution of 
the nth-order differential equation and for some choice, cj, c5, ..., c5, of the coefficients 
Yn+1 = Cyt + ys +--+ +C,Yn. But then the set yi, yo, -.., Un; Yn+1 is linearly dependent. 


4.2 Reduction of Order 


In Problems 1-8 we use reduction of order to find a second solution. In Problems 9-16 we use 
formula (5) from the text. 


1. Define y = u(x)e?" so 


y = 2uc?* + ule, y" = e^* u" NE 4e?* u! ES 4e?* u, and y" M Ay’ + Ay = e?u" =0. 


Therefore u” = 0 and u = cx + c3. Taking cı = 1 and cz = 0 we see that a second solution 
: _ 2x 
is yo = xe”. 


T 


2. Define y = u(x)xe~* so 
y —(1-z)e *u-- ze "v, y” =xe *w" + 2(1—az)e*u' — (2 — aje "u, 
and 


2 
y +2y -y =e *(zu" --2u) 20 or u'+=u=0. 
x 


2 
If w = u’ we obtain the linear first-order equation w' + = w = 0 which has the integrating 
z 


factor e? f dv/ = 52. Now 
a [x?w] 2 0 gives z?^w-c 
dx 
1 
Therefore w = u! = c/z? and u=c,/z. A second solution is y = = ze * = e”. 
z 
3. Define y = u(x) cos 4x so 
y = —4u sin 4g + ucos4z, y” = u” cos 4x — 8u’ sin 4a — 16u cos 4x 


and 
y" + 16y = (cos 4x)u” — 8(sin4dz)u’ 20 or wu” — 8(tan4zx)u' — 0. 
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If w = u! we obtain the linear first-order equation w’ — 8(tan 4x)w = 0 which has the inte- 


—8 f tan 4x dx 


grating factor e = cos? 4x. Now 


d 
du [((cos?4x)w] =0 gives (cos? 4a)w = c. 
x 
Therefore w = u’ = csec? 4r and u = cı tan 4r. A second solution is 
yo = tan 4x cos 4r = sin 4x. 
4. Define y = u(x) sin 3x so 
y = 3u cos 3x +4 sin3x, y” = u” sin 3x + 6u' cos 3x — 9usin 3x, 


and 
y" + 9y = (sin3xz)u" + 6(cos3z)u' =0 or w"-r6(cot3z)u' = 0. 


If w = u’ we obtain the linear first-order equation w’ + 6(cot3x)w = 0 which has the 


6 f cot 3a dx 


integrating factor e = sin? 3x. Now 


d,,. . : 
3; ein 3z)w] =0 gives (sin? 3x)w = c. 
xv 
Therefore w = u’ = cesc? 3x and u = c4 cot 3x. A second solution is 
ya = cot 3x sin 3x = cos 32. 
5. Define y = u(x) cosh x so 
y = usinhz--u'coshz, y” = u” cosh x + 2v' sinh z + u cosh x 


and 
y" — y = (cosh z)u" + 2(sinhz)u' 20 or u” + 2(tanhz)u’ = 0. 


If w = u! we obtain the linear first-order equation w' + 2(tanh x)w = 0 which has the 


2 f tanh z dz 


integrating factor e = cosh? z. Now 


d 
E [(cosh? z)w| =0 gives (cosh? z)w = c. 
z 
Therefore w = u’ = csech? x and u = ctanh x. A second solution is 
ya = tanh z cosh x = sinh x. 
6. Define y = u(x)e?* so 
y zm 5e9*q T» ery y" - eu" qe 100% y! + De a 


and 
y” — 25y = e" (u" + 104) 20 or u”+10u — 0. 
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If w = u’ we obtain the linear first-order equation w’ + 10w = 0 which has the integrating 
factor e!0 J de = e102, Now 


d 
T [eZ] 2 0 gives ew — c. 
x 
Therefore w = u’ = ce-!0* and u = c4e-19*, A second solution is ya = e~!°%e5* = ¿57 
7. Define y = u(z)e?*/3 so 
2 
y — ¿Pu de By y" = eBay P ki ze 4 22/8 ul + $ paly 


and 
9y" — 12y' + 4y = 9e u" = 0. 


Therefore u” = 0 and u = cjx + c3. Taking c1 = 1 and co = 0 we see that a second solution 


is yo = xe2*/3, 


8. Define y = u(z)e?/? so 
1 oy 1 

1_ * 2/3 xz/3,/ " 2/37, HH 2 2/3, / eBay 

y 3* user, y e tS 3° + 9° 
and E 

6y" +y -y=eP(6u" +54) 20 or ul + Fi ed, 
If w = u’ we obtain the linear first-order equation w’ + m — 0 which has the integrating 
factor e(9/6) f de — ¿52/6. Now 


d 
m [e52/61] 2 0 gives e®*/8w = c. 


—52/6 —52/6 62/3 — ¿2/2 


Therefore w = u’ = ce and u = cje~°*/®. A second solution is yo=e 


9. Identifying P(x) = —7/x we have 


f (77/2) dx 1 
moat fo -5 dz =a! f Zde =a" ct 
a 


A second solution is y» = x4 In |z]. 


10. Identifying P(x) = 2/x we have 


— f (2/z) de 
yo = of as = e fade = 0, 


T 


A second solution is yo = «7°. 


11. Identifying P(x) = 1/x we have 


=1 [a ES J ee ee 
oe (In x)? ee zünz] 7 Int} 


A second solution is ya = 1. 
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12. Identifying P(x) = 0 we have 


A second solution is y2 = gil? 


13. Identifying P(x) = —1/x we have 


E f —da/x 


z? sin? (In z) 


i= vsin (Ina) | dr 


x? sin? (In x) 


y2 = xsin (ina) f 
esc? (In 2) f 
= xsin (ln z) a dx = [x sin (In z)] [- cot (In z)] = —x cos (In z). 
A second solution is y2 = z cos(In x). 


14. Identifying P(x) = —3/x we have 


e` | —3dz/x 


z* cos? (ln x) 


3 
dx = x” cos(In z) f _ dr 


z^ cos? (In x) 


ya = x? cos (In x) f 
2 sec? (In z) 2 "M 
= x^ cos (Inx) | —————— dz = z* cos (In z) tan (In z) = z^ sin (In 2). 
i 


A second solution is ya = 2? sin (In x). 


15. Identifying P(x) = 2(1 + z)/ (1 — 2x — x?) we have 


e7 J 202) dz/ (1-2z—2?) en (1722-2?) 


= (+1 EG ar +) (A de 


= (a n| — »| = 2— a? -— r. 


A second solution is yo = x? + z + 2. 


16. Identifying P(x) = 2x/ (1 — a?) we have 


ya = poles) dx = fe (1-2?) de = f (1 — x°’) dr = z — 32° 


1 
A second solution is yo = 3 a? — 2. 
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17. Define y = u(x)e ?" so 
y — ue 2% + ue? y" = ye ?* — dale ?* + due ?* 


and 


y" _ Ay = e ?Ty" — dea! = (u^ — du!) e 2% Ll 


If w = u’ we obtain the linear first-order equation w’ — 4w = 2e?” which has the integrating 


factor e-4/ de — e-4v. Now 


d 


a le Fu] =10 gives ew ed "Le. 
Therefore w = u! = —e?” + ce? and 
u= 0 + d + ec 
y= => + d + ce 2”, 
From the last equation we see that a second solution is yo = €?" and y, = -$. 


18. Define y = u(x) - 1 = u(x) so 


/ / ” n 


y =u, yl =u" and y"-Fy —w" +u — 1. 


If w = u’ we obtain the linear first-order equation w’+w = 1 which has the integrating factor 
ef de = e", Now d 

—|e*w] =e” gives ew = e” +c. 

dx 


x 


Therefore w = u’ = 1--c4e * and 


y=u=zx-ce * + 


From the last equation we see that a second solution is yo = e” and yy = 7. 
19. Define y = u(x)e* so 
y — ue? + vue, y" = u"e* +24 e* + ue? 
and 
y" — 3y! + 2y = e*u" — e*u! = 50%. 


If w = u! we obtain the linear first-order equation w’ — w = 5e?” which has the integrating 


factor e7 J Y = e-*, Now 


d 


Ge wl = be" gives e "w = 5e” +. 
z£ 
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Therefore w = u’ = 5e?* + cye” and 


5 
u= ~ + ce" + 


5 
y= 56€" tae? + ce" 


From the last equation we see that a second solution is ya = e°” and Yp = je 


20. Define y = u(x)e* so 
y — ue + ue, y = u'e” + 2ule* + ue? 
and 
y" — Ay! + 3y = e?u" — eu! =a. 


If w = u’ we obtain the linear first-order equation w’ — 2w = xe * which has the integrating 


factor e- J 2d» — e-?s | Now 


d 1 J 
—2x —3x : —2x —3x —3x 
—le w] = xe gives e ^w = —- zre — —e +c. 
35! | 3 9 
Therefore w = u’ = -i re *— je” + ce” and 


1 4 1 
u = =re "Le. xe + 


3 9 
1 4 1 
y= g7 F 9 T xe + coe" 


From the last equation we see that a second solution is yo = e?” and Yp = ir + $. 


21. Dividing by x? we have 


1 
Using P(x) 21— = and formula (5) in the text we have 


x e 0-/t) dt z e—tlnt T ¿Tt¿lnt t ¿tp 
yla) == f t= 2 f dt] 5 ds — di 
x t zo t zo t zo t 


0 0 0 


Bt 
Therefore yo(x) = of — dt, x FU 0. 


TO 
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22. Dividing by 2a we have 


Qry"” — (2x + 1)y +y =0 
1 1 
7 ed ust. E AI 
yc ( x) dd 2x 
i 1 
Using P(x) = —1 — m and formula (5) in the text we have 
y 


£ ¿—(141/2t) dt a ¿t+l nt z et (emt 1/2 z t 
ni) -e [ a= | Gott] (e”*) a=ef evt, 
v T S m r € 


2t 2t 
0 € 0 0 € 


T 
Therefore yo(x) = e f Vte dt, xg > 0. 
zo 


2 mıx 


ma Then y| = mıe™” and y] = mje””. Substituting into 


23. (a) For mı constant, let yı = e 
the differential equation we obtain 
2, miz 


ay, + byi + cy, = amie + bm e™* + cgo 


= e (am? + bm, +c) = 0. 


Thus, y, = €" will be a solution of the differential equation whenever am?+bm1+c = 0. 
Since a quadratic equation always has at least one real or complex root, the differential 


equation must have a solution of the form y, = e""*, 
(b) Write the differential equation in the form 
b C 
y + y+- y=0, 
a a 


mı? be a solution. Then a second solution is given by 


—br/a 
jy gu E dx 
2 e2miz 


= a a dx 


and let yı = € 


1 = a mji)t 
~~ b/a + 2m ia as (mı # —b/2a) 


Lo l benije 
b/a + 2m1 


Thus, when m4 Z —b/2a, a second solution is given by ya = e”2% where ma = —b/a— mı. 


When mı = —b/2a a second solution is given by 


yo — es f dx = xe", 
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(c) The functions 


cosg = —(e + e-**) 


Dir rl 


1 
sinh x = ~(e* —e 7) cosh z = ~(e” +e”) 


are all expressible in terms of exponential functions. 


24. We have y, = 1 and y] = 0, so zy] — zy, +yı =0—2+x=0 and yi(z) = x is a solution of 
the differential equation. Letting y = u(z)yi(x) = ru(x) we get 


y =zxu (2) +u(x) and y” =xu"(x) + 2w (x). 


Then zy" — xy! + y = z?u' + 2xu' — alu! — zu + zu = 224” — (x? — 2x)u! = 0. If we make the 


substitution w = u’, the linear first-order differential equation becomes z?u/ — (x? — z)w = 0, 


which is separable: 


lnw=g—lng+c 
et 
tU = Cj — « 
c 


Then u/ = cye"/x and u = cı f e*dx/z. To integrate e*/x we use the series representation 
zr 

o Ea 
i 
1 MN 

dz (140+ 50 + ae +) dx 


i 1o 15 


l PE F TE r? + 
=az(lnz E 
2(2!) 3(3!) 


for e*. Thus, a second solution is 


y2 = zu(x) 


1 1 
ES 2 3 hi... 
=xlnr+x taam * 3357 + 


An interval of definition is probably (0,00) because of the In x term. 
25. (a) We have y' = y" = e”, so 
zy" — (x +10)y' + 10y = xe” — (x + 10)e” + 10e” = 0, 


and y = e* is a solution of the differential equation. 


10. 


11. 


12. 


. From m 


4.3 Homogeneous Linear Equations with Constant Coefficients 


(b) By (5) in the text a second solution is 


x+10 de 


e J P(x) dx el - eS (1+10/2) de 
n=» | = aze Tae La 


e2u 


2 
1 € 


et nal? 
= e [Eu = & [ze dx 
e T 


= e” (—3,628,800 — 3,628,800x — 1,814,400x? — 604,8002? — 151,2002* 


— 30,2405 — 5,0402 — 720x" — 902° 


102? — z:19)e7* 


= —3,628,800 — 3,628,800x — 1,814,400? — 604,800? — 151,2002* 
— 30,2402? — 5,040x% — 7202" — 902° 


102? — z”. 


10 


1 
(c) By Corollary (a) of Theorem 3.1.2, —— y2 = y =| x" is a solution. 
n! 


10! 


Homogeneous Linear Equations with Constant Coefficients 


. From m? — 36 = 0 we obtain mı = 6 and m, = —6 so that y = cie 


2 


From 3m? + 1 = 0 we obtain m4 = i/V3 and mz = —i/4/3 so that 


y = c1 cos (z/ V3) + ca sin (a/V3). 


. From 4m? + m = 0 we obtain m, = 0 and ma = —1/4 so that y = c1 + cae” 


6x | 


— m — 6 = 0 we obtain m, = 3 and mə = —2 so that y = cie?" + eze” 


. From m? + 8m + 16 = 0 we obtain m, = —4 and mz = —4 so that y = cye~* + coxe” 


. From m? — 10m + 25 = 0 we obtain m, = 5 and mə = 5 so that y = ce + coze 


v/A. 


H cge 8. 


2% 


. From m? — 3m + 2 = 0 we obtain m4 = 1 and ma = 2 so that y = cie? + cze”. 


5x 


. From 12m? — 5m — 2 = 0 we obtain m, = —1/4 and m» = 2/3 so that y = cie ?/4 + coe? 
. From m? + 4m — 1 = 0 we obtain m = —2 + V5 so that y = ce 2 v5)e + coe 25), 


. From m? + 9 = 0 we obtain mı = 3i and m» = —3i so that y = c4 cos 3x + ca sin 32. 


From m? — 4m + 5 = 0 we obtain m = 2 i so that y = e?" (c1 cos x + cz sin 2). 


From 2m? + 2m + 1 = 0 we obtain m = —1/2  i/2 so that 


y = e Ple, cos (1/2) + cg sin (2/2). 


dx 
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13. From 3m? + 2m + 1 = 0 we obtain m = —1/3 + V2i/3 so that 


y = e "Ple, cos (V2 2/3) + co sin (V2 x/3)]. 


14. From 2m? — 3m + 4 = 0 we obtain m = 3/4 + v23 i/4 so that 
y = Me, cos (V23 2/4) + c; sin (V23 2/4)]. 


3 


15. From m? — 4m? — 5m = 0 we obtain m, = 0, ma = 5, and ma = —1 so that 


Y = c1 + cze”? + ege. 


16. From m? — 1 = 0 we obtain mı = 1 and ma = —1/2 + V3i/2 so that 


y = e? + e? [es cos (V3 £/2) + cz sin (V3 £/2)]. 


17. From m? — 5m? + 3m + 9 = 0 we obtain m, = —1, m2 = 3, and mg = 3 so that 


y = ce * + coe + eame?" 


18. From m? + 3m? — 4m — 12 = 0 we obtain m, = —2, mz = 2, and m3 = —3 so that 
y = ce Y + coe? + ege 77, 
19. From m? + m? — 2 = 0 we obtain mı = 1 and ms = —1- i so that 


u = cie +e * (cz cost + ca sint). 


20. From m? — m? — 4 = 0 we obtain m, = 2 and ma = —1/2 + vT i/2 so that 


x = ae” + et? [e cos (V7t/2) + cs sin (V7t/2)]. 


21. From m? + 3m? + 3m + 1 = 0 we obtain mı = —1, mz = —1, and m3 = —1 so that 


y = cie * + core * + cgr e”. 


3 2 


6m* + 12m — 8 = 0 we obtain mı = 2, ma = 2, and ma = 2 so that 


22. From m 


y = c1e?* + core” + cane”. 


23. From m^ + m? + m? = 0 we obtain m, = 0, m3 = 0, and mz = —1/2 + V3i/2 so that 
y = e + cot + e"? [es cos (V3 2/2) + c4 sin (V3 2/2)]. 
24. From m^ — 2m? + 1 = 0 we obtain m, = 1, m3 = 1, m3 = —1, and ma = —1 so that 


y = e” + coxe* + cge *+c4xe *. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


4.3 Homogeneous Linear Equations with Constant Coefficients 


From 16m* + 24m? + 9 = 0 we obtain m, = +V3i/2 and m» = +V3i/2 so that 


y = cı cos (32/2) + co sin (V3 2/2) + c3x cos (V3 1/2) + cya sin (V3 2/2). 


From mí — 7m? — 18 = 0 we obtain m, = 3, m2 = —3, and m3 = £V2i so that 


y = cie + ce’? + c3. cos V2 x 4+ c4 sin V2 x. 


From m? + 5m^ — 2m? — 10m? + m +5 = 0 we obtain mı = —1, ma = —1, m3 = 1, and 
ma = 1, and ms = —5 so that 

u = ce” + core? + cge + care” + ege ™. 
From 2m? — 7m4 + 12m? + 8m? = 0 we obtain m4 = 0, ma = 0, m3 = —1/2, and m4 = 2+ 2i 
so that 


£ = c1 + C28 + cze? + e?” (c4 cos 2s + cs sin 2s). 


From m? + 16 = 0 we obtain m = +4i so that y = cı cos 4x + cosin4z. If y(0) = 2 and 
y'(0) = —2 then cı = 2, c2 = —1/2, and y = 2cos 4x — $ sin 47. 


From m? + 1 = 0 we obtain m = +i so that y = c,cos@ + cosin6. If y(1/3) = 0 and 
y (7/3) = 2 then 


a 
pam eR 
3 1 
MM li 
2 C1 + 302 A 
so cy = —V3, co = 1, and y = —V3 cos6 +sin0. 
From m? — 4m — 5 = 0 we obtain m, = —1 and m, = 5, so that y = ce! + cze. If y(1) = 0 


and y'(1) = 2, then cje ^! + ce? = 0, —cye! + 5e56? = 2, so c1 = —e/3, cp = e */3, and 

j= gt 4 let, 

From 4m? — 4m — 3 = 0 we obtain m4 = —1/2 and ma = 3/2 so that y = c,e 2/2 -— co e3/2. 

If y(0) = 1 and y'(0) = 5 then ci + c2 = 1, — ei + $320 = 5, so cy = —7/4, c; = 11/4, and 
— _7,-2/2 | 11532/2 

y=-— qe + “e ‘ 


From m? + m+ 2 = 0 we obtain m = —1/2 + vT i/2 so that 
y = e? e, cos (VT x/2) + c; sin (V7 x/2)]. If y(0) = 0 and y'(0) = 0 then c; = 0 and c2 = 0 
so that y = 0. 


From m? — 2m + 1 = 0 we obtain m, = 1 and ma = 1 so that y = cie” + coxe”. If y(0) = 5 
and y'(0) = 10 then cı = 5, c1 + cg = 10 so c4 = 5, co = 5, and y = 5e” + 5re*. 


173 


174 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 
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From m? + 12m? + 36m = 0 we obtain mı = 0, m2 = —6, and ma = —6 so that 
y = 6 + coe" + eze. If y(0) = 0, y'(0) = 1, and y"(0) = —7 then 
ci+c=0, —6co+cg3=1, 36c9 — 12c3 = —7, 
so c1 = 5/36, co = —5/36, c3 = 1/6, and y = = — ze + ¿qee 
From m? + 2m? — 5m — 6 = 0 we obtain m, = —1, m3 = 2, and ma = —3 so that 
y = ce * + coe? + ege 97, 

If y(0) = 0, y'(0) = 0, and y"(0) = 1 then 

€q1-F c2 4-63 =0, —0c4 4-209 — 3c3 = 0, cy +4c2 + 903 = 1, 


so c1 = —1/6, c2 = 1/15, c3 = 1/10, and 


= 1 —x 1 2x —3x 
y 6° + 15* T 10° : 
From m? — 10m 4-25 = 0 we obtain mı = 5 and ma = 5 so that y = ce” +core™. If y(0) = 1 
and y(1) = 0 then c, = 1, cre? + coe? = 0, so cy = 1, ca = —1, and y = e"? — geð”, 


From m? +4 = 0 we obtain m = +2i so that y = cı cos2x+czsin2x. If y(0) = 0 and y(r) = 0 


then cı = 0 and y = co sin 2r. 


From m? -- 1 = 0 we obtain m = +i so that y = & cos z +c sin x and y' = —c sin z + c9 cos T. 
From y'(0) = c1(0) +c2(1) = co = 0 and y (7/2) = —c1 (1) = 0 we find cı = c2 = 0. A solution 


of the boundary-value problem is y — 0. 


From m? — 2m + 2 = 0 we obtain m = 1 + i so that y = e” (c cosx + cosin x). If y(0) = 1 


T 


and y(7) = 1 then c1 = 1 and y(r) = e* coss = —e”. Since —e” X 1, the boundary-value 


problem has no solution. 


The auxiliary equation is m2— 3 = 0 which has roots — v3 and V3. By (10) the general solu- 
tion is y = cie V3 --c3e- ??, By (11) the general solution is y = cı cosh V3 2 + c» sinh V3 z. 
For y = cie 37 + coe V32 the initial conditions imply c1 + c? = 1, V 3c, — V3 c&2 = 5. Solving 
for cy and ca we find cı = z(ü + 5/3) and co = zi — 54/3) so 

y= 3(1 + 5y3)eV37 + 3(1 — 5J3)e- V37, For y = ci cosh 3x + c sinh V3 x the initial 
conditions imply c; = 1, V3co = 5. Solving for c and c we find cı = 1 and c2 = 2v3 SO 
y= cosh V3 x + 3 3 sinh 3 z. 


The auxiliary equation is m? —1 — 0 which has roots —1 and 1. By (10) the general solution is 
y = cie coe *. By (11) the general solution is y = cı cosh z4- co? sinh z. For y = c1e* coe * 
the boundary conditions imply ci + c2 = 1, ce — c3e ^! = 0. Solving for cı and cz we find 
cy = 1/(1 + e) and c = e?/(1 + e?) so y = e*/(1 + e?) + ele */(1 + ee). For 
y = cicoshx + cgsinha the boundary conditions imply cy = 1, ca = —tanhl, so 


y = cosh x — (tanh 1) sinh x. 


43. 


44. 


45. 


46. 


4T. 


48. 


49. 


50. 


51. 


52. 


53. 


54. 


55. 


56. 


57. 


58. 


59. 
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The auxiliary equation should have two positive roots, so that the solution has the form 


y = cie? + coe?*, Thus, the differential equation is (f). 


'The auxiliary equation should have one positive and one negative root, so that the solution 


has the form y = cie? + cge~*2*. Thus, the differential equation is (a). 


The auxiliary equation should have a pair of complex roots a + $i where a < 0, so that the 


solution has the form e**(c, cos Bx + c» sin Bx). Thus, the differential equation is (e). 


The auxiliary equation should have a repeated negative root, so that the solution has the 


form y = cie * + coxe”. Thus, the differential equation is (c). 


The differential equation should have the form y” + k?y = 0 where k = 1 so that the period 
of the solution is 27. Thus, the differential equation is (d). 


The differential equation should have the form y” + k?y = 0 where k = 2 so that the period 


of the solution is 7. Thus, the differential equation is (b). 


We have (m — 1)(m — 5) = m? — 6m + 5, so the differential equation is y" — 6y' + 5y = 0. 


We have (m + 4)(m +3) = m? + Tm + 12, so the differential equation is y" + 7y' + 12y = 0. 
We have m(m — 2) = m? — 2m, so the differential equation is y" — 2y' = 0. 

We have (m — 10)? = m? — 20m + 100, so the differential equation is y" — 20y' + 100y = 0. 
We have (m — 3i)(m + 3i) = m? + 9, so the differential equation is y” + 9y = 0. 


We have (m — 7)(m +7) = m? — 49, so the differential equation is y" — 49y = 0. 


We have [m — (-1-- i] [m — (-1— i)]] = m? + 2m + 2, so the differential equation is 
y" + 2y' + 2y — 0. 


We have m [m — (2 + 5i)] [m — (2 — 5i)] = m? — 4m? + 29m, so the differential equation is 
y” E 4y" + 29y' =0. 


We have m?(m — 8) = m? — 8m2, so the differential equation is y" — 8y” = 0. 
We have (m? 4- 1) (m? +4) = m^ +5m? +29, so the differential equation is y + 5y” +4y = 0. 


A third root must be ma = 3 — i and the auxiliary equation is 


1 1 11 
(m+5) [m — (3 + i)|m — (3 — i)] = (m+5) (m? — 6m + 10) = m? — zm + Tm 5. 
The differential equation is 


11 
y” _ LA + Ty! + 5y = 0. 
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The auxiliary equation of 2y” + Ty” + 4y' = 0 is 2m? + 7m? + 4m — 4 = 0. Because m, = 5 
is a root of the equation it follows from the Factor Theorem of algebra that m — 3 is a factor 


2 
of 2m? + 7m? + 4m — 4. By synthetic division we find that 


1 
2m? + Tm? +4m—4= (m-5) (2m? + 8m + 8) 


or 
2m? + Tm? + 4m — 4 = (2m — 1) (m? + 4m + 4) = (2m — 1) (m +2) 


Thus the roots of the auxiliary equation are m4 i, ma — ma = —2, and the general solution 


of the differential equation is 


y = cie? + ce + euge ?* 


^' cosg we conclude that mı = —4 + i and m9 = —4 — i are roots 


From the solution yı = e” 
of the auxiliary equation. Hence another solution must be yo = e~* sin x. Now dividing the 
polynomial m? + 6m? +m — 34 by [m — (-4 + i)] [m — (—4 — i)] = m? +8m +17 gives m — 2. 
Therefore ma = 2 is the third root of the auxiliary equation, and the general solution of the 
differential equation is 


y = eie * cos z + coe T sinz + cae". 
Factoring the difference of two squares we obtain 


m* -- 1 = (m? +1)? — 2m? = (m? +1 — /2m)(m? +1 + V2m) = 0. 


Using the quadratic formula on each factor we get m = +V/2/2+ V2i/2. The solution of the 
differential equation is 


2 2 2 2 
y(x) nic (seen s) ee [sco Zor erin Ze) a 


Using the definition of sinh z and the formula for the cosine of the sum of two angles, we have 


y = sinh z — 2cos (x + 7/6) 


_ se _ se? _9 [(cos x) (cos 5) — (sin x) (sin =) 


1 1 3 1 
= vid —-e *-2 (Piar pis) 


1 
= ze — "ua — V3 cosg + sin z. 


This form of the solution can be obtained from the general solution 


y — c1e* + coe 7 + c3 cos x + c4 sin z by choosing cy = i. Co = =>, c3 = — v3, and c4 = 1. 


64. 


65. 


66. 


67. 


68. 
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The auxiliary equation is m? + \ = 0 and we consider three cases where \ = 0, A = o? > 0, 
and À = —o? < 0: 


Case I 


When a = 0 the general solution of the differential equation is y = c1 + cox. The boundary 
conditions imply 0 = y(0) = cı and 0 = y(7/2) = com/2, so that cy = c2 = 0 and the problem 


possesses only the trivial solution. 


Case II 
When A = —a? < 0 the general solution of the differential equation is y = ce" +c2e~”, or al- 
ternatively, y = c,cosh(az) + cosinh(ax). Again, y(0) = 0 implies c; = 0 so 


y = cgsinh(az). The second boundary condition implies 0 = y(7/2) = casinh (am/2) or 


cg = 0. In this case also, the problem possesses only the trivial solution. 
Case III 


When A — o? » 0 the general solution of the differential equation is 

y = c cos (ax) + cosin (ax). In this case also, y(0) = 0 yields cı = 0, so that y = co sin (ox). 
The second boundary condition implies 0 = co sin (ar /2). When o 7/2 is an integer multiple 
of 7, that is, when a = 2k for k a nonzero integer, the problem will have nontrivial solu- 
tions. Thus, for \ = o? = 4k? the boundary-value problem will have nontrivial solutions 
y = casin (2kx), where k is a nonzero integer. On the other hand, when a is not an even 


integer, the boundary-value problem will have only the trivial solution. 


Using a CAS to solve the auxiliary equation m? — 6m? + 2m + 1 we find mı = —0.270534, 
mg = 0.658675, and ma = 5.61186. The general solution is 


E —0.270534x% 0.658675a 5.611862 
y=cje + Cae + cae . 


Using a CAS to solve the auxiliary equation 6.11m* + 8.59m? + 7.93m + 0.778 = 0 we find 
mı = —0.110241, m» = —0.647826+0.8575327, and m3 = —0.647826 —0.857532i. The general 


solution is 


y = ce 91H02. 70.641826 (2, cos 0.857532x + cg sin 0.857532). 


Using a CAS to solve the auxiliary equation 3.15m* — 5.34m? + 6.33m — 2.03 = 0 we find 
m; = —1.74806, ma = 0.501219, ma = 0.62342 + 0.588965i, and m4 = 0.62342 — 0.5889651. 


The general solution is 


=P RL A (oa cos 0.588965x + c4 sin 0.588965z). 


Using a CAS to solve the auxiliary equation m4+2m?—m-+2 = 0 we find m4 = 1/2-- v3 i/2, 
ma = 1/2 — V3 i/2, m3 = —1/2 + V7i/2, and m4 = —1/2 — V7i/2. The general solution is 


3 3 7 7 
y= ea (^ cos 5, + co sin s) +e 2/2 (s cos A, + c4 sin Za) ] 
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69. From 2m* + 3m — 16m? + 15m —4 = 0 we obtain m, = —4, m3 = i. mg = 1, and ma = 1, so 
that y = ce * + cae*/? + cse? + caze”. If y(0) = —2, y'(0) = 6, y" (0) = 3, and y"(0) = i ; 
then 


cı + C2 + c3 = —2 
1 
—4e + 502 tes b c4 = 6 


1 
16c¡ + 72 d c3 4-204 = 3 


1 1 
—64c1 ES ga + C3 + 3C4 = 2 " 


ale s. ca=-%, and 


a N 


116 918 58 
== o0 x/2 "MEAM T. 
75* 3 e + 25 e 5 xe. 


70. From m^ — 3m? + 3m? — m = 0 we obtain m, = 0, m3 = 1, mg = 1, and ma = 1 so that 
y = c1 + coe” + esze* + c4x?e*. If y(0) = 0, y'(0) = 0, y"(0) = 1, and y”(0) = 1 then 


€q-- c9 — 0, cote —0, ca+2c3+2c4=1, c+ 3c3 + 6c4= 1, 
SO c1 = 2, c = —2, c3 = 2, c4 = —1/2, and 


1 
y = 2 — 2e” + 2xe* — xr € 


4.4 Undetermined Coefficients - Superposition Approach 


1. From m? + 3m +2 = 0 we find mı = —1 and mz = —2. Then ye = cie? + coe ?* 


and we 
assume yy — A. Substituting into the differential equation we obtain 24 — 6. Then A — 3, 
yp = 3 and 

y = ce” 4 ce ?* 4 3. 


2. From 4m? + 9 = 0 we find m, = -ži and ma = ži. Then ye = ci cos 3a + co sin ir and we 


assume yy = A. Substituting into the differential equation we obtain 9A = 15. Then A = 3 ; 


yp — $ and 
3 4 _ 3 42 
= Cc] COS =T Ca SIN — =x 
dE ua ae ae 


97 and we 


3. From m? — 10m + 25 = 0 we find my = m = 5. Then y. = ce” + coze 
assume yy = Ax + B. Substituting into the differential equation we obtain 25A = 30 and 
—10A--25B —3. Then A = Ê, B = 2, yp = 2x + 2, and 

3 


6 
y = cye™ + core” + z” + E. 


. From m 


4.4 Undetermined Coefficients - Superposition Approach 


. From m? -4- m — 6 = 0 we find mı = —3 and mg = 2. Then y. = cie“ + cae?” and we assume 
yp = Ax + B. Substituting into the differential equation we obtain —64 = 2 and A— 6B = 0. 
1 1 1 1 
Then A = —5, B = —ig, Yp = -31 — ig, and 
1 1 
— —3x Mi. ome ER 
y=cje + Coge 37 18 ' 


2% and we assume 


. From im? +m 4- 1-0 we find m, = m2 = —2. Then y, = cie Y + coxe” 
yp = Az? + Bz -- C. Substituting into the differential equation we obtain A = 1, 24+B = —2, 


and sA+B+C=0. Then A = 1, B = —4, C = 2, yp = à? — Ay + $ , and 
7 
y= ae ? tore pa? — det 5. 


. From m?—8m4-20 = 0 we find mı = 4--2i and ma = 4—2i. Then y, = e*' (c4 cos 2z+c sin 27) 
and we assume y, = Az? + Bx +C + (Dx + E)e*. Substituting into the differential equation 


we obtain 


2A — 8B + 20C = 0 


—6D + 13E = 0 
—16A + 20B = 0 
13D = —26 
20A = 100. 


Then A=5, B=4,C H, D= -2, E = —# , yp = 5x? + 4x + H + (72x — E) e” and 


11 12 
y = e (cı cos 2x + cp sin 2x) + 5a? + Ax + 10 + (-2: — 3) e”. 


. From m? +3 = 0 we find m4 = V3i and ma = —V3i. Then ija = c cos V3 £ + c sin V3 x 
and we assume yp = (Az? + Bz - C)e?*. Substituting into the differential equation we obtain 
24+6B+12C = 0, 12A + 12B = 0, and 124 = —48. Then A = —4, B = 4, C = -$, 
Up = (—42? + 4z — 3) e” and 


4 
y = cı cos V3 £ + c2 sin V3 x£ + (máx? + do - 5) a. 


3 
. From 4m? — 4m — 3 = 0 we find m, = 3 and ma = -$. Then y, = c4e?*/2 + cge7*/? and 
we assume yy = Acos2x + Bsin2x. Substituting into the differential equation we obtain 
—19—8B=1 and 8A — 19B = 0. Then A= —dx B= — =, i= — 72 cos 2 — i5; sin 2r, 
and 


: 19 8 
y= cie9*/2 4 eoe 7/2 — BE cos 2x — BE sin 2z. 


? — m = 0 we find m4 = 1 and mz = 0. Then ye = ce” + cz and we assume Yp: = At, 


Substituting into the differential equation we obtain —A = —3. Then A = 3, yp = 3x and 
y = Ge” + co + 32. 
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From m? + 2m = 0 we find m, = —2 and mə = 0. Then y. = cie?” + c and we assume 
yp = Ax? + Br + Cxe 7", Substituting into the differential equation we obtain 2A -- 2B = 5, 
4A = 2, and -2C = —1. Then A B=2,C i, Up iz? +21 + ize 2, and 


1 
25 


1 1 
Y = qe? rc, 4 ¿a +20 + gue, 


2 2/2 


-m + i = 0 we find m, = mo = 4. Then Yo = cer + coxet/? and we assume 


2 
Yp = A+ Ba?e*/?. Substituting into the differential equation we obtain iA — 3 and 2B =1. 


Then A = 12, B= i. Up — 12+ lg? and 


From m 


1 
y= eye? + come? +12 + ;7 €^. 


4r and we assume 


From m? — 16 = 0 we find m, = 4 and mz = —4. Then Yo = ce + aer 
yp = Axe". Substituting into the differential equation we obtain 8A = 2. Then A = is 
Yp = ire" and 


—Ax Ac 


1 
y = ce + ae Y + 11€ 
From m? + 4 = 0 we find m, = 2i and mə = —2i. Then y. = c1 cos2x + casin2r and 
we assume Yp = Axcos2x + Bxsin2x. Substituting into the differential equation we obtain 


4B = 0 and —4A = 3. Then A= -$, B =Q, Yp = — 3x cos 22, and 
. 3 
y = c1 cos 22 + cg sin 2z — qe cos 2x. 


22 and we assume 


From m? — 4 = 0 we find m, = 2 and mə = —2. Then y, = cie?* + eye” 
that yp = (Az? + Bx + C) cos 2x + (Da? + Ex + F)sin2x. Substituting into the differential 


equation we obtain 


—8A -—0 
-8B+8D=0 
2A -8C+4E=0 
-8D =1 
—8A—8E-0 


—4B + 2D — 8F = —3 


Then A=0, B=—3,C=0, D=-3, E=0, F= so 
Yp = —&ccos2z + (—4 a? + 5) sin 2r, and 


1 1 IIN . 
y = eye? + ce — 5 x cos 2a + (-; qa + =) sin 22. 


15. 


16. 


17. 


18. 


19. 


20. 


4.4 Undetermined Coefficients - Superposition Approach 


From m? + 1 = 0 we find m, =i and ma = —i. Then Yo = €1 COS T + c9 sin zr and we assume 

= (Ax? + Bx) cos z - (Cz? -- Dx) sin z. Substituting into the M equation we obtain 
(ones re —4A = 2, and —2B + 2C 20. Then A= -1, B20,C 20, D=}, 
Yp = — 4x? cosx + 3rsinz, and 


: 1 To, 
Y = Cı COS L T C2 SIN L — z% coss + ge 


From m? — 5m = 0 we find m, = 5 and mə = 0. Then y, = ce” + c; and we assume 
yp = Axt + Bx? + Ca? + Dx. Substituting into the differential equation we obtain —20A = 2, 
124 — 15B = —4, nude PUR and 2C — 5D = 6. Then A = —L, B = #4, O = 3 


10 75^ 250 > 
697 14 x3 4 53 y2 — 697 
D = => Yp = pe +30 + 3592 — 5957, and 


EE RUNG TEL TN Um pee 
diia ? 10^ ' 75" "2580. 625 
From m? — 2m 4-5 = 0 we find mı = 14-2i and m2 = 1— 2i. Then y. = e” (cı cos 21 -- c» sin 27) 
and we assume yp = Axe” cos 2x + Bxe" sin 2a. P Edid. into the differential equation we 
obtain 4B = 1 and —4A = 0. Then A=0, B= i , Yp = ire" sin 2z, and 


1 
y = e” (cı cos 2x + co sin 2x) + qe sin 2x. 


From m? — 2m + 2 = 0 we find my = 1-- i and mg = 1— i. Then ye = e? (c1 cos x + cg sin x) 
and we assume yp = Ae?" cosx + Be?" sing. Substituting into the differential equation we 
obtain A + 2B = 1 and -24+ B = —3. Then A= i. B= = Yp = Le?” cos x — ie?" sin x 
and 


, T 35 1 , 
y = e” (cı cos x + c2 sin x) + ~ cos 3 — ze sin x. 


^* and we assume 


From m? + 2m + 1 = 0 we find m, = mə = —1. Then y, = cye~* + coxe 
Up = Acosz + B sinz + C cos2z + Dsin2x. Substituting into the differential equation we 


obtain 2B = 0, -2A = 1, —3C + 4D = 3, and -4C - 3D = 0. Then A= -1, B = 0, 


C=- x D-Ó.yw- —$cosr — y cos 2x + 32 sin2z, and 
Tl a 1l i 2 i in 2x 
— ce Core " — — cos x — — cos2r + — s E 
EA i 2 25 25 
From m? + 2m — 24 = 0 we find mı = —6 and ma = 4. Then ye = cye~®” + cze” and 


we assume yp = A + (Bx? + Cx)e*. Substituting into the ai eia Ue we obtain 
—24A 16, 2B + 10C = —2, and 20B = —1. Then A = , B -— C= 


Yp = —3 — (ag + 1092) €^ 


2 19 
= 100 > 
2 

3 , and 
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From m? — 6m? = 0 we find m, = m2 = 0 and ma = 6. Then y. = ci + coz + c3e™ 
and we assume yp = Az? + B cosz + Csing. Substituting into the differential equation we 
obtain -124 = 3, 6B — C = —1, and B+6C = 0. Then A=-j,B=-%,C=%, 


Up — -is — — COS x + 3; sing, and 
y = cy + coz + cge9* — is — —cosx+ —sinz 
4 37 37 f 
From m? — 2m? — 4m +8 = 0 we find m, = m = 2 and m3 = -2. Then 
Ye = c1€?* + coxe?” + c3e 7" and we assume yp = (Az? + Bz?)e?". Substituting into the 
differential equation we obtain 24A = 6 and 6A + 8B = 0. Then A = i. B= -i, 
Yp = (Za? — ic?) e?*. and 


1 3 
y = cie? + core” + age + ta — x") e, 


From m? — 3m? + 3m — 1 = 0 we find m, = m3 = m3 = 1. Then ye = cie? + coxe? + cgr e” 


and we assume yp = Ax + B + Ca?e*. Substituting into the differential equation we obtain 
-A =1, 3A — B = 0, and 6C = —4. Then A = -1, B = —3, © = -2 , yp = -T — 3 — ĝe”, 
and 

3 


2 
y = cie + caze? + cate” — x — 3 — 37 e”. 


From m? — m? — 4m + 4 = 0 we find m; = 1, mg = 2, and ma = -2. Then 
Jc = ce” + coe?” + cze?” and we assume Yp = A + Bre” + Cxe?*. Substituting into 
the differential equation we obtain 4A = 5, —3B = —1, and 4C = 1. Then A = 2. B= i. 


1 1 1 
C=3, Yp = $ + xe" + que%, and 


5 1 a 
Y = 1e” + ce?” + cze” 4+ — + ge? + re”. 
4 3 4 
From mi + 2m? +1 = 0 we find my = m3 = i and m3 = ma = —i. Then 


Ye = & cosx + cosinz + c3xcosx% + c4rsinz and we assume Yp = Az? + Br + C. Sub- 
stituting into the differential equation we obtain A = 1, B = —2, and 4A + C = 1. Then 
A=1,B=-2,C=-—3, yp = a? — 2x — 3, and 
y=cy COS X + c9 sin £ + cqz cos z + caz sin £ + z? — 2x — 3. 

From m^ — m? = 0 we find m; = m = 0, m3 = 1, and ma = -1. Then 
Yo = Cı + Cot + cze” + cae” and we assume yp = Az? + Ba? + (Cz? + Dx)e~*. Substi- 
tuting into the differential equation we obtain —6A = 4, —2B = 0, 10C — 2D = 0, and 
—4C = 2. Then A = -2, B = 0, C=-),D=-3,yp=-31*— (3a? + 32) 0", and 


2 1 5 
y = c1 + coz + eae +c4e * za (3 + 5°) e”. 
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27. We have y. = c cos 2x + casin2x and we assume yy = A. Substituting into the differential 
equation we find A = => . Thus y = c cos 2x + c2 sin 2g — > . From the initial conditions we 
obtain c; = 0 and c» = V2, so 

y= V2 sin 2z — i : 


28. We have y. = cie 2 + cye*/? and we assume yp = Ax? + Bx + C. Substituting into the 
differential equation we find A = —7, B = —19, and C = —37. Thus y = ce + c9e*/2 — 


7x? — 19x — 37. From the initial conditions we obtain c = -i and c9 — — , SO 
1 186 
y= u- 2 + T QE — Tx? — 19x — 37. 


29. We have ye = c1e7™®/5 + cz and we assume Yp = Aa? + Bx. Substituting into the differential 
equation we find A = —3 and B = 30. Thus y = cye~*/° + cp — 3x? + 30x. From the initial 
conditions we obtain cı = 200 and ca = —200, so 


y = 200e- 7/5 — 200 — 32? + 30x. 


30. We have y. = cie + cae?” and we assume Yp = (Az? + Bz?)e ?* 
differential equation we find A — i and B = 3 . Thus y = ce 7" teore?” + (13 + 3x7) gm 


From the initial conditions we obtain cı = 2 and cz = 9, so 


. Substituting into the 


; 1 3 
y = 2e ?* + 9xe 7? + (s + 5") g^ 


XT 


31. We have y. = e (cı cosx + cosin x) and we assume Up = Ae~**. Substituting into the 


así 


differential equation we find A = 7. Thusy = e ci cosa + cosin x) + 7e ^". From the 


initial conditions we obtain cı = —10 and c» = 9, so 
y =e ?*(—10cosz + 9sinz) +70 *. 


32. We have y. = ci cosh x + co sinh x and we assume yy = Azs cosh x + Bxsinhx. Substituting 
into the differential equation we find A = 0 and B = > . Thus 


1 
y = & cosh x + co sinh x + z” sinh z. 
From the initial conditions we obtain c4 = 2 and cz = 12, so 
, 1, 
y = 2cosh z + 12sinh z + 5% sinh x. 


33. We have x, = cj cos wt + co sin wt and we assume x, = At cos wt + Btsinwt. Substituting into 
the differential equation we find A = —Fp/2w and B = 0. Thus x = c¡coswt + ca sin wt — 


(Fo /2w)t cos wt. From the initial conditions we obtain cı = 0 and cz = Fo/2w?, so 


x = (Fo /2w°) sin wt — (Fo/2w)t cos wt. 
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We have x, = c, coswt + casinwt and we assume x, = Acosyt + Bsin yt, where y £ w. 
Substituting into the differential equation we find A = Fo/(w? — y?) and B = 0. Thus 


x= c1 coswt + co sin wt + 5 9 z cos Yt. 
we — Y 
From the initial conditions we obtain cj = —Fp/(w? — y?) and c» = 0, so 
0 0 
r= -z =P COS Wt + ao cos Yt. 


We have y. = cy + cae” + c3xe” and we assume y, = Ax + Bz?e* + Ce*', Substituting into 
the differential equation we find A = 2, B = —12, and C= i . Thus 


1 
y = c4 + cae + caxe? + 2x — 1222€ + ok 
From the initial conditions we obtain cı = 11, co = —11, and c3 = 9, so 
x £ 2 1 5x 
y=11- Ile” + 9xe” + 2a — 12x*e +32 : 


We have y. = cre”? + e” (co cos V3 £ + c3sin /3 x) and we assume Yp = Ax +B + Cre”. 
Substituting into the differential equation we find A = i ,B= -š , and C= 2 . Thus 


1 5 2 
y = cie Y + e” (co cos V3 zx + c3 sin V3.2) + 3 + 376 7. 
From the initial conditions we obtain cı = -3, C2 = 2, and c3 = V3 , SO 


23 59 IT 1 5 2 
y= ED aa +e” (E cos V 3 x + 7; V3sin x) + 15-73 + 376 7. 


We have ye = cı cos x + c3sinz and we assume y, = Ax? + Bx + C. Substituting into the 
differential equation we find A = 1, B = 0, and C = —1. Thus y = c4 cos £ + c; sin x + z? — 1. 
From y(0) = 5 and y(1) = 0 we obtain 


C= [5 
(cos 1)c1 + (sin 1)c2 = 0. 


Solving this system we find c4 = 6 and ca = —6cot 1. The solution of the boundary-value 
problem is 


y = 6cos x — 6(cot 1) sinz + z? — 1. 


We have y. = e*(c¡ cosg + cosinz) and we assume yj = Ar + B. Substituting into the 
differential equation we find A = 1 and B = 0. Thus y = e"(ci cosx + cosin z) +a. From 
y(0) = 0 and y(r) = 7 we obtain 

Cj = 0 


Tec = 7. 


39. 


40. 


41. 


4.4 Undetermined Coefficients - Superposition Approach 


Solving this system we find c4 = 0 and c» is any real number. The solution of the boundary- 
value problem is 


y = coe” sin £ + z. 


The general solution of the differential equation y”+3y = 6x is y = c1 cos /3x+c sin V3z +27. 
The condition y(0) = 0 implies cı = 0 and so y = cgsin v3x + 2x. The condition 
y(1) + y'(1) = 0 implies c2 sin V3 +2+@V3cos V3 + 2 = 0 s0 ca = —4/ (sin V3 + V3 cos V3). 


The solution is 
u —4sin V3z 


~ Sin V3-+ Vos V3 
Using the general solution y = c cos V3x + ca sin /3x + 22, the boundary conditions y(0) + 
y'(0) = 0, y(1) = 0 yield the system 
cı V3eo +2=0 
c1 cos V3 + ca sin V3 + 2 = 0. 


Solving gives 


2 (-V3 + sin v3) 
V3cos V3 — sin /3 


2 (1 — cos V3) 
V3 cos /3 — sin /3- 


C1 = and C9 = 


Thus, 
u 2 (—V3 + sin V3) cosv3z 2 (1 — cos V3) sinv3x 


= — o‘ 
V3 cos V3 — sin V3 V3 cos V3 — sin V3 


We have ye = cı cos 2z--c» sin 2x and we assume yp = A cos +B sin x on [0, 7/2]. Substituting 


+ 2x. 


into the differential equation we find A = 0 and B = i . Thus y = c cos 2r 4- c? sin 2z + i sinz 
on [0,7/2]. On (7/2,00) we have y = c3 cos 2x + c4sin2x. From y(0) = 1 and y'(0) = 2 we 


obtain 
CI dl 
: +2 2 
= +20 3. 
3 2 
Solving this system we find c; = 1 and c? = 2. Thus y = cos2x+2sin2x+4sinz on [0, 7/2]. 
Now continuity of y at x = 7/2 implies 


5., Lom ; 
M LEM C d 


3 2 
or —1 + > = —C3. Hence c3 = 2 . Continuity of y' at x = 7/2 implies 
a 5 1 T , 
—2sin + Pid + 3 Cos y = —2c3 sin T + 2c4 cos 7 
or -3 = —2c4. Then cy = 2 and so 


5 1 
cos 2x + g Sin 2c + 3 sins, <a2< 77/2 
y(x) = 


2 5 
3 0527 + g sin Qn, z > T/2 
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42. We have y. = e"(ci cos 3x + c sin 3x) and we assume yp = A on [0,7]. Substituting into the 
differential equation we find A = 2. Thus, y = e” (cı cos 3x + c2 sin 3x) +2 on [0, 1]. On (7, 00) 
we have y = e” (c3 cos 3x + c4 sin 3x). From y(0) = 0 and y'(0) = 0 we obtain 


cy = —2, cı + 3ca = 0. 


Solving this system, we find c; = —2 and c; = 3. Thus y = e*(—2cos3z + 2 sin3z) + 2 on 
[0, 7]. Now, continuity of y at x = x implies 


e” (—2cos 37 + sin 37) + 2 = e" (c3 cos 3m + c4 sin 371) 
or 2+ 2e* = —cze” or c3 = —2e "(1 + e^). Continuity of y’ at m implies 

Ze sin 3a = e" |(c3 + 3c4) cos 3a + (—3c3 + c4) sin 37] 
or —cae* — 3c4e" = 0. Since c3 = —2e "(1-4 e?) we have c4 = 2e "(1 +e"). Therefore 
*(~2eos Be + = sin 32) +2, SE 


y(x) = 2 
T TT s 
(1+e")e (—2cos3e + z sin 32), E wn 


43. (a) From y, = Ae"* we find Yp = Ake*” and Yp = Ak?e*”. Substituting into the differential 
equation we get 
aAk*e* + bAke* + cAe*® = (ak? + bk + c)4e"? = eè”, 
so (ak? 4- bk 4- c) A = 1. Since k is not a root of am? +bm +c = 0, A=1/(ak? +bk + ©). 
(b) From y, = Aze"? we find Yp = Akze** + Ae** and Yp = Ak? xe** + 2Ake*”. Substituting 
into the differential equation we get 
aAk* ae’ + 2aAke"* + bAkzeF* + bAe* + c Age"? 
= (ak? + bk + c) Axe"* + (2ak + b) Ac" 
= (0) Axe'” + (2ak + b) Ae"" = (2ak + b) Ae"? = e** 
where ak? + bk + c = 0 because k is a root of the auxiliary equation. Now, the roots of 


the auxiliary equation are —b/2a + Vb? — 4ac /2a, and since k is a root of multiplicity 
one, k 4 —b/2a and 2ak +b #0. Thus (2ak + b)A = 1 and A = 1/(2ak + b). 


(c) If k is a root of multiplicity two, then, as we saw in part (b), k = —b/2a and 2ak +b = 0. 
From y, = Aa?e'* we find Yp = Akz?e** + 2Axe*” and y = Ak?x?e*? + AAkze** = 
24e*”. Substituting into the differential equation, we get 

aAk? z?eF* + Aa AkzeF* + 2aAe** + bAka7e** + 2bAzeF* + cAx? eh 
= (ak? + bk + c) Az?e** + 2(2ak + b) Aze"? + 2aAe** 
= (0) Az?e** + 2(0) Are"? + 2aAe** = 2aAe** = ef. 


Since the differential equation is second order, a Z 0 and A = 1/(2a). 


44. 


45. 


46. 


AT. 


48. 


49. 


50. 


4.4 Undetermined Coefficients - Superposition Approach 


Using the double-angle formula for the cosine, we have 
sin z cos 21 = sin z(cos? x — sin? x) = sin z(1 — 2sin? x) = sin z — 2sin? z. 


Since sin x is a solution of the related homogeneous differential equation we look for a partic- 


ular solution of the form y, = Az sin z + Bz cos x + C sin? z. 


Substituting into the differential equation we obtain 
2A cos x + (6C — 2B) sin x — 8C sin? z = sin z — 2sin? z. 
Equating coefficients we find A = 0, C = n ,and B= i . Thus, a particular solution is 
= = — Sin š 
Yp = qzcosax + sin T 


x) = e” sinz. We see that y, — oo as z — oo and y, — 0 as x > —oo. 
p p 


— 


( 
(x) — e *. We see that yy — 0 as x — oo and yp — oo as z — —oo. 
f(x) = sin 2x. We see that yp is sinusoidal. 


f(x) =1. We see that y, is constant and simply translates y, vertically. 


The complementary function is ye = e?" (cı cos 22 -- c sin 2). We assume a particular solution 


of the form yy = (Az? + Bx? + Cx)e?* cos 2x + (Da? + Ex? + F)e?" sin 2x. Substituting into 
the differential equation and using a CAS to simplify yields 
[12Dz? + (64+ 8E)z + (2B + AF)]e?* cos 2x 
+ [-12Aa? + (-8B + 6D)z + (—4C + 2E)]e?* sin 2x 


= (22? — 3x)e”” cos 2x + (10x? — x — 1)e?” sin 2x 


This gives the system of equations 
12) =2, 6A +8E = —3 2B+4F — 0, 
—124A = 10, -8B 46D = -1 —4C --2E = —1, 
from which we find A — —2, B= i. C= $. D= e. B= i. and F — = Thus, a 


particular solution of the differential equation is 


53, l2,3 2x l3 lə 1 2% 0: 
= | —-r —2x =x | e^ cos 2x =x =x" — =r | e“ sin 22. 
Ye ( a va” Ug ) u du 3 
The complementary function is ye = c; COST + C2 sin z + c3z cos z + c4zsinz. We assume a 
particular solution of the form y, = Az? cos z + Ba? sin z. Substituting into the differential 


equation and using a CAS to simplify yields 


(—8A + 24B) cos x + 3Bz sin x = 2cosz — 3zsinz. 


This implies —84 + 24B = 2 and —24B = —3. Thus B= i. A= i and 


_ 1,2 1,35 
Up = gx COSX + gr SIN T. 
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4.5 Undetermined Coefficients - Superposition Approach 


1. (9D? — 4)y = (3D — 2)(3D + 2)y = sin x 
2. (D? - 5)y = (D - V8)(D + V5 )y = x? — 2x 
3. (D? -4D— 12; = (D—- 6(D + 2)y=2-6 
4. (2D? - 3D — 2)y = (2D -1)(D-2)y = 1 
5. (D? + 10D? + 25D)y = D(D + 5)*y = e” 


6. (D? +4D)y = D(D? + 4)y = e” cos 2x 


7. (D? + 2D? — 13D + 10)y = (D—1)(D - 2)(D +5)y = ze * 
8. (D? - AD? - 3D)y = D(D+ 1)(D + 3)y = x? cos z — 3x 
9. (D! - 8D)y = D(D + 2)(D? — 2D + 4)y=4 
10. (D* — 8D? + 16)y = (D — 2? (D + 2 y = (2% — 2x)e* 
11. Dy = D*(10z? — 2x) = D9(301? — 2) = D?(60x) = D(60) = 0 


12. (2D — 1)y = (2D = 1)4e9/9 = 8De®/? — 4e®/? = 108? — Ae = 0 


13. (D — 2)(D + 5)(e? + 3e792) = (D — 2)(2e?* — 15e?" + 5e?" + 15e?) = (D — 2)7e?* = 


14e?* — 14e” = 0 


14. (D? + 64)(2cos 8x — 5sin 8r) = D(—16 sin 8r — 40 cos 8x) + 64(2 cos 8x — 5 sin 8x) 
= —128 cos 8x + 320 sin 8x + 128 cos 8x — 320 sin 8r = 0 


15. D* because of x? 16. D? because of zf 
17. D(D — 2) because of 1 and e°” 18. D?(D — 6)? because of x and ze9* 
19. D? + 4 because of cos 2x 20. D(D? + 1) because of 1 and sin x 


21. D?(D? + 16) because of x? and sin 4x 


22. D?(D? + 1)(D? + 25) because of x, sin x, and cos 5x 
23. (D -- 1)(D — 1)? because of e~* and z?e* 

24. D(D — 1)(D — 2) because of 1, e”, and e°” 

25. D(D? — 2D +5) because of 1 and e” cos 2x 


26. (D? + 2D + 2)(D? — 4D +5) because of e”? sin x and e?” cos x 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


4.5 Undetermined Coefficients - Superposition Approach 189 


1, x, x”, 23, x4 


D?+4D=D(D+4); le 


ee, e 9/2 


D? — 9D — 36 = (D — 12)\(D + 3); eU*,e-9v 
cos V5 x, sin /5 x 
D? — 6D +10 = D? — 2(3)D + (33 +1”); e cosz, e? sin x 


D? — 10D? + 25D = D(D—5)?; 1, e**, ze 


Applying D to the differential equation we obtain 
D(D* — 9yy = 0. 


'Then 
y= ie? + oe +0 
— + 
and yp = A. Substituting yp into the differential equation yields —94 = 54 or A = —6. The 
general solution is 
y = ce" + cae >” — 6. 


Applying D to the differential equation we obtain 
D(2D? — 7D + 5)y = 0. 


Then 
52/2 L ce” +63 
Ye 
and yp = A. Substituting yp into the differential equation yields 5A = —29 or A = —29/5. 


The general solution is 


y = Ce 


52/2 29 


= qe + ce” — —. 
y 1 2 5 


Applying D to the differential equation we obtain 
D(D? + Dy D'(D + 1)y — 0. 


Then 
Y = c toe” +032 
B aue 
and yp = Ax. Substituting yp into the differential equation yields A = 3. The general solution 
is 
y = c1 + c9e * +32. 
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38. 


39. 


40. 
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Applying D to the differential equation we obtain 
D(D? + 2D? + Dy = D?(D +.1)*y = 0. 


Then 
Y = c toe” +c3re" + cyt 
AA = 
and yy = Ax. Substituting y, into the differential equation yields A = 10. The general 
solution is 


y = & + ce * egre ? + 102. 
Applying D? to the differential equation we obtain 
D?(D? +4D + 4y = D?(D + 2??y = 0. 


Then 


—2x 


= ce 7 + coxe + c3 + cx 
y 


Ye 
and yp = Ax+B. Substituting yp into the differential equation yields 44x+(44+4B) = 2x+6. 


Equating coefficients gives 


4A=2 
4A+4B=6. 


Then A = 1/2, B = 1, and the general solution is 
—2x —2x 1 
y =cyje + coxe doe 


Applying D? to the differential equation we obtain 
D*UD? +3D)y = DPUD 4- 3 =0. 


Then 
y =e tee ** + cgr? + cam 
m 
Uc 
and y, = Az? + Bx. Substituting y, into the differential equation yields 64x + (24 + 3B) = 


4r — 5. Equating coefficients gives 


6A —4 
2A+3B = —5. 


Then A — 2/3, B — —19/9, and the general solution is 


2 19 
= e + coe 4+ <a? — q. 
y 1 2 3 9 


41. 


42. 


4.5 Undetermined Coefficients - Superposition Approach 


Applying D® to the differential equation we obtain 
D?(D? + D*)y = D*(D + 1)y =0. 
Then 
Y = c1 + coz + ege? + caza + eg? + aga? 
———— 


Uc 


and y, = Az? + Ba? + Ca?. Substituting yp into the differential equation yields 


12Az? + (24A +6B)x + (6B + 2C) = 82”. 


Equating coefficients gives 


124 =8 
24A+6B=0 
6B 4- 2C =0. 


Then A — 2/3, B — —8/3, C — 8, and the general solution is 


2 8 
y = ci + ez + ege ? + za - ~ + 8r. 


Applying D^ to the differential equation we obtain 


DD? — 2D + 1)y = D'(D—1"ys. 


Then 
y = cie? + coze? + eaa? + ca? + CsT + cg 
——— 
Uc 


and yy = Aa? + Br? + Cx + E. Substituting yp into the differential equation yields 


Az? + (B — 6A)z? + (6A — 4B + C)z + (2B — 2C + E) = x? + 4x. 


Equating coefficients gives 


A=1 
B-6A=0 

6A —AB -C —4 
2B —-2C FE = 0: 


Then A = 1, B = 6, C = 22, E = 32 , and the general solution is 


y = ce" + cone” + x? +62? + 222 + 32. 
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43. Applying D — 4 to the differential equation we obtain 


(D — 4)? — D — 12)y = (D — 4)?(D + 3)y = 0. 


Then 


y = cie + cee’? + eget 
a ra) 


Ye 
and yp = Aref”. Substituting y, into the differential equation yields 7Ae*” = e*”. Equating 


coefficients gives A = 1/7. The general solution is 


: 1 
y = cie + coe + que”. 


44. Applying D — 6 to the differential equation we obtain 


(D — 6)(D? + 2D + 2)y = 0. 


Then 
y =e "(e cosx + ca sin) +c3e™ 
— xD 
and y, = Aef”. Substituting y, into the differential equation yields 504Ae9* = 5e9", Equating 


coefficients gives A — 1/10. The general solution is 


1 
y = € 7 (cı cosx + co sin z) + 188 5 


45. Applying D(D — 1) to the differential equation we obtain 


D(D — 1)(D? - 2D 2 3y = D(D - 1)(D --1)(D - 3)y = 0. 


'Then 
y = ce?” + ce” + cae? + c4 
Yc 
and y, = Ae” + B. Substituting yp into the differential equation yields —44e” — 3B = 4e” — 9. 


Equating coefficients gives A = —1 and B = 3. The general solution is 
y = qe" oe * — e +3. 
46. Applying D?(D +2) to the differential equation we obtain 
D?(D +2)(D? + 6D + 8)y = D?(D +2} (D + 4y =0. 


Then 
= —2x —4c —2x 
y =cje + coe + C3xe + C47 + C5 
o, ra) 


Ye 


AT. 


48. 


4.5 Undetermined Coefficients - Superposition Approach 


and y, = Axe ?* + Bx + C. Substituting Yp into the differential equation yields 


24e 7* + 8Ba + (6B + 8C) = 3e 7* + 22. 


Equating coefficients gives 


2A=3 
8B =2 
6B + 8C =0. 


Then A = 3/2, B — 1/4, C = —3/16 , and the general solution is 


1 3 


3 
pas + 976 +=. 


y = ce 7 Eee t 


Applying D? + 1 to the differential equation we obtain 


(D? + 1)(D? + 25)y = 0. 


'Then 
y —c,cos 5x + C2 sin 5% + c3 cos £ + c4 sin x 
a a 
Uc 


and y, = Acos z + Bsinz. Substituting yp into the differential equation yields 
24A cos x + 24B sin x = 6sin x. 
Equating coefficients gives A = 0 and B = 1/4. The general solution is 
; E 
y = c1 cos 5x + co sin oz + 1 sin x. 
Applying D(D? 4- 1) to the differential equation we obtain 
D(D* +1)(D? + 4)y e. 


Then 
y = cı cos 2g + co sin 2x + c3 cos x + c4 Sin x + c5 
——— 
Uc 


and yy = Acos x + B sinz + C. Substituting yp into the differential equation yields 


3A cos x + 3B sin z + AC = Acos z + 3sin x — 8. 


Equating coefficients gives A — 4/3, B — 1, and C — —2. The general solution is 


4 
Je 6L ie E nd 
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49. Applying (D — 4)? to the differential equation we obtain 


(D —4Y CD* + 6D +9)y = (D —4)"(D + 3}?y e 0. 


Then 


y = ce % + cone + egret? + cre 
———— 


Ye 


and yp = Axe + Be*, Substituting y, into the differential equation yields 


49 Axe* + (14A + 49B)e* = —ge*. 


Equating coefficients gives 


49A — —1 
14A + 49B — 0. 


Then A — —1/49, B — 2/343, and the general solution is 


1 2 
y = ce ?* + cue? — i7 + am 


50. Applying D? (D — 1)? to the differential equation we obtain 


D?(D — 1} (D? + 3D — 10)y = D'tD — 1) (D = 2J) (D + 5)y = 0. 


Then 


y — qe?” + coe”? + care” + cae” + esr + cg 
a ra) 


Ye 


and y, = Axe” + Be” + Cz + E. Substituting yp into the differential equation yields 


—6Aze* + (5A — 6B)e* — 10Cx + (3C — 10E) = xe” + z. 


Equating coefficients gives 


—6A =1 
5A—6B —0 
—10C 21 
3C — 10E = 0. 


Then A — —1/6, B — —5/36, C — —1/10, E — —3/100, and the general solution is 


1 5 1 3 
22 5a x 
y=cye™ + ce a 36° 10* 100 ` 


4.5 Undetermined Coefficients - Superposition Approach 


51. Applying D(D — 1)? to the differential equation we obtain 


52. 


53. 


D(D — 1)3(D? —1)y = D(D —1)(D + Dy = 0. 


Then 
y = ce +e 7 +c32%e" + caa? e” + egre? + cg 
A eae 
Uc 


and y, = Az? e* + Bate” + Cxe” + E. Substituting Yp into the differential equation yields 


GAz?e* + (6A + AB)ze* + (2B + 2C)e? — E = x?e* +5. 


Equating coefficients gives 


6A=1 
6A+4B=0 
2B+2C =0 
—Ez-5. 


Then A = 1/6, B = —1/4, C = 1/4, E = —5, and the general solution is 


1 1 1 
y = ce” + ce ? + gue — qe + qe —5. 


Applying (D + 1)? to the differential equation we obtain 
(D -- 1P(D? +2D + Dy = (D+1)*y — 0. 


Then 
y= qe? + coze” + carte" + cegar e” + esre” 
o ra 
Ye 


and y, = Arde”? + Ba?e * + Cz?e ?. Substituting y, into the differential equation yields 
12427e-* + 6Bre* --2Ce * = ate *. 


Equating coefficients gives A — i. B = 0, and C = 0. The general solution is 


1 
y = qe” + cere” + p 


Applying D? — 2D + 2 to the differential equation we obtain 
(D? -2D +2)(D? — 2D + 5)y = 0. 
Then 


y = e” (cı cos 2x + cz sin 2r) + e” (c3 cos x + c4 sin x) 
_———— 


Ye 
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and yy = Ae” cos x + Be” sin x. Substituting yy into the differential equation yields 
3Ae” cos z + 3Be" sin x = e” sin x. 
Equating coefficients gives A = 0 and B = 1/3. The general solution is 
$ i 
y = €" (c4 cos 2x + co sin 2x) + 3€ sing. 
54. Applying D? — 2D + 10 to the differential equation we obtain 
1 p 
(D? — 2D +10) (p?+D+7) y= (D? — 2D +10) (2+3) y — 0. 

'Then 

y= ce Ry coze? + eze” cos 3x + c4€* sin 3x 

———— 


Ye 


and yp = Ae” cos 3x + Be” sin 3x. Substituting yp into the differential equation yields 


(9B — 27A/4)e” cos 3x — (9A + 27B /4)e” sin 3x = —e” cos 3x + e” sin 3x. 


Equating coefficients gives 


27 
—A+9B=-1 
4 
27 
—9A — —B- 1. 
i 4 


Then A = —4/225, B = —28/225, and the general solution is 


—x/2 —2x/2 


4 28 
y =cye + coxe — sR” cos 3x — ——e” sin 3x. 


225 
55. Applying D? + 25 to the differential equation we obtain 


(D? + 25)(D? + 25) = (D? + 25)? = 0. 


Then 
y = c1 cos 5x + co sin 5x + caz cos 5x + c4x sin ox 
e—_ mm 
Uc 


and yp = Ag cos 5x + Bxsin5x. Substituting y, into the differential equation yields 


10B cos 5x — 10A sin 5x = 20sin 5x. 


Equating coefficients gives A = —2 and B = 0. The general solution is 


y = cı cos 5x + co sin 5x — 21 cos 5x. 


56. 


57. 


4.5 Undetermined Coefficients - Superposition Approach 


Applying D? + 1 to the differential equation we obtain 


(D? + 1)(D? +1) = (D? +1) =0. 


Then 
Y =C¡ COS £ +C2SINT +c3xcosx+cyxsin £ 
S rra 
Ye 


and yy = Az cos x + Bxsinx. Substituting yp into the differential equation yields 


2B cos x — 2A sin z = Acos x — sin x. 
Equating coefficients gives A — 1/2 and B — 2. The general solution is 


. 1 : 
Y = Cı COS L + co sin x + 5 C087 + 2 sin z. 


Applying (D? + 1)? to the differential equation we obtain 


(D? + 1 (D? + D - 1) =0. 


Then 
3 3 
y= e */2 —€—— Ea + c3 cos £ + cA sin £ + C5% cos £ + cgx sin x 
—————— 


Ye 


and yp = A cos x + B sin z + Cz cos x + Ex sin x. Substituting yp into the differential equation 


yields 


(B+C+2E)cosz + Excosz + (CA — 2C + E)sinz — Casing = xsinz. 


Equating coefficients gives 


B+C+2E=0 


E=0 
-A-2C+H=0 
-C =1. 


Then A = 2, B = 1, C = —1, and E = 0, and the general solution is 


3 3 
ye? —— Se +2cosx+sinx — r cos T. 
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58. Writing cos? x = 3(1 + cos 2) and applying D(D? + 4) to the differential equation we obtain 


D(D? 3-4) UD? + 4) = D(D? +4}? =0. 


Then 
y = c4 cos 2g + co sin 2x + c3x cos 2x + c4x sin 22 + c5 
——— 
Uc 


and y, = Az cos 2x + Bx sin2z + C. Substituting y, into the differential equation yields 

; 1 1 

—4A sin 2x + AB cos 2z + AC = 5 + z 008 2x. 
Equating coefficients gives A — 0, B — 1/8, and C — 1/8. The general solution is 
f I 1 
y = c4 cos 2x + cg sin 2x + goes + FE 
59. Applying D? to the differential equation we obtain 
DD? +8D°) = D'UN 8) ss 0. 


'Then 
y = c4 + caz + ege ™ + cyr? + csr? + caza 
a —— 
Uc 


and yp = Az? + Ba? + Ca^. Substituting y, into the differential equation yields 


16A -- 6B + (48B + 24C)z + 96Ca? = 2 + 9x — 6z?. 


Equating coefficients gives 


16A 4-6B =2 
48B + 24C — 9 
96C — —6. 


Then A = 11/256, B = 7/32, and C = —1/16, and the general solution is 


11 7 1 
8a 2 3 4 
Y = ci + cot + cze t 3567 T 35% CA ; 


60. Applying D(D — 1)?(D +1) to the differential equation we obtain 
D(D—1)(D-1)?-—D'iDp-1)-D(D-1i)(D-J1)(D + 1) = 0. 
Then 


Y = cie + co cos z + czsin g + c4 + cse * + egre? +err e” 
——————— 


Uc 


61. 


62. 


4.5 Undetermined Coefficients - Superposition Approach 


and yp = A+ Be + Cre” + Ex?e”. Substituting Yp into the differential equation yields 


4Exe” + (2C + 4B)e” -ABe* — A = xe" — e” +7. 


Equating coefficients gives 


AE —1 
2C +4E=0 
—4B = —1 
—A=7. 


Then A= —7, B = 1/4, C = —1/2, and E = 1/4, and the general solution is 


1 iL 
y = qe” +cocosx+ cg sing —7+ ra — gre + que. 


Applying D?(D — 1) to the differential equation we obtain 
D?(D — 1)(D? = SS) = D?(D 1S 0. 
Then 
y = ce” + core? + car e” + c4 + cst + cgr e” 
U 


Ye 


and yy = A+ Bx + Cate”. Substituting yp into the differential equation yields 


(—A + 3B) — Bz +6Ce* = 16- x +e. 


Equating coefficients gives 


—A-4-3B — 16 
=B=-1 
6C — 1. 


Then A = —13, B = 1, and C = 1/6, and the general solution is 


1 
y = ce" + cone” + egz?e — 13 m + gue 


Writing (e* 4-e 77)? = 2+ e?* E e^?" and applying D(.D — 2)(D +2) to the differential equation 


we obtain 
D(D — 2)\(D + 2)(2D? — 3D? — 3D + 2) = D(D —9Y(D«-29YD + 1)(2D — 1) = 0. 


Then 


x/2 2x 


y=c«e + ee” + cae 3r Ca. + cse?" + ce 


Uc 


199 


200 CHAPTER 4 HIGHER-ORDER DIFFERENTIAL EQUATIONS 


and yp = A+ Bxe** + Ce~**. Substituting y, into the differential equation yields 


2A + 9Be” — 200e?” = 2 + e” +e”. 


Equating coefficients gives A = 1, B = 1/9, and C = —1/20. The general solution is 


; 1 1 
y = ce * + ce” + cae*/? +1+ gre” — sp s 


63. Applying D(D — 1) to the differential equation we obtain 


DD 1)(Dt — 2D? + D?) =D" (D= 1)? e 


Then 
Y = c1 + coz + eae + caze? + csr? + cer e” 
a 
Ye 


and y, = Aa? -- Bz?e*. Substituting Yp into the differential equation yields 2A--2Be* = 1+e*. 


Equating coefficients gives A — 1/2 and B — 1/2. The general solution is 


1 1 
y = cy coz + cse + aque” 4 ¿a gue”. 


64. Applying D?(D — 2) to the differential equation we obtain 


DÌ(D —- 2)(Dî — 4D?) = D'UD —9Y (CD + 2) = 0. 


Then 


Y = cy + coz + cge?” + e + cnx? + cga? + ceret + cae? 
S 


Ye 


and yp = Ar? + Ba? + Ca? + Exe”. Substituting yp into the differential equation yields 


(-BA + 240) — 24Bx — 4802" + 16Ee^* = 51? — e”. 


Equating coefficients gives 


—8A + 24C =0 
—24B =0 
—48C = 5 

16E = —1. 


Then A = —5/16, B — 0, C = —5/48, and E = —1/16, and the general solution is 


_ 5 5 1 . 
Y = c1 bee egg tae =a? —c pet 


65. 


66. 


67. 


4.5 Undetermined Coefficients - Superposition Approach 


The complementary function is y. = ce" + cge®*. Using D to annihilate 16 we find y, = A. 
Substituting y, into the differential equation we obtain —64A = 16. Thus A = —1/4 and 


1 
y = ce" + qe" — - 
4 
y! = 8c, e%% — 8c2e7®. 
The initial conditions imply 
$ 5 
C1 + C2 = — 
LT o> 7% 
8c, — 8c» c. 
Thus c = c2 5/8 and 
5 1 
So ZO qutt > m 
y= ge +R 4 
The complementary function is ye = c, + coe ^. Using D? to annihilate x we find 


yp = Ax + Ba?. Substituting yp into the differential equation we obtain (4+2B)+2Bx =z. 
Thus A — —1 and B — 1/2, and 


1 
y =c toe? za 


y —-—eoe*—1-4z. 


'The initial conditions imply 


ci + = 1 


—C = 1. 


Thus cy = 2 and cp = —1, and 
1 
y-2-e*—-zt m. 


The complementary function is y, = c, + c3€?*. Using D? to annihilate x — 2 we find 
Yp = Az 4- Ba?. Substituting yp into the differential equation we obtain (—5A4--2B) — 10Bx = 


—2 + x. Thus A = 9/25 and B = —1/10, and 


Y = c1 tae + = — a 
9 1 
y! = Bege?? + T gt 
The initial conditions imply 
€1- c9 — 0 
41 
C2 = 


201 


202 


68. 


69. 
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Thus cı = —41/125 and cz = 41/125, and 


4 41 5, 9 l 34 
Y= 125 125 25^ 10 
The complementary function is ye = c1€* + c3e 9". Using D — 2 to annihilate 10e?" we find 
Up — Ae?*. Substituting Yp into the differential equation we obtain 8Ae?* = 10e?*. Thus 
A=5/4 and 


5 
y = e” + eoe ® + " 2 


5 
y! = ce” — 6c9e Y + xo 


The initial conditions imply 


1 
C1 + C2 = er 
3 
Cy — 6ca = T3 4 
Thus cı = —3/7 and c2 = 5/28, and 
- 3 x 5 —6x 5 2x 
y= ze + 3g os 


The complementary function is ye = c1 cos z + co sin x. Using (D? + 1)(D? + 4) to annihilate 
8 cos 2x—4sin x we find yp = Ax cos x + Br sin z-- C cos 2x + E sin 2x. Substituting yy into the 
differential equation we obtain 2B cos x — 3C cos2r — 2A sin x — 3E sin2x = 8 cos 2x — Asin x. 
Thus A = 2, B = 0, C = —8/3, and E = 0, and 


. 8 
y = c1 cos z + co sin z + 21 cos x — soos 


16 
y = =c sin £ + c2 cos £ + 2 cos x — 2g sin x + = mea 


The initial conditions imply 


Thus c; = —7 and cp = —11/3, and 


1l, 8 
Y = —T COS £ — ae Cone a CORE 


70. 


71. 


72. 


4.5 Undetermined Coefficients - Superposition Approach 


The complementary function is ye = c1 + c2e” + caze^. Using D(D — 1)? to annihilate re? +5 
we find y, = Av + Ba?e” + Cade”. Substituting yp into the differential equation we obtain 
A+ (2B + 6C)e” + 6Cxe* = re? + 5. Thus A= 5, B = —1/2, and C = 1/6, and 


1 1 
y = c1 + cae + cue” + 5x — late” + =a e* 
2 6 
1 
y = coe” + ca (xe* +e”) 4-5 — xe? 4 gre 
1 1 
y" = coe” + cz(xe? + 2e") — e” — ze? + sre ge 


6 
The initial conditions imply 


€1 3 c9 =2 
C2 d c3 +5=2 
C2 + 2c3 — 1 = -1. 


Thus c1 = 8, co = —6, and c3 = 3, and 


1 1. 
y = 8 — 6e” + 3xe" + 5x — gue + gue 
The complementary function is ye = e?” (cı cos 2x + c sin 2x). Using D^ to annihilate z? we 
find yp = A+ Bz + Cz? + Ex?. Substituting yp into the differential equation we obtain 
(8A — 4B + 2C) + (8B — 8C + 6E)z + (8C — 12E)z? + 8Ez? = z’. Thus A = 0, B = 3/32, 
C — 3/16, and E — 1/8, and 
l 3 


3 3 

2% : 2 

= 2x + 2 + — zr + — - 
Y e (e COS Zx Ca SIN x) a 1 TRE 


3 3 3 
y! = e? [c, (2cos 2x — 2sin 2x) + c2(2 cos 2x + 2sin2x)] + 33 + ae + ga 
The initial conditions imply 
C] = 2 
2c1 + 2c2 + : 4 
B C9 d L-—4A. 
d 


Thus cy = 2, co = —3/64, and 


3 3 3 1 

2x : 2 3 

= 9 cos 2x — — sin2r) + —x + —q? + r’. 
y © ( ee 64 = ) 32 16 8 


The complementary function is y. = c1 + coz + c3x7 + cae”. Using D?(D — 1) to annihilate 
x +e” we find y, = Az? + Bz* + Cre". Substituting y, into the differential equation we 
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obtain (—64 + 24B) — 24Bz + Ce” = x + e”. Thus A = —1/6, B = —1/24, and C = 1, and 


1 1 
y = c1 +02 + ez? + cae” ¿a rd + re” 


1 1 
y = co + 2c3z + c4e* qa g^ 7 e” + re” 


1 
y" = 2c3 + cae? — 7 — qa +2e* + xe”. 


y" = cae” — 1— 24+ 3e? + ze? 


The initial conditions imply 


cy to — 0 


C2 CA 1-20 
2c3 CA 2=0 
2+ c4 = 0. 


Thus cı = 2, c? = 1, c3 = 0, and c4 = —2, and 


1 1 
y =2 +x — 2e” pa — rt + re. 


73. To see in this case that the factors of L do not commute consider the operators (1D—1)(D+4) 
and (D + 4)(xD — 1). Applying the operators to the function x we find 


(£D —1)(D+4)x = (xD? + AD — D — 4)x 
= zD?z + Ax Dx — Dx — Ax 
= z(0) + 4x(1) — 1 — 4r = —1 


and 


(D+ 4)(2D — 1)z = (D + A(zDz — x) 
— (D 4 Ay(z-1— x) — 0. 


Thus, the operators are not the same. 


4.6 Variation of Parameters 


4.6 Variation of Parameters 


The particular solution, Yp = U1yi + u»ys, in the following problems can take om a variety of 
forms, especially where trigonometric functions are involved. The validity of a particular form 
can best be checked by substituting it back into the differential equation. 


1. The auxiliary equation is m? + 1 = 0, so y. = c4 cosx + co sin z and 


cosx sing 


n 


—sinz cosg 


Identifying f(x) = sec x we obtain 


j sin £ sec £ 
uy = ————— = —tanz 
1 
,  COSTSECT 
Ug = EE = 1. 


Then u; = In|cos z|, uz = x, and 


y = c1cosz + cz sin x + cos g ln | cos x| + x sin z. 


2. The auxiliary equation is m? + 1 = 0, so y, = cı cos £ + co sin x and 


cosx sing 
W = 


— singz cosg 


Identifying f(x) = tan x we obtain 


2 


/ : cos* x — 1 
uU, = —sinx tana = ———— = cosz — seca 
COS £ 
FJ . 
us =sinz. 
Then u; = sing — ln | sec z + tan z|, ug = — cos xz, and 


y = & cos z + ca sin x + cos z (sin x — In | sec x + tan z|) — cos z sin x 


= (1 cos £ + cosinz — cos g ln | sec x + tan z|. 


3. The auxiliary equation is m? + 1 = 0, so ye = c1 cos x + c2 sin z and 


cosx sing 


We 


— singz cosg 


Identifying f(x) = sin x we obtain 
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Then 
1 T 1 1 


uy = —sin2r — ~x = ~sinxcosx — Y 
4 2 2 2 


1 
ug = ——cos*z. 
2 


and 


, 1. 1 1 
Y = cı cos + czsin g + 5 sina cos? x — C BEES g cos asin 


. 1 
= c1 cos £ + co sin £ — 3 Coq. 


4. The auxiliary equation is m? + 1 = 0, so ye = c1 cos x + co sin z and 


cosx sing 


Wa 


— singz cosx 


Identifying f(x) = sec z tan we obtain 


u, = — sin z(sec z tan £) = — tan? x = 1 — sec? x 


Uy = cos z (sec x tan x) = tan z. 
Then u; = z — tan x, ug = — ln | cos z|, and 
y = C¡ cos x + co sin g + z cos x — sing — sin 7z ln | cos z| 
= (1 COST + c3 sin g + z cos v — sin 7 ln | cos z|. 


5. The auxiliary equation is m? + 1 = 0, so y, = cı cos £ + co sin x and 


cosx sing 
— singz cosx 


W = 


2 


Identifying f(x) = cos“ x we obtain 


u, =-sinz cos? x 


Us = cos? x = cos z (1 — sin? Js 


3 3 


Then uy = 3 cos £, ug = sinz-— 3 sin x, and 


1 


yY = cı cos x + co sin z + cos! x + sin? x — ¿sin m 


= (1 cos x + co sin £ + (cos? z + sin? 2) (cos? x — sin? x) + sin? x 


: 2. 
= c1 cos z + C2 SiN £ + 2 cos? + ¿nz 


ira lea lea l= 


+ 


= (1 COS x + C2 SIN zx 
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6. The auxiliary equation is m? + 1 = 0, so ye = c1 cosa + co sin z and 


cosx  sinz| | 
— singz Cosg 


W = 


2 


Identifying f(x) = sec* x we obtain 


; sin g 
u=- 
1 
cos? x 
/ 
Ug = seca. 
Then 
1 
u =- = — sec g 
cos X 
ug = ln | sec x + tan z| 
and 


y = G cos £ + ca sin g — cos x sec x + sin z ln | sec x + tan z| 


= (1 cos z + c2 sin g — 1 + sin z ln | sec x + tan z|. 


7. The auxiliary equation is m? — 1 = 0, so ye = c¡e” + c3e^* and 
e" g” 
We. atl —2 
Identifying f(x) = cosh x = 3(e^* + e”) we obtain 
== 
1 il 
Es 97: ee 
Ug = 4 d 
Then 
TE 1 
ui = S 2 4. a 
lo» 1 
uo = rd =W 
and 
y = ce" + cee” — lis +=ge* — —e* — eet 
8 4 8 4 


1 
= ege" + c4e 7 + que —e 7) 


1 
= ege + c4e ? + ze sinh x. 
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8. The auxiliary equation is m? — 1 = 0, so ye = cie? + ce” and 


€" er 
dr e e ze 
Identifying f(x) = sinh 2x we obtain 
E Lo La 
u — —16 "r6 d x 
Then 
m 
pese Se 4 ril 
1 I 
uz = 2 1,8" 
and 
1 1 1 1 
y = aet + ce ? + o + ie — gon Ti 


= ce" E gae? + ; (e? "m g^ 


ji 
= ee coe 7 + 3 sinh 2x. 


9. The auxiliary equation is m? — 9 = 0, so ye = ce + ce" and 


ml zs 
Identifying f(x) = 91/e%% we obtain u, = 3ze-9* and uy = —32. Then 
u = e — gre 
and 
E hee eo" E Qj u 3 2,3 


4.6 Variation of Parameters 


10. The auxiliary equation is 4m? — 1 = 0, so ye = ce ?/2 + c3e*/? and 
e t/2 (2/2 


= = 1 
id loa l2 
2 2 


1 3 3 1 
Dividing by 4 we now identify f(x) — qo + zi and obtain uw, = S — qe and u) = 


qe + n Then 
ui = en — rd 
ug =-2e "I". La 
and 
y = cie "2 + cer? — jen = + qae x 


1 
= «e t+ cae*/? + 26^ =3 


11. The auxiliary equation is m? + 3m + 2 = (m + 1)(m + 2) = 0, so ye = cie * + cae” and 
e € e721 E" 
idis Le-*? L2g-2« | ~ € j 
Identifying f(x) = 1/(1 + e”) we obtain 
TTE T 
D 1+e2 
2x x 
FN M 
Her bees 


Then vu; = In (1 + e”), ua = ln (1 + e”) — e”, and 


y = ce + ee? Ee"? In (1 + e?) + e7? In (1+ e?) — e7? 
= cge ? + eoe 77 + (l+e e *In(14 e^). 


12. The auxiliary equation is m? — 2m + 1 = (m — 1)? = 0, so ye = cre” + coxe” and 


et ZU" | oy 
n eX repel ^ 
Identifying f(x) = e*/ (1+ x°) we obtain 

j xe" e x 

Ue =  ——————= — — —— 
1 e?* (1+ 27) 1+ 2? 
i eve” 1 

Ug = 


e? (1 + x?) IF 
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Then uy = -$ In (1 + aa ug = tan! z, and 


1 
y = e” + core” — 5° In (1 + a”) + ze” tan! z. 


13. The auxiliary equation is m? + 3m + 2 = (m + 1)(m + 2) = 0, so Ye = ce? + eze?” and 
e € e * 
W = = e” 
=p = 2e? 
Identifying f(x) = sin e” we obtain 
y. esine” "- 
uy = ——, — =e’ sine 
e dq 
Lal x 
e * sine . 
Uy = — "A e sine”, 
—e-^ zx 
Then uy = — cose”, ug = e” cos x — sine”, and 
yY = qe” + ege 7* — e^? cos e” + e^? cose? — e^?" sin e? 
= qe + ce — e” sine”. 


14. The auxiliary equation is m? — 2m + 1 = (m — 1)? = 0, so y. = cie + cotet and 


t t 
m € te E, 
et téte 
Identifying f(t) = e! tan”! t we obtain 
> tetet tan t E. 
ul, = —— 5; — = tante 
e 
,  eettan tt tan 54 
Uy = ——————— = tan t. 
2 eat 
Then 
14-2 Pid 
uy == tan t+- 
i 2 t3 
-1 1 2 
uz = ttan t—sIn(1+t ) 
and 


1-82 t 1 
y = cie + cote! + (E tan“! t+ 5) e + (tran t— In (1+ e) tet 


= cel + cate! + ze (e — 1) tan™tt— In (1 + t°)] ; 


4.6 Variation of Parameters 


15. The auxiliary equation is m? + 2m + 1 = (m + 1)? = 0, so ye = ce ^! + cate”? and 


—t —t 
e € te Q7 
=e" fete 
Identifying f(t) = e * Int we obtain 
i te te! Int is 
uQ—-— = —t1n 
1 e X 
y @ *e Int = 
us = T = Int 
Then 
l5 l5» 
uj = ——t^Int + -t 
1 7 nt+ 1 
ug —tlnnt—t 
and 


1 Į 
y=cje *+ cote t — SET Int 4- rac tre intere” 
1 3 
=ce!+ete! + 222 nite. 


16. The auxiliary equation is 2m? + m = m(2m +1) = 0, so ye = c1 + cae ?/? and 


—r/2 
l e " _L ef 
2 


= 
I 


—1¿-2/2 
B6 


Dividing by 2 we identify f(t) = 3x and obtain 


wu, = 6a 
uh = —6re*!?, 
Then 
ui = 32? 
ug = —12xe*/? + 24e*/? 
and 


y=at ce */? + 3a? — 12x + 24 
SP cde? — 12x 


= (3 +C9e 
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17. The auxiliary equation is 3m? — 6m + 6 = 0, so ye = e" (ci cos x + c2 sin x) and 


e” cos £ e” sin x 
W = ET 


e” cosx —e*sinz e”cosg + esing 


Identifying f(x) = te” secx we obtain 


3 
we _ (e* sin x)(e* sec x) /3 _ pm 
er 3 
, (e? cosx)(e*secz)/3 1 
LEE c 


Then u; = 3 In [cos z|, uz = $2, and 


. 1 1 
y = cie” cos z + coe? sin z + 3 In [cos |e” cos z + 37€ sin x. 


18. The auxiliary equation is 4m? — 4m + 1 = (2m — 1)? = 0, so ye = cye*/? + coxe?’ and 


et/2 qer/2 
W = = e” 
le"? Ire? + et/2 


Identifying f(x) — lgu2 1 — x? we obtain 


zet/2e2/2./1 — r? 1 
ul eu <N 


z/2,2/2. /1 — 72 
ya EC em dom 


4e* 4 


To find uy; and uz we use the substitution v = 1 — x? and the trig substitution x = sinó, 


respectively: 
1 2\ 3/2 
u = a 1—2?- -sin tg 
8 
Thus 


1 1 1 
y= cie? + egret? + m (1 — x)??? + gee 1 — z2 + $267 sin”! z. 


4.6 Variation of Parameters 


19. The auxiliary equation is 4m? — 1 = (2m — 1)(2m +1) = 0, so ye = cier? + eze? and 


er/2 e */2 


W = =-1 


1,2/2 _1,-—2/2 
ge ge 


Identifying f(x) = xe”/?/4 we obtain u} = 2/4 and ul = —ze*/4. Then uy = 27/8 and 
ug = —rze*/A + e*/4. Thus 


y= c e?? 4 ce */? pr ¿Den qe? + et/2 
z/2 —2x/2 1 2 0/2 1 2/2 
= ce + C2€ + g7 e = 3478 
and 
y - ze u eye 9/2 + qn? + xet/? u le? 
The initial conditions imply 
C3 + C2 =0 
1 1 1 
ay ee l2 
29 2 4 
Thus c3 = 3/4 and cz = 1/4, and 
3 1 1 1 
y= dl he ger Tt gre? = 426^. 
20. The auxiliary equation is 2m? + m — 1 = (2m — 1)(m +1) = 0, so y. = c1e?/? + cge~* and 
2/2 —z 
Wie e e _ 3 cuya 
der/? —e* 2 


Identifying f(x) — (x 4- 1)/2 we obtain 


Uy = —-e* (x + 1) 
Then 
uy = —e ?/? e — 2) 
uz =-—-xe”. 
Thus 


x 


y = qe”? + ee —xz-2 
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and 


The initial conditions imply 


Thus c; = 8/3 and c2 = 1/3, and 


8 2/2 


y —3 


1 x 
= = =e 2: 
+ 3° T 


21. The auxiliary equation is m? + 2m — 8 = (m — 2)(m + 4) = 0, so Ye = cye?* + eye” 


e2t ptr " 
W = = —6e ^ 
2e?t —4e- e 
Identifying f(x) = 2e?" — e~* we obtain 
1 1 
ul, = lg 4t _ le 39* 
3 6 
1 
| 7.99 — 7 22 
Uy = =e ze 
Then 
= 1 —4c 1 —3x 
uj = D + is^ 
1 
us = n e2t 
Thus 
1 
y= ce ER pug m — D —2g i B i: i = a 
1 1 
= gre + ce de — le * + 5° 
and 


Ci + G= = 
1 2—36 
7 
2c, — 4c? + 7 = 0 
Thus cı = 25/36 and cz = 4/9, and 
ja i cu hg o uou? 


Am 


and 


4.6 Variation of Parameters 


2x 


22. The auxiliary equation is m? — 4m + 4 = (m — 2)? = 0, so ye = c1e?* + coxe” and 


e?* xe?” 


Qe2 2ge?? y 2% 


W = = ef? 


Identifying f(x) = (12x? — 6x) €?* we obtain 


Y = 6x? — 122? 


uh = 122? — 62. 


'Then 
uj -— 23? — 324 
uo = da? — 327. 
Thus 
y = ce” + core” + (22? — 3g) e 4 (4a? — 32”) re?” 
= cye** + cue” +e” (at — x’) 
and 


y! = 24e + cy (2ze?* + e?) ner? (42° — 32”) + 2% (z* — x?) . 
'The initial conditions imply 


C1 =0 


2c1+c=0 


Thus c1 = 1 and c» = —2, and 
y = e” Me" + e” (a* — a?) = e (a* — x? — 2x + 1) : 


23. The auxiliary equation is m? +1 = 0, so Yo = €1 COS t + co sin x and 


cosx sing 
W = . = 
—sinx cosz 
P é 2 . 2 cx 2 
Identifying f(x) = e" we obtain uj} = —e* sing and uz = e” cosx. Then 


zx 
d = -f e. sint dt 
HH 


0 


HH 
w= | e costdt 
T 


0 


and 


T T 


e sint dt + sin x f e? cos t dt. 


y = c cosa + casing — cose | 
zo 


TO 
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22 and 


24. The auxiliary equation is m?—4- 0, so Ye = C1 £9 + ese" 


2e?* —9e 2 


Identifying f(x) = e?" /x we obtain u| = 1/4x and u4 = —e*" /Az. Then 


v ¿A 


and 
ll 
y = cie? + coe ?* + 4 G ln |x| — e | T de) : zo > 0. 
x 


0 


25. The auxiliary equation is m? +m — 2 = 0, so y. = ce + coe” and 


e ?* et 
W= = 36,7 
Ye 2 et 
Identifying f(x) = ln x we obtain uj = E di Ing and uh = ao lng. Then 


1 fF 
uj—-—- e” Int dt, 
3 d'a 
] f* m 
uo = — e 'Intdt 
3 Jro 


and 
l xum 1 ae 
y = ce + eoe — le” | e ntdt + ze] e "Int dt, zo > 0. 
3 x 3 Jaz 


0 0 


26. The auxiliary equation is 2m? + 2m + 1 = 0, so ye = e *Plc, cos (x/2) + ca sin (z/2)] and 


e 2/2 cos 5 e 2/2 sin 5 1 
W = =e 
1 —=/2 Eb 1 —r/2 a; x 1 —x/2 % 1 2/20 
5° COs 5 — 9e sin 5 5° COs 5 E sin 5 


Identifying f(x) = 2/r we obtain 
—2/2 a; 
€ sin (1/2)2/x » det? JT sin 5 


/ 
Uy == 
15—2$/2 
yes! 


et cos (1/D2/7 x 
uh = EE E = 4e*/? / cos » 


27. 


28. 


4.6 Variation of Parameters 


Then 


M 
u = z e P tin 5 dt 
^ 2 


0 


zx 
t 
us = if eV cos — dt 
žo 2 
and 


zx 
t 
y= g 2/2 (a cos > + co sin 5) — 4e~*/? cog 5 f et? Vtsin 5 dt 


TO 


LL 
t 
+ de */2 sing f el? Vt cos — dt. 
2j, 2 


0 


Write the equation in the form 


1 1 
y! +y + (1- — |y =r 
x 4? 


and identify f(x) = x-1/?. From y; = z- V? cosa and yz = x~!/? sin x we compute 
a cosa a sine 1 
Wc ELM l 3/2 -1/2 ey) | am 
=T sing- 37 cosr g cosg — 5a sin x 
Now 
u,-— —sinz so wu, =cosaz, 
and 


/ . 
Ug = COST so Ug = SIND. 


Thus a particular solution is 


Yp = a? cos? z + z7"? sin? T, 


and the general solution is 


1/2 1/2 -1/2 A 


cos £ + Coax /“sinx+2 cos? z + a 


-1/2 


y—-oc 


12 


= qa COS X + Cox sinr-dc-z 


Write the equation in the form 


1 1 sec (In x 
y" + Y + y = E ) 
x x " 
and identify f(x) = sec (In z)/z?. From yı = cos (In £) and ya = sin (In z) we compute 


cos (Ing) | sin (Inz) 


1 
Wes  sin(Inz) cos(Inz)| ~ y 


x x 
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Now i i 
ia BRE) so u =1n|cos (In x)|, 
x 
and 
Uy = — so u»-—lnz 


Thus, a particular solution is 
yp = cos (In x) In | cos (In x)| + (In x) sin (In x), 
and the general solution is 


y = c1cos (In x) + ca sin (In x) + cos (In z) In | cos (In z)| + (In x) sin (In 2). 


29. The auxiliary equation is m? + m = m(m? + 1) = 0, so y. = c1 + c3 cosz + c3 sin z and 


1 cosg sin x 
W-|0 —sinx cosx |=1 
O —cosr —sinzx 
Identifying f(x) = tan x we obtain 
0 COS X sin x 
uy =W,=| 0 —sinz cosg | = tanz 
tang —cosx -—sinzcz 
1 0 sin x 
/ è 
us =W2=|0 0 cosg | = — sin x 
0 tang —sinzx 
1 cosg 0 2 
1 . F cos* x — 1 
uz = W3 = |0 —sinz 0 |= -sing tana = ———— = cosz — seca 
COS X 
O —cosmr tanz 


Then 

uj = — ln | cos z| 

UY = COS £ 

ug = sin x — ln | sec x + tan z| 
and 


y = c1 +c. cos x + cz sin x — In | cos £| + cos? x 


- sin? x — sin z In | sec x + tan z| 


= c4 + C2 cos x + c3 sin x — ln | cos z| — sin z ln | sec z + tan z| 


for =r /2 < x < 1/2. 


4.6 Variation of Parameters 


30. The auxiliary equation is m? + 4m =m (m? + 4) = 0, so yc = c1 + C2 cos 2x + c3 sin 2x and 


1 cos 2x sin 2x 
W=|0 —2sin2x 2cos2x|=8 
O —4cos2r —4sin2x 


Identifying f(x) = sec 2x we obtain 


1 0 cos 2x sin 22 
uj = gm ==| 0 -2sin2x  2cos2z | = —sec2r 
sec2r —4cos2x —4sin2x 
1 il 0 sin 2x 
uc ec 0 0 2 cos 2x ——— 
0 sec2r —4sin2x 
1 1 cos 2x 0 
uc cc 0 —2sin 2x 0 == tan La 
O —4cos2x sec2x 
Then 
1 
ue g In] sec 2a + tan 27] 
1 
uo = E 
leds] 
u3 = — ln | cos 2x 
Sg 
and 


1 1 1 
y = c1 + c2 cos 2x + c3 sin 2x + gal sec 21 + tan 2z| — Zz cos 2a + y Sin 2x In | cos 22] 
for —1/4 < z < 1/4. 


31. The auxiliary equation is m? — 2m? — m + 2 = 0 so yc = cie? + coe? + cge?” 


1 et e t e27 
W = |e? —e-* 26% = — be?” 
e? e t 4e?* 
Identifying f(x) = e4” we obtain 
0 et e? 
1 1 1 
uj = —À Hu DET mE O ex 92e" - ; 3e?* = ert 
—6e^* —6e?c E m Ach — Ge2x 
a 0 e27 
Uy = : 2 : = 0 2g" - l (- E z= Lg 
—6e2x —6e2x P ole qe? —Ge2z 
1 1 1 
uz = 6e2" 3 6e2% ^" —e-z 0 6e2* (=2e%) = ze 
= m x e * ca ks: 
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Then 

uy = —-e** 

1 
ig ae 

1 
ug = e 

1 3 l s ,- l op 2 
Thus y, — -c ee tee rd aa 


on (—090, 00). 


32. The auxiliary equation is m? — 3m? + 2m = m (m — 1) (m — 2) = 0 so ye = c1 + cse? + ege? 
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ef” and y = ce* +c9e7 


T 


1 e* e?* e* 
W=|0 e 2c” = 2e?" 
0 e? de 
e27 
Identifying f(x) = o we obtain 
0 x 2r 
l' 2e 2e | 2. | 2e" 14e% 21-e 21+e 
iret € 4e 
1 0 e” 
2 3 1 ee i Deir ez 
26997 26v go yn 2e" 1+e? Ier 
0 Ire e 
le 0 
s ï 1 A 1 67 1 | 1 e 
U3 = 5.35 3 3 0 e 0 = 3 Ex = — — 
2e? 2e"? a ez 2e% 1+et 21-ce* 21+e* 
0 e 1+e? 
Then 
1 1 
ui => In (1 +e*) 
ug = —ln 1 + e” 
ug = —~ ln (1 +e”) 
Thus 
1 LT 1 x E x 2x =g 
Yp = 1- p? -zra te?) | +e”-(—In(1 + e”)) +e”. | -= In(1 +e”) 


1 1 1 
ue eu In (1 +e”) -eIn(1 +e”) - zen (17) 


T 


33. 


34. 
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The auxiliary equation is 3m? — 6m + 30 = 0, which has roots 1 + 3i, so y, = e? (c1 cos 3a + 
c? sin 3x). We consider first the differential equation 3y” — 6y' + 30y = 15sin z, which can be 
solved using undetermined coefficients. Letting yy, = Acos x + B sin x and substituting into 


the differential equation we get 


(27A — 6B) cos x + (6A + 27B)sinz = 15sin z. 


Then 
27A —6B —0 and 64+27B=15, 


so A= — and B — >. Thus, Yp, = f cos x + > sinz. Next, we consider the differential 
equation 3y” — 6y' + 30y, for which a particular solution yp, can be found using variation of 


parameters. The Wronskian is 


e? cos 3x e” sin 3x 


2x 
, . = 3e 
e” cos 3x — 3e” sin 3x 3e* cos 3x + e” sin 3x 


W = 


Identifying f(x) = ie" tan x we obtain 


1 1 /sin?3 l /1— cos? 3 1 
x d M (==) ex (A) EE o aan 


so 
1 Ji 
“==> In| sec 3x + tan 3z| + 27 sin 3r. 
Next i 
Ud = 9 sin3x so u= T» COS 3a. 
Thus 
l z : E ras 
Up, = —2,€" cos 3z(ln | sec 3z + tan 3x| — sin 3x) — 77 © sin 3x cos 3x 


1 
==> €" (cos 3x) In | sec 3x + tan 3x| 
and the general solution of the original differential equation is 


y = e" (ci cos 3x + co sin 3x) + yp, (x) + yp, (x). 


The auxiliary equation is m? — 2m + 1 = (m — 1)? = 0, which has repeated root 1, so 
Yo = cie” + coxe”. We consider first the differential equation y" — 23! + y = 4x? — 3, which 
can be solved using undetermined coefficients. Letting yp, = Az? + Br+C and substituting 


into the differential equation we get 


Ag? + (—4A + Bl + (2A — 2B + C) = 42? — 3. 


Then 
A=4, —4A+B=0, and 2A—-2B+C=-3, 
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soA=4, B = 16, and C = 21. Thus, yp, = Az? + 16x +21. Next we consider the differential 
equation y" — 23 +y = x-e*, for which a particular solution Jp, can be found using variation 


of parameters. The Wronskian is 


E xe” 
W = 2x 
& qee © 
Identifying f(x) = e*/x we obtain u, = —1 and us = 1/z. Then uy = —z and us = ln z, so 
that 
Ups = pe^ +00 Inde, 


and the general solution of the original differential equation is 


Y = Ye + Ypı + Ypa =e + ore Az? + 16x +21 — ze* + re” lng 


= e” + cane" + da? + 162 + 21 + zre” lng 


The interval of definition for Problem 1 is (—7/2, 7/2), for Problem 7 is (—00, oo), for Problem 
15 is (0,00), and for Problem 18 is (—1,1). In Problem 28 the general solution is 


y = c1 cos (In x) + ca sin (In x) + cos (In z) In | cos (In z)| + (In x) sin (In x) 


for —7/2 < Ina < 7/2 or e < x < e7/?. The bounds on Inz are due to the presence of 


sec (In x) in the differential equation. 


2 4, 


We are given that y; = x? is a solution of zty” + x?y' — Ax?y = 0. To find a second solution 


we use reduction of order. Let y = z?u(x). Then e product rule gives 
y —a?w 42xu and y" = gu" + Axw! + 2u, 


SO 


ay” + z5y' — dy = x? (xu + 5u’) = 0. 

Letting w = u’, this becomes rw’ + 5w = 0. Separating variables and integrating we have 
d 5 
A de and In|w| 2 —5ln z + c. 
w z 


Thus, w = z^? and u = -ir. A second solution is then y» = z?z ^^ = 1/2?, and the 


general solution of the homogeneous differential equation is ye = cz? + c2 / z?. To find a 


particular solution, yp, we use variation of parameters. The Wronskian is 


1 
2 
W = i x = A 
2 : a 
mq — — 
m 
Identifying f(z) = 1/z^ we obtain uj = ix ? and uj = —iz !. Then uy = —ikx * and 
uo = -i In z, so 
Un = ate ——ra?- -— -r Ing 
P ^^ 16 16 
The general solution is 
" 1 1 
y = axl + — -— r lng 
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4.7 Cauchy—Euler Equation 


1. 


2. 


3. 


12. 


13. 


14. 


15. 


16. 


. The auxiliary equation is m? — 4m = m(m — 4) = 0 so that y = c1 + czt. 


. The auxiliary equation is 4m? — 1 = (2m — 1)(2m + 1) = 0 so that y = cix 


The auxiliary equation is m? — m — 2 = (m + 1)(m — 2) = 0 so that y = c1x^ + coz?. 
The auxiliary equation is 4m? — 4m +1 = (2m — 1)? = 0 so that y = cix? + cox? Ing. 


The auxiliary equation is m? = 0 so that y = c1 + cg ln z. 


4 


2 


. The auxiliary equation is m? + 4 = 0 so that y = cı cos (21n x) + co sin (21n z). 


. The auxiliary equation is m? + 4m + 3 = (m + 1)(m + 3) = 0 so that y = ex! + eax ?. 
. The auxiliary equation is m? — 4m — 2 — 0 so that y = c1z2- V6 + cox? * V6. 
. The auxiliary equation is m? + 2m — 4 = 0 so that y = ciz-itv5 + cox t- V5. 


. The auxiliary equation is 25m? + 1 — 0 so that y = c, cos (i In c) + co sin (i In x). 


1/2 -i 2 


+ coc 


. The auxiliary equation is m? + 4m + 4 = (m + 2? = 0 so that y = cz? + cox ? In x. 


The auxiliary equation is m? + 7m + 6 = (m + 1)(m + 6) = 0 so that y = cx ^1 + cox. 


The auxiliary equation is 3m? + 3m + 1 = 0 so that 


V3 af vu 
C1 COS ao +c sin E . 


*[ 


jag 12 


The auxiliary equation is m? — 8m + 41 = 0 so that y = z^ [c1 cos (51n x) + ez sin (51n x)]. 
Assuming that y = x"' and substituting into the differential equation we obtain 


m(m — 1)(m — 2) — 6 = m? — 3m? + 2m — 6 = (m — 3)(m? + 2) = 0. 


Thus 
y = c12? + c3 cos (V2inz) + c3 sin (v2inz), 


Assuming that y = x"' and substituting into the differential equation we obtain 


mim — 1)(m —2) --m —1 =m? — 3m? + 3m — 1 = (m — 1? = 0. 


Thus 


y = c2 + cozInz + cax (In z)?. 
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17. 


18. 


19. 


20. 


21. 
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Assuming that y = z"' and substituting into the differential equation we obtain 


m(m — 1)(m—2)(m —3) -- 6m(m — 1)(m —2) = m* — tm? +6m = m(m —1)(m — 2) (m --3) = 0. 


Thus 


Y =C1+C2T+ cax? + can? 


Assuming that y = z"' and substituting into the differential equation we obtain 


m(m—1)(m—2)(m—3)+6m(m—1)(m—2)+9m(m—1)+3m+1 = m4+2m?+41 = (m?+1)? = 0. 


Thus 


y = c1 cos (In x) + ca sin (In x) + c3(1n x) cos (In x) + ca(In x) sin (In x). 


The auxiliary equation is m? — 5m = m(m — 5) = 0 so that ye = c1 + cox? and 


l x 
Ww 5) _ EP! 
(1,2°) = | 524 = bz 
Identifying f(x) = a? we obtain u; = —iz and ul = 1/5r. Then uy = —gz2?, uy = EInz, 


and 


5 


1 1 1 
yc tox? — ar + so Ine =C1 + 32° + zr dna. 


25 

The auxiliary equation is 2m? + 3m + 1 = (2m + 1)(m + 1) = 0 so that y. = cz! + cox"? 
and 

EST q 1/2 


Ww oe?) = 1 = ls 
m rr 2 


Identifying f(x) = 4 — + we obtain ul = x — 2? and ub = 23/2 — 31/2, Then u, = 132 — 423, 
27 9x 1 2 2 3 


a D 2.2/2 


The auxiliary equation is m? — 2m + 1 = (m — 1)? = 0 so that ye = cix + coz ln g and 


a [vr «lng | _ 
W(nz)- 1 14-hz| | 
Identifying f(z) = 2/x we obtain u} = —2(Inz)/z and uw, = 2/x. Then uy = -(Inz)?, 


uz = 21n z, and 


y = ax + cozInz — z(In z)? + 2z(In z)? 


= &x + cox In z + z(In z)?, xz 0. 
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22. The auxiliary equation is m? — 3m +2 = (m — 1)(m — 2) = 0 so that ye = cix + cox? and 


21 |e T 2 
W (a,x ) =l 9 F 
Identifying f(x) = xe” we obtain uj = —z?e* and ul = ze”. Then uy = —z?e* + 2xe* — 2e, 


ug = re” — e”, and 


y = cix + cg? — a?e* + 2x7e* — 2re? + ade” — r'e” 


= cr + cox? + xe" — 2xe”. 


23. The auxiliary equation m(m — 1) +m — 1 = m? — 1 = 0 has roots mı = —1, ma = 1, so 


Ye = cim |. + cox. With y1 = x1, yo = z, and the identification f(x) = In z/z?, we get 


We3a, W, = — (ln z) /z, and W = (ln z) /z?. 


Then u| = W/W = —(Inz)/2, wu, = W2/W = (Inz)/2z?, and integration by parts gives 


1 1 | 
= zT — ng 
ui ye 37 
u;—-—-z Ing — a, 
so 
+ 1 1 1 Ay 1 -11 Í a j 
= = | =x — -rln g =ni nr= g s==!1.% 
Up = U1Y1 + U2Y2 NE z 5 2 
and 
y = yc t yp = cz | + coz — lng, x> 0. 
24. The auxiliary equation m(m — 1) + m — 1 = m? — 1 = 0 has roots mı = —1, ma = 1, so 


Ye = cux 1 + coz. With y1 = xz ^1, ya = x, and the identification f(x) = 1/z?(x + 1), we get 


W 22x, W,=-l1/e(e+1), and Wo=1/23(x+1). 


Then uh = W1/W = —1/2(x +1), uy = Wa/W = 1/2xz?(x + 1), and integration (by partial 


fractions for us) gives 


uj = —-ln (z + 1) 
1 1 
u)——52'-glnz-;lnn(z- D, 
So 
1 =1 —1 il 1 
Up = U1Y1 + U2Y2 = -5ln(z +1) ae Pee ~5ine+ sin +1) By 
i 1 weti 1.1 IN dn(z4 1) 
zu ss 57! yl cds 
D E 2n E 2x 5+ ge ( n ) 2x 
and 
= 1. 1 1 In (x+ 1) 
EAS A -=+ -rln | 1+- ]-— À r>0 
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25. The auxiliary equation is m? + 2m = m(m + 2) = 0, so that YA 
y =c1 + coz ? and y! = —2c9x~3. The initial conditions imply t 

cy tc. — 0 

—2c9 =A 


Thus, cı = 2, c = —2, and y = 2 — 2x ?. The graph is given to the 
right. 


26. The auxiliary equation is m? — 6m +8 = (m — 2)(m — 4) = 0, so that 
y—cx?^-cxr^ and y =2c11 4 4er’. 


'The initial conditions imply 


4c, + 16c9 = 32 
4c, + 32c9v = 0. 


Thus, c4 = 16, c = —2, and y = 16x? — 2x*. The graph is given to 


the right. 
27. The auxiliary equation is m? + 1 = 0, so that YA 
y = c4 cos (In x) + ca sin (In x) 
and i i 
y = —c1— sin (In z) + c&2— cos (In z). 
z y 


The initial conditions imply c; = 1 and cp = 2. Thus y = cos (In z) + 2sin (In z). The graph 
is given to the right. 
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28. The auxiliary equation is m? — 4m + 4 = (m — 2)? = 0, so that YA 
y—c«az?^-c?lnz and y =2c11 + co(x +2x1n 2). 


The initial conditions imply c; = 5 and c2 + 10 = 3. Thus 
y = 5a? — Ta? ln x. The graph is given to the right. 


29. The auxiliary equation is m? = 0 so that y. = c1 + c;ln z and y 
1 Ing 1 "s 
W (1,1 = 1 |=- 
(inz)=|, 1 [== 
x 
10 
Identifying f(x) = 1 we obtain vw, = —rlnz and uy = x. Then 
uy = iz? — iz? lng, us = ir, and 
5 
Io 125 l 2 l 2 
Y = & telat -rl — —rz^lnr-czzr^lhnz-c-ccolmnz-c-zx. 
4 2 2 4 
The initial conditions imply c4 + i = ] and ca + > = -$. Thus, t 
C1 = i. cg = —1,and y = 3 — lng + 42". The graph is given to the 
right. 
30. The auxiliary equation is m?—6m+8 = (m—2)(m—4) = 0, yA 
so that yc = c1z? + cox* and 0.05 
2,4 T 
2,4) E | 5,5 
Wira) =|), 43 = 2 . 
-1 1 X 
Identifying f(x) = 8x* we obtain u} = —4z? and uh = 4x. Then uj = —z*, uz = 22, and 


y = cz? + coa? + 39. The initial conditions imply 


1 I 

19 t 1g? = 64 
1 3 

«qt 3€2—-—1$8: 


Thus cy = + ,Q= —4 , and y= ic? — za + 19. The graph is given to the right. 


31. Substituting x = el into the differential equation we obtain 


227 


228 


32. 


33. 


34. 


35. 
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The auxiliary equation is m? + 8m — 20 = (m + 10)(m — 2) = 0 so that 


—10t 


y = cie I + euet 


or y= cr + cox?. 


Substituting z = e! into the differential equation we obtain 


2 
Y ig» 


25y = 0. 
de? qn Y 


The auxiliary equation is m? — 10m + 25 = (m — 5)? =0 so that 


y= ce + este? or y= cix? + eoa? In x. 


Substituting x = e into the differential equation we obtain 


dy dy z% 

— +9— +8y =e”. 

ae ag we 
The auxiliary equation is m?+9m+8 = (m+1)(m+8) = 0 so that y. = c1e^! +c2e7%. Using 
undetermined coefficients we try y, = Ae”. This leads to 304e? = e% so that A = 1/30 and 


1 1 
y= cet + eye 9t + age or y= et + cae + 307 


Substituting x = e! into the differential equation we obtain 


d'y dy 
=> — 0 —— + by = 2t. 

dg ^g» 

The auxiliary equation is m? — 5m +6 = (m — 2)(m — 3) = 0 so that y. = cie?! + coe?*. Using 
undetermined coefficients we try yp = At + B. This leads to (—5A + 6B) + 6At = 2t, so that 
A — 1/3, B — 5/18, and 


1 5 il 5 
y=ce t oe * zt 1s Or y =a? +00" + lng + qs 


Substituting z = e into the differential equation we obtain 


dy dy t 
— — 4 — + 18y = 4 + 3e. 
dB dt + 15y + 3e 


The auxiliary equation is m? — 4m + 13 = 0 so that ye = €?'(c cos3t + ca sin 3t). Using 


undetermined coefficients we try yp = A+ Be. This leads to 134 + 10Be! = 4 + 3e!, so that 
A = 4/13, B = 3/10, and 


4 3 
2t : t 
= 3t + 3t) + + 
y = e” (c1 cos ca sin 3t) 13 ^ 10 € 


or 
4 3 
y = z? [ei cos (31n £) + ca sin (31n z)] + 5 + 197 


36. 


37. 
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From 
d^y _ i d^y dy 
dr? x? \ dt? dt 
it follows that 
dy o ld d^y dy 2 (dy dy 
dr? x? dx \ d dt zx? \dt? dt 
1d d^y 1 d (dy 2 d'y, 2 dy 
. z? de \ dt? x? de \ dt a3 dt? r? dt 
1 dy fl 1 dy (1 2 dy 2 dy 
— z? di? Vx x^ de \ x r9 di? x? de 
| fd a d 
g9 X dí? dt? dt 
Substituting into the differential equation we obtain 
dy „dy dy dy dy dy 
— — 3 — +2 — -3| —= —- — | +6 — -6y = 3+ 3t 
us ae a E a) q Ed 
B d? d? d 
y y y 
— — 6 — +11 — — by = 3 + 3t. 
dt? ap gw w4—97 
The auxiliary equation is m? — 6m? + 11m — 6 = (m — 1)(m — 2)(m — 3) = 0 so that 
Yo = ce! + coe?! + eze”. Using undetermined coefficients we try Yp = A+ Bt. This leads to 
(11B — 6A) — 6Bt = 3 + 3t, so that A = —17/12, B = —1/2, and 
LZ 17 1 
y= cet | coe?! | cse?! 19 zt Or y= ct F cox? + Car? — 19 — > In x. 
In the next two problems we use the substitution t = —ax since the initial conditions are on the 


interval (—00,0). In this case 
dy dy dx dy 
dt dedt dz 
4 (4) -4(-2)- d ies dy dr  @y dr dy 
m — = == RN >= A 


and 


di2 dt \ dt dr dt dx? dt  dx2' 


The differential equation and initial conditions become 
d^y 
A E = 0; ) v: (0) = —4. 
3B ^U yt) yt) | 


The auxiliary equation is 4m? — 4m + 1 = (2m — 1)? = 0, so that 
1 1 
y= c t? + cot? Int and y = Jae + Ca Ga + re In ) : 


The initial conditions imply c; = 2 and 1 + c2 = —4. Thus 


y = A? — 5t? lnt or y—2(-z)!2 —5(-z)?In(-x), «<0. 
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38. The differential equation and initial conditions become 


d?y dy 

2 / 

—> — 4t — + 6y = 0; t = = 

t de t di 6y—0; y(t) -— 8, y(t) -— 0 


The auxiliary equation is m? — 5m + 6 = (m — 2)(m — 3) = 0, so that 


y= ct? + cot? and y =2c1t+ 3cat?. 


The initial conditions imply 


4c) + 8c2 = 8 
4c; + 12c9 = 0 
from which we find cı = 6 and cp = —2. Thus 


y=6?-2% or y=6r? +2, <0. 


39. If we force the function y = (x — (—3))™ = (x +3)” into the equation we get 
(x +3).y" — 8(z -- 3)y' + 14y =0 
(2 +3)m(m-— 1)(z +3)? — 8(z + 3)m(z + 3)™ 1 + 14(z +3)” =0 
(x + 3)™[m? — 9m + 14] = 0 
(x + 3)" (m — 2)(m — 7) =0 


The solutions to the auxiliary equation are therefore m = 2 and m = 7 from which we get 
the general solution y = ci (x + 3)? + co(x +3). 


40. If we force the function y = (x — 1)” into the equation we get 


(z — 1)’y" - (z - 1)y + 5y =0 
(z — 1? m(m — 1)(z — 1)? — (x — 1)m(z — 1)! + 5(z — 1)" =0 
(z — 1)"[m? — 2m + 5| = 0 


The solutions to the auxiliary equation are therefore the complex roots m = 1+2i from which 


we get the general solution y = ci(z — 1) cos (21n (x — 1)) + ca(x — 1) sin (21n (x — 1)). 
41. Letting t = x +2 we obtain dy/dx = dy/dt and, using the Chain Rule, 


dy d (2. u d^y dt u dy u dy 


d? dr dt) de de  dB^^ de 


Substituting into the differential equation we obtain 


d'y dy 


The auxiliary equation is m? + 1 = 0 so that 


y = c4 cos (In 2t) + ca sin (In 2t) = c» cos [In (x + 2)] + ca sin [In (x + 2)]. 


42. 


43. 


44. 


45. 


46. 


4.7  Cauchy-Euler Equation 


Letting t = z — 4 we obtain dy/dx = dy/dt and, using the Chain Rule, 


dy d (5) _ dy dt dy dy 


Ge ae a) ae re 


Substituting into the differential equation we obtain 


d? d 
Pos - StF + 9y — 0. 


The auxiliary equation is m(m — 1) — 5m +9 = m? — 6m + 9 = (m — 3? = 0 so that 
mı = m» = 3. Then 


y = ct? + cot? Int = c (x — 4)? + c (x — 4)? In (a — 4). 
Since the leading coefficient as(r) = (x — 4)? 4 0 for every value of x satisfying z > 4 we may 
take the interval of definition of the general solution to be (4, oc). 
If 1— i is a root of the auxiliary equation then so is 1 + i, and the auxiliary equation is 
(m — 2)[m — (1 + i)]|[m — (1 — 4)] = m? — 4m? + 6m — 4 — 0. 
We need m? — 4m? + 6m — 4 to have the form m(m — 1)(m — 2) + bm(m — 1) + cm + d. 


Expanding this last expression and equating coefficients we get b = —1, c= 3, and d = —4. 


Thus, the differential equation is 


n 


zy" — yy" + 3xy! — 4y = 0. 
For z?y" = 0 the auxiliary equation is m(m — 1) = 0 and the general solution is y = c4 + coz. 
The initial conditions imply c; = yo and co = y1, so y = yo + yıx. The initial conditions are 


satisfied for all real values of yo and y1. 


For z2y" — 2xy' + 2y = 0 the auxiliary equation is m? — 3m + 2 = (m — 1)(m — 2) = 0 and 
the general solution is y = cz + coz?. The initial condition y(0) = yo implies 0 = yo and the 
condition y'(0) = y; implies c = yı. Thus, the initial conditions are satisfied for yy = 0 and 


for all real values of yy. 


For z?y" — 4xy' + 6y = 0 the auxiliary equation is m? — 5m +6 = (m — 2)(m — 3) = 0 and the 
general solution is y = c1z? + coz?. The initial conditions imply y(0) = 0 = yo and y'(0) = 0. 


Thus, the initial conditions are satisfied only for yo = yı = 0. 


The function y(x) = —4zcos(21nz) is defined for x > 0 and has z-intercepts where 
21nz = -/2 + km for k an integer or where x = e7/^t*7/2, Solving 1/4 + kn/2 = 0.5 
we get k = —0.18, so e7/?**7 < 0.5 for all negative integers and the graph has infinitely many 


z-intercepts in the interval (0, 0.5). 
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47. (a) Multiplying by r? we have 


dw H" ld^w 1 dw q 
drá rdr? T2dr 2D 


3 Ëw > Êw dw d 4 


de ode dp 3D 


This is à nonhomogeneous third-order Cauchy-Euler differential equation. We first solve 


the homogenous equation. The auxiliary equation is 


Therefore mı = ma = 0 and ma = 2. Then the complementary function is 

we(r) =c1 +c21nr + c3r?. To use variation of parameters we must use the first form of 
the differential equation and identify f(r) = qr/2D. By (10) of Section 3.5 we identify 
yı = 1, y2 = lnr, and y3 = r°, and expand each of the four determinants by the first 


column: 


0 lar r? 
1 , lar r? 7 
=| 0 = |= zx od Wynn E 
WA di T ap" 1 A 2D (2r lnr-r ) 
q T 
E —— 2 
2D" r2 
1 r? 
0 2r 
Wap 0 B5 e 
q -——r 2 D 
0 =r 2 2D 
2D 
1 1 
nr 0 1 
o + o r 9 g 
Ws = T ==]. 1 q i = 3D 
s E om r? 2D 
r? 2D 
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Then 
A r(2rlnr —r) 
ul es 2D — 4 8inp_ “78 
" 
| 2 
LD adl 
^ W 4 "4D 
r 
Wi ES 
1 3 2D q 
== =p" 
r 
and 
EE Inr — au r^ (integration by parts) 
16D 64D 
"S A 
26D 
4 2 
"= X8D 


Thus a particular solution is 
d 4 Jq 4 ( q a 4d 5Y » d 4 
—[—rinr- -1l+ [(- Inr + E 
wplr) (5 ii 64D " ) 16D "y 64D i 64D j 


Therefore the general solution is w(r) = we(r) + wp(r) or 


= 1 2 q A 
w(r) = c +c21nr + cgr* + sD" 
(b) Taking the derivative of w we have 
q r3 


16D 


The condition w'(0) = 0 requires cz = 0. Using the condition w'(a) = 0 gives 


w'(r) — B 2c3r + 
r 


0 = 2c3a + m a? 


16D 
m q 2 
a 32D 
So, 
| 8 229 q 4 
uysa- ta 
Using the condition w(a) = 0 gives 
-eo Lat La 
oeann Fup 
C1 os at 
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Therefore 


~ 64D" 32D" 64D. . 64D 


w(r) = q at q 2,2 q "NE q (a? 2)? 


48. (a) Using the product rule twice, the left-hand side becomes 


49. 


50. 


51. 


dilad dw o dji d^w dw od d^w 1 dw 
dr|rdrA Tr) dr|r V d? ^ dr)| dr|d? rr 


u Ëw 1 dw 1 dw 


~ dr3 a dr? r? dr 
This is the left-hand side of equation (8). 


(b) Integrating both sides with respect to r gives 


d d. 
dr z ~ 2D 
l d w q 9 
We gp ne 
d dw 1 3 
a (re) = 717 e 
_ 4 a 01, 
m ort SP eG 
dw _ 1 "uum +2 
dr 16D" 2 


9 2 Ca 
wir) =p" + "ud + Colnr + C3. 


Relabeling cy = C3, co = Ca, and c3 = C1/4 shows this is the same as the general 
solution obtained in part (a) of Problem 47. 


The auxiliary equation is 2m(m — 1)(m — 2) — 10.98m(m — 1) + 8.5m + 1.3 = 0, so that 
mı = —0.053299, ma = 1.81164, m3 = 6.73166, and 


y = cq 0059299 | o, LL81164 | (673166. 

The auxiliary equation is m(m — 1)(m — 2) + 4m(m — 1) + 5m — 9 = 0, so that m4 = 1.40819 
and the two complex roots are —1.20409 + 2.222917. The general solution of the differential 
equation is 


y = c441 40819 4 7120409 (o cos (2.22291 In x) + cz sin (2.22291 In z)] . 


'The auxiliary equation is 


m(m — 1)(m — 2)(m — 3) + 6m(m — 1)(m — 2) + 3m(m — 1) — 3m + 4 = 0, 


4.7 Cauchy—Euler Equation 


so that m, = m3 = V2 and mg = m4 = —v2. The general solution of the differential 


equation is 


y= ca + coz V? ln x + car V2 + caz- ? In dm 


52. The auxiliary equation is m(m — 1)(m — 2)(m — 3) — 6m(m — 1)(m — 2) + 33m(m — 1) — 
105m + 169 = 0, so that mı = ma = 3 + 2 and ma = m4 = 3 — 2i. The general solution of 


the differential equation is 


y = x? [c cos (21n £) + cz sin (21n z)] + 2? In x [c3 cos (21n x) + ca sin (21n z)] . 


53. First solve the associated homogeneous equation. From the auxiliary equation 


(m — 3)(m — 2)(m +1) = 0 we find yc = cia? + coz? + c3a~!. Before finding the particular 


solution using variation of parameters, first put the differential equation in standard form by 


dividing through by z?. We therefore identify f(x) = z-!. Now with y; = 2%, y» = x”, and 
Y3 = xT! we get 
r’? ge gc 0 uw g! 
W = |3? 22 —r7?| = —12z, Wi=| 0 25 == *|=-=3x, 
6r 2 245 a? 2 29^? 
r’ 0 p^ r? x^ 0 
Wo=|322 0 —*=4 W3 = 3x? 22 0|=-a? 
6x q^ S? 61 2 a! 
W. 1 W -1 W. 2 
Therefore u = P = a us = "m E. and uz = P = = The integrals of these three 
functions are straight forward: uj = —1/4z, uz = — (ln x) /3, us = 2?/36. The particular 
solution is 
i. 4 a z?lnnz " q? 
=U UW = — — == 
Yp 1Y1 2Y2 T U3Y3 4 3 36 


23? a? Ine 
9 3 


Finally, because —21?/9 can be absorbed in the coz? term the general solutions is 


p zs 


Y = Ye + yp = ex? + coa? + 0307? — 3 ^ x> 0. 
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1. 
7 E 
y" — 16y = f(x) 
y" — 16y =0 
yi 2e, yy ef? 
—4. 4 
W (et e") = E d e —8 
5 —4e-4* Aet 
Ga t) 7 e fett e 4% At 1 
P 8 8 
1 x 
ua) == f [5699-6] roa 
To 
2. 
y" + 3y' — 10y = f(z) 
y" + 3y’ — 10y = 0 
y=e", y=e*" 
7 e2t e ot 
W (g^ ve "e| = De2# —5e 57 
2t ,—5x 2x 4,—5t 
€ € ETE 
jll x 
yp(x) = =J [ec —5( — | f(t) dt 
7 A 
3. 


y" +2y' +y = f(z) 
y + 2y'+y=0 


x x 


yi=e", y-ze 
=£ =f 
€ xe 
W (e, re”) = 
( i ) er ze ? 4 
e*re*-e *te 
G(x,t) = 


4.8 Green’s Functions 


et/2 qet/? E 
— € 
le? ige*/? + et/2 


et/2 2/2 = e®/2tet/2 


G(x, t) = — = (m — jjoto- 9 


we) = [age OPT a 


y" +9y= f(x) 
y" + 9y =0 


Yı = cos 3x, Y2 sin3c 


cos 3x sin 3x 
—3sin3r 3c0s3x 


W (cos 3x, sin 3x) = 


cos 3t sin 3x — cos 3x sin 3t 1 


Gat) = 3 xi sin 3(x — t) 
x 
ia) = Fi sin 3(x — t) f (t) dt 
zo 
y” — Y + 2y = f(x) 
y” — 2y +2y=0 
yı = e” cosg, y= esing 
e” cos x e” sin x m 


W (e? cos x, e" sin x) = 


—e” sinz +e” cosx e*cosr--e*sinz| — 


t DS x bes 
e coste” sin x — e” cos xe’ sin t T 
G(x, £) = ————_,,—__——__ —e tsin (x — t) 


€ 
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10. 


11. 


y" — 16y = xe % 


Y = Ye + Up 


y = ce * + ce" 4 
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y= qe E coe t ij 


y" + 3y' — 10y = z? 
Y = Ye + Yp 


y = cie? + ce 97 


y = qe? + cee? 


y + 2y +y =e 
Y = Ye + Yp 


1 x 
ES f sinh 4(x — t)te ?' dt 


le Up 


1 x 
=J [ere Lg 96-9] 42 gi 


y = ae ^E ^ + Yp 


x 
y=ce ^-ccore * «f (x — the" et dt 
x 


Ay" — 4y' + y = arctan x 
Y = Ye + Up 


y= cie? + eo get? 


y= cie? + coxe? 


y! +9y =z +singz 
Y = Ye t Up 


m" Up 


+ f (x — tee arctan t dt 


y = c1 cos 3x + c» sin 3z + Yp 


T 


1 
y = G cos 3x + c? sin 3x + J sin 3(x — t)(t + sint) dt 


TO 


4.8 Green’s Functions 


12. 


y" — 2y' + 2y = cos? x 


Y = Ye + Up 


z Bi 3 
y = cie” cos £T + cae” sin z + Yp 


x 
y = ce” cos z + ce” sin z = f e) sin (x — t) cos? t dt 
xo 


13. The initial-value problem is y" — 4y = e°”, y(0) = 0, y'(0) = 0. Then we find that 


—2x 22 
y-—ec , y2-—€ 
—2x 2x 
€ € 
We eru = 4. 
( ? ) 2e-2* 2e2x 


The 2t 2 22,2 
= X p—=2T 2b 


and the solution of the initial-value problem is 


ll T 
Yp z) = if err e a e% dt 


1 i 1 E 
= lg dt — jo] e* dt 
4 0 4 0 


BI] re 


Then 


and the solution of the initial-value problem is 


m) = f (et n 


=e | eta- | dt 
0 0 


—eU—q-]. 
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15. The initial-value problem is y" — 10y' + 25y =e”,  y(0) — 0, y'(0) — 0. Then we find that 


y=, y= re" 


5x 5x 


€ LE 10x 


W (e?*, xe”) = = 
( ? ) 5e? Breet + eð? 


Then 
ert edt — ettet 


10% = (x — Heh) 
€ 


Gat) = 


and the solution of the initial-value problem is 


Sol) = / (x — t)e9 (070 e5 dt 


0 
x E 
= net [ a- e f t dt 
0 0 


1 
205m _ 2 0257 


Il 
8 
a 


16. The initial-value problem is y” + 6y' + 9y = z, y(0)=0, y'(0) =0. Then we find that 


y = gt yo = ze 3 
—3x —3x 
—3x —3x e Te —6x 
W (e re = E B NEL EM 
( , ) —3e 31 —3x1e 32 +e 32 
ani 3t 3 3 3t 
exe — ete ALS 
G(a,t) = ——————— ———— = (x — t)e 3(2—t) 


e- 6t 


and the solution of the initial-value problem is 


/ (x — the ED dt 
0 


x x 
ge] te?! dt — ui | fa? dt 
0 0 


yp(x) 


Il 
| 
Ww 
8 
+ 
| 
8 
O 


17. The initial-value problem is y” + y = csczcotz, y(m/2) = 0, y'(1/2) = 0. Then we find 
that 


Yı = COST, qyo-sinzcz 


: cosx sing 
W (cos x, sin z) = 


—sinx cosg 


4.8 Green’s Functions 


Then 


G(z,t) = costsin x — cos z sin t = sin (x — t) 


and the solution of the initial-value problem is 


x 
yp (2) = f (cos tsin z — cos z sin t) csc t cot t dt 
T/2 


x x 
-sinz | cot? tdt — cosa | cot t dt 
7/2 7/2 


x zr 
= sino f (esc? t — 1) dt — cosa f cot t dt 
7/2 7/2 


; T ; 
ena (—cot « -r+ z) — cos z ln | sin z| 
; T. : 
= —cosz —zsinz-d y sing — cos x ln | sin z| 


T, : s 
= —cosz+ 7 sing — using — cos x ln | sin z|. 


18. The initial-value problem is y” + y = sec? z, y(a) — 0, y/(7) =0. Then we find that 


Yı = COST, yo=sing 


cosx sing| | 
— sing cosg 


W (cos x, sin x) 


Then 


G(z,t) = costsinz — cos z sin t = sin (x — t) 


and the solution of the initial-value problem is 
T 
YE) = f (cos t sin x — cos z sin t) sec? t dt 
T 


x HH 
-sinz | sectdt — cosa | sect tan t dt 
T TE 


= —cosz — 1 + sin z ln | sec x + tan z|. 


19. The initial-value problem is y" — 4y = e?”, y(0)=1, y'(0) = —4, so y(x) = c1e ?* + cze”. 


The initial conditions give 


a+t+a= 4 
—2c1 + 2c2 


I 
| 
d 
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20. 


21. 


22. 


23. 
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so cy = 3 and c9 = 3, which implies that y, = he7? — ser Now, yy found in the solution 


of Problem 13 in this section gives 


= = 3 —2x 1 2x 1 2x 1 2x —2x 
Y — Un + Vp = 5€ a + aL” 16^ t 16* 

— 25 —2-x 9 2x 1 2r 

= 16 16° + 175 . 


The initial-value problem is y" — y' = 1, (0) = 10, y'(0) = 1, so y(x) = c1 + coe”. The 


initial conditions give 


cy + co = 10 


Ca = 1, 


so c1 = 9 and c2 = 1, which implies that y, = 9 + e”. Now, y, found in the solution of 
Problem 14 in this section gives 


Y=YH+Yp=9+ e + (e*-x-1)=8+2e* — x. 


The initial-value problem is y" — 10y' + 25y = e, y(0) = —1, y(0) = 1, so 


y(x) = ce” + coxe”. The initial conditions give 


C] = —1 
50a +e= 1, 
so c1 = —1 and cz = 6, which implies that y, = —e?* + 6xe?*, Now, yp found in the solution 
of Problem 15 in this section gives 
5r | 5x | 2,57 


Y = yn + Yp = —€ + Ore 


The initial-value problem is y” + 6y/+9y=2, y(0) =1, y'(0) = —3, so 
y(x) = ce + coze 7". The initial conditions give 
C] = it 


—3c1 + c9 = —8, 


so cy = 1 and c2 = 0, which implies that y, = e^?*. Now, yp found in the solution of Problem 
16 in this section gives 


2 1 2 1 29 1 z 2 1 
= af — e 3* A ESO Coe ne m SO) a= aco Se SOE E = 
Y = Un + Up + (5 F gt 27 + 9 7 T T 27 EE ge 
The initial-value problem is y" + y = cscrcotz, gy(»/2) = —-5, y (1/2) = —1, so 
y(x) = c1 cos x + cosin x. The initial conditions give 
T 
C2 = 73 


===>, 
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TE 


so c; = 1 and c? = —4, which implies that y, = cos x — 5 sin x. Now, yp found in the solution 


of Problem 17 in this section gives 
To, T. Ls : n 
Y = yn + yp = COS T — 5 sing + (—cosx + y sing — using — cos z ln | sin z| 
= —r sin x — cos 7 ln | sin z|. 


24. The initial-value problem is y” + y = sec? z, y(r) = >, y (7) = —1, so 


y(x) = cy cos x + cosin x. The initial conditions give 


1 
—(Qq = = 
1o 2 
=C) = —1, 

so c = => and c2 = 1, which implies that y, = —%cosx + sing. Now, Yp found in the 

solution of Problem 18 in this section gives 
1 
Y= Yr F Yp = -730087 + sina + (—cosz —1--sinzln|secz + tan z|) 


3 
= -7087 + sing — 1 +sinzln|secx + tan z|. 


25. The initial-value problem is y” + 3y + 2y = sine”, y(0) = -1, y(0) = 0, so 
y(x) = ce^* + coe 7". The initial conditions give 


q+ @=-l 
=. = 2c2 = 0, 
so cy = —2 and cy = 1, which implies that y, = —2e-* + e-?*. The Wronskian is 
e E et e * Hu 
W (e ea =) = yee Bm = —e 3m 
t,—2z x,—2t 
e "e ^" — e Te 
Then G(z,t) = — =P 
—e 
HH 
uis) 1 (e * et — ee?) sin é dt 
0 


z HH 
=e” / e sin e die Y 1 e” sin el dt 
0 0 


e * (— cose” + cos 1) — e ?* (—e" cose” + sine” + cos 1 — sin 1) 


e * cos 1 + (sin 1 — cos 1)e ?* — e ?* sin e”. 


The solution of the initial-value problem is 


Y = yn + yp = —2e * + e7’ + (e™” cos 1 + e?" (sinl — cos 1) — e ?^ sin e”) 
= (cos 1 — 2)e™” + (1 + sin 1 — cos1)e ?* — e? sin e”. 
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26. The initial-value problem is y” + 3y/ + 2y = ire 
e 
c1€^? + coe?*, The initial conditions give 


c+ c9 —0 


== 2c9 = 1, 


so c4 = 1 and c» = —1, which implies that y, = e-* — e~?*. The Wronskian is 

=T —2x 
is e e —3x 
W (e *,e = B =-e 7m 

( > ) —e x —9e 2x 
t,—2x T,—2t 
ete ** — eg Te - 2 
Then G(z,t) = ———__,—— = e Tet ee so 
—e” 


T ; "E 1 £ et " x e?t 
= Tee **)_—_ dt =e * | — dt-e |] ——dt 
Uli) | (ete — ee lira e [ gm: e [ EF 


e™”[in (1 +e”) — e |e” — In (1 +e”) 14 112] 
= e™®(—1 — ln2) + (1 — lIn 2)e™?™ +e In (1+ e”) +e In (1+ e”). 


The solution of the initial-value problem is 


Yy =ynr typ =e" —e 4 [e *(-1—- n2) + (1 e do eo ln (1+ e”) te in (i + e*)| 
= —(In2Je^* = (In 2)e 7* + e™” ln (1 + e”) He" In (3 +e). 
27. The Cauchy-Euler initial-value problem z?y" — 2zy' + 2y = z, y(1) = 2, y'(1) = —1, has 


auxiliary equation m(m — 1) — 2m + 2 = m? — 3m + 2 = (m — 1)(m — 2) = 0 so m; = 1, 


my = 2, y(x) = cya + coz? , and y' = cy + 2cox. The initial conditions give 


qt Q= 2 
€1 + 2co = —1, 
so c4 = 5 and c2 = —3, which implies that y, = 51 — 3x”. The Wronskian is 
2 
ay _ [Y T | ,2 
W (ae) = 1 2g 5 
ta? — rt? -t 
Then G(z,t) — — = mE From the standard form of the differential equation 


1 
we identify the forcing function f(t) — D Then, for x > 1, 


p(x) = PEL La 


1 t 
T1 e] 
2 at-a f dt 
1 t 1 t 


1 
=" (- + 1) — z(Inz — ln 1) 
2 
2 


—gz^—gy-—mmlnz. 


28. 


29. 
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The solution of the initial-value problem is 


2 


y = Yh + Yp = (bx — 327) + (x —r-—zlnz)-4z— 27? — rln zr. 


The Cauchy-Euler initial-value problem z?y" — 2zy' + 2y = rlnz, y(1)=1, y'(1) = 0, has 
auxiliary equation m(m — 1) — 2m + 2 = m? — 3m + 2 = (m — 1)(m — 2) = 0 so mı = 1, 


ma = 2, y(x) = cix + cox”, and y! = cı + 2cox. The initial conditions give 


a+ c9—1 
cy + 2c2 = 0, 
so cy = 2 and c2 = —1, which implies that y, = 2x — 22. The Wronskian is 
wor zz 
A O |5 
ta? — xt? -t 
Then G(z,t) = =- = La From the standard form of the differential equation 
lnt 


we identify the forcing function f(t) = uU Then, for x > 1, 


Tolz =t) Int B z] 
la) = f ea mas mtdt- e | — at 
1 j i 


1 1 1 1 
= q? (= E 1) =T (50127) —a?—z—zlnz— -z(Inz)^. 
x 2 2 


The solution of the initial-value problem is 


1 1 
y = yn + Yp = (2x xz?) + | z? — r—zhnz--lz(mz?|-z-zlmnz--z(nz)y. 
i 2 2 


The Cauchy-Euler initial-value problem z?y" — 6y —Inz, y(1) — 1, y'(1) = 3, has auxiliary 
equation m(m — 1) - 6 = m? — m — 6 = (m — 3)(m + 2) = 0 so mi = 3, ma = —2, 


y(x) = ca? + cox ?, and y' = 3e? — 2c3z ?. The initial conditions give 


cy + C9 —]1 


3C1 = 2ca = 3, 


so c4 = 1 and c2 = 0, which implies that y, = z?. The Wronskian is 


3 —2 


3x? —2479 D 


W ea) = 
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By? — 34-2 1/B 3 
Then Cop = eee Lar 
T t 


5 5 ). From the standard form of the differential 


Int 
equation we identify the forcing function f(t) = A Then, for x > 1, 


2 
9141 — x 
=) ES 
yp(x) | de =) "m 


1 a f" Loud a 
——-mgy tintdt 4- 2x t lntdt 
5 1 5 1 


1 4 a d cde 
= — — — lng — =r 4 — — — —r 
20 10 20 45 15 45 

1 1 1 
A NNI E M 
e 49^ — 3g" 


The solution of the initial-value problem is 


1 1 1 1 46 1 1 1 
y-u (gina a) = |g’ — —r? + — — -lnr. 


30. The Cauchy-Euler initial-value problem z°y” — xy 4- y = 27, y(1) = 4, y/(1) = 3, has 
auxiliary equation m(m — 1) — m + 1 = m? — 2m + 1 = (m — 1? = 0 so m = ma = 1, 
y(x) = ez + cor Ina, and y' = cy + c2(1 + In z). The initial conditions give 


ca=4 
Cc1+C=3, 
so c1 = 4 and c2 = —1, which implies that y, = 4x — xln x. The Wronskian is 
r «le 
W (z,zlnz)-— i dates = 
telna — «tint f ] 
Then G(x,t) = —————— —— = elnz — rlnt. From the standard form of the differential 


equation we identify the forcing function f(t) = 1. Then, for x > 1, 


wa) = f (cing - zInt)dt - zlnz f d-a f Int dt 
1 1 1 


2 


= gln g(x — 1) — z(xln g — z + 1) = z^ — q — rln z. 


The solution of the initial-value problem is 


Y = Un t yp = 4x zlnz- (a? Jm zlnz) = z? + 3a — 2x In x. 


4.8 Green’s Functions 


31. The initial-value problem is y" — y = f(x), y(0) = 8, y'(0) = 2, where 


=1, «<0 
-f 


1, x>0. 
We first find 


1 T 
yn(z) = 5e*--3e-?^ and  pp(a)= F [e - eet f(t) dt. 
0 


Then for x < 0, 


and for z > 0 


The solution is 
y(x) = ynlx) + yp(z) = Se” + 3e * + yp(x), 


where 
1 1 _ 
1-3 — 5€ 2 rt <0 1 — coshz, r«0 
Yp(z) = 1 1 € 
chp ge 6 r0 —l+coshz, x20 


32. The initial-value problem is y" — y = f(x), y(0) =3, y'(0) = 2, where 


f) 0, «<0 
i == 
T, «>0. 
We first find 
1 x 
mG)-5*-*5€* and a) (a 
0 


1 
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and for z > 0 


1 zx 
we) = gf ete 


2 
zx 1 T 

=e f eta] te! dt 

2 Jo 2 Jo 

1 
-3€ e^-—mzge ^)—-e *(1— e* + ze?) 
d L do Wood" 1 A do 
E A c c x. s» m ME 


The solution is 


where 


0, r«0 n r<0 


sinhr—z, «>0 


33. The initial-value problem is y" + y = f(x), y(0)=1, y'(0) = —1, where 


We first find 


yn(r) = cos x — sin x and YE) = a sin (x — t) f (t) dt. 
0 


Then for z « 0 » 
yia es f sin (x — t)0dt = 0, 
0 
for 0 € xz < 37 " 
gare io f sin (x — t) dt = 10 — 10 cos z, 
0 


and for z > 37 


T 


3v 
Vols) = 10 f sin (x — t) dt «f sin (x — t)0 dt = —20cos x. 
0 3 


T7 


The solution is 
y(x) = yn(x) + Yp(x) = cosa — sin z + yp(x), 
where 
0, r«0 
Uo) = 10—1l0cosx, O0<a2<37 


—20 cos x, z > 23m. 


4.8 Green’s Functions 


34. The initial-value problem is y" + y = f(x), y(0) =0, y'(0) = 1, where 


35. 


0, x «0 
FE) =< cosx, 0< x< de 


0, x > År 


We first find 


Then for z < 0 " 
Wir) = / sin (x — t)0 dt = 0, 
0 
for 0 < x < 4r 
k 1 
Yp(x) = T sin (x — t) cos t dt = 3* sin x, 
0 
and for x > 47 
4v x 
U(x) = / sin (x — t) cost dt + l sin (x — t)0 dt = 27 sin z. 
0 Av 


The solution is 


y(x) = yn(x) + yp(x) = sin £ + yp(z), 


where 
0, r«0 
l 
Yp(x) = aia 0 € x € Ar 


2msinz, mr 4m 
To evaluate the integral of f sin (x — t) cost dt we use the identities 


sin (A — B) = sin Acos B — cos Asin B and  cos(A — B) = cos Acos B + sin Asin B. 


The boundary-value problem is y" = f(x), y(0) = 0, y(1) = 0. The solution of the 


associated homogeneous equation is y = c1 + cor. 


(a) To satisfy y(0) = 0 we take y¡ (1) = x and to satisfy y(1) = 0 we take yo(x) = x— 1. The 
Wronskian of y; and ya is 


r =—l 
W (yi, ya) = 1 1 B 
so 
t(x—1), 0<t<u 
G(x, ) = 
a(t—1), <t<1 
Therefore 


1 


1 x 
we) = f Gard = (e-1) | «Odes f (t — 1) f(t) dt. 


249 


250 CHAPTER 4 HIGHER-ORDER DIFFERENTIAL EQUATIONS 


(b) By the Product Rule and the Fundamental Theorem of Calculus, the first two derivative 


of yp(1) are 


x 1 
Up(2) = (z — Dz f(x) +f tf (t) dt + v[- (x — 1) f (a) «f (t — 1) f(t) dt 


yp(z) = (x — L)læ f (z) + f(z)] + ef (0) + xf(z) 
=i — 2) '(z) + (2x — 1)f(0)] — (s - 1)f(2) 
= z^ f'(z) + zf(z) - zf'(z) — f(z) - xf(z) + zf(z) —a*f (a) 
+2f (2) - 2rf(z) + f(a) - zf(z) + f(x) = f(x) 


Thus, yp(x) satisfies the differential equation. To see that the boundary conditions are 


satisfied we compute 
0 1 
ista) en dies Df ua o. f (t— DF dt =0 


and 


1 al 
p(t) = (0-1) f Hoari f (t — 1)f(t) dt — 0. 


36. The boundary-value problem is y" = f(x), (0) =0, y(1) + y'(1) = 0. The solution of the 


associated homogeneous equation is y = cy + cor. 


(a) To satisfy y(0) = 0 we take y;(x) = x and to satisfy y(1) + y'(1) = 0 we note that 
y(1) + y/(1) = (ei + c2) + cg = 0 which implies that c4 = —2c2. Taking c2 = 1, we find 
that cı = —2, so we have yo(x) = —2 + x. The Wronskian of yı and ya is 


x —24+2 
W (y1, y2) = 1 1 =2, 
so 
=t(1-2), 0<t<zx 
G(zx,t) = 
zz(t—2) z<t<1ı 
Therefore 


1 


1 x 
we) = f Gs. 50d = 5-2) f fat zo] (t — 2) f(t) dt. 


(b) By the Product Rule and the Fundamental Theorem of Calculus, the first two derivative 


4.8 Green's Functions 


x 1 
ier) = 5 Dafle) +5 | tdt ssl - 2169) | 6-210 
i) = 5 — 2) G2) + fa) + 52) + ies) 
1 f 1 1 
- 36? - 22) f(a) - 5 (22 - 2)/() - 56 - 2) f(a) 
= 5 [PF @) + f(a) - 22f (2) - 2F (2) + rfa) +21(0) - 2? f'(2) 


+ 2x f'(x) — 2x f(x) + 2f (2) — xf (2) + 2/(2)] = fle) 


Thus, yp(x) satisfies the differential equation. To see that the boundary conditions are 


satisfied we first compute 
1 " 1 1 
wO = 50-2 f td 50) | 2502 — 0. 


Next we use y, (a) found at the beginning of this part of the solution to compute 


1 1 
»(0) x07 30-2 f t4 50 f € 27046 50 — 276) 


" 1 
+3 tee 50t-a 7276) 50 f 0-204 


1 1 
0 «uta 5950) 5 [| trea r0) =0. 


37. If f(x) = 1 in Problem 35, then 
2 
paj= (2-1 / tdt +o | tas 2 a 
0 " 2 2 
38. If f(x) — x in Problem 36, then 


yir y [Pars : fe 2 ee 
xz) = =(x — =r — = =g? — >r. 
ae 2 a 2” Ja 6 3 
39. The boundary-value problem is y" + y = 1, y(0) = 0, y(1) = 0. The solution of the 
associated homogeneous equation is y = c, cosz + cosin z. Since y(0) = cy cos 0 + cg sin 0 = 
cı = 0, we take y;(x) = sina. To satisfy y(1) = 0 we note that y(1) = cı cos 1 + casinl = 0 


which implies that cı = —c sin 1/ cos 1 so 
sin 1 ; ] . 
y(x) = —c9 —— cos z + casin t = — (sin x cos 1 — cos x sin 1). 
cos 1 cos 1 
Taking c2 = — cos 1, we have 


yo(x) = sin z cos 1 — cos z sin 1 = sin (x — 1). 
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The Wronskian of yı and ya is 


sinz sin(x— 1) 


W (y1, ya) = a (tiec) = sin x cos (x — 1) — cos z sin (x — 1) = sin |x — (x — 1)] = sin 1, 
so 
int si —1 
SGD: pee 
sin 
G(z,t)= 9 | . 
sin x sin (t — 1) <t<1 


sin 1 


Therefore, taking f(t) = 


= 1 
n= foo G(x,i)di- pum wd sintdt + SS f sin (t — 1) dt 
0 n x 


sin 1 


pom cos z + 1) 4 -[-1 + cos (x — 1)] = 


The boundary-value problem is y" + 9y = 1, y(0) = 0, y'(7) = 0. The solution of the 
associated homogeneous equation is y = cy cos 3x + c2 sin 3x. Since 

y(0) = e, cos 0+c sin 0 = cı = 0, we take yı (1) = sin 3x. Since y'(r) = —3c sin 3x+3c3 cos 3x 
we see that y'(x) = —3c3. Then y'(x) = 0, implies that —3c2 = 0 or c9 = 0. Taking cı = 1 
we have y2(1) = cos 3x. The Wronskian of y, and ya is 


E ~~ 
so 
tc O<t<zx 
Got) = 


1 
= sin3rcos3t, r<t<T 
Therefore, taking f(t) = 


(0) = / G(a,t) dt = —= cos x f sin 3t dt — = sin x f cos 3t dt 
0 3 0 3 a 


1 3 1 1 3 Es: 3 l. 3 1 1 3 

= —= cos 3x | = — = cos 3x | — = sin 3x | —= sin 3x | = = — — cos 3x. 
3 3 3 3 3 9 9 

The boundary-value problem is y" — 2y' + 2y = e”, y(0) =0, y(t/2) = 0. The auxiliary 


equation is 


A 
m?—2m-42-20 so m= ————— -] Hi. 


The solution of the associated homogeneous equation is then y = e” (cı cos x + co sin x). It is 
easily seen that 


yi(x) = e* sina and yo(x) = e” cos x 


42. 


4.8 Green's Functions 


satisfy the boundary conditions. The Wronskian of y4 and y» is 


e” sin x e” cos x 
HH eae La HH 
e” cosg +e” sing —e*sinx+e*cos zx 


W (y1, ya) = 


2x 


E [- sin? z + sin z cos £ — (cos? x + sin x cos q)| ==e*, 


=€ 


SO 


e! sin te” cos x 


T y USTED 


—e 
Glet)= P 
e” sin xe’ cost 


T , LTIt<T/2 


—e 
Therefore, taking f(t) = ef 


/2 x 7/2 
int) = G(x, t) dt = —e* cosa | sin t dt — e” sine f cos t dt 
0 0 x 


= —e* cos z(1 — cos x) — e” sin z(1 — sin x) = —e” cos x — e" sin x + e”. 


The boundary-value problem is y" — y' = e”, y(0) = 0, y(1) = 0. The solution of the 
associated homogeneous equation is y = ci + coe*. Since y(0) = cı + co = 0, we see that 


c; = —cz and we take y¡(x) = 1 — e”. To satisfy y(1) = 0 we note that y(1) = cı + me = 0 


which implies that c1 = —cze so 
y(x) = —cze + coe? = —cge(1 — er). 


Taking cz = —1/e, we have yo(x) = 1 — e*-!. The Wronskian of y; and ya is 


lx 1— e”! z—1 2x—1 z 2x—1 zr z—1 x —1 
W(uw)-| oe ^ _ ew | =e Fee teh e 7-e6-—e67-64ü0-e7) 
SO 
(1 — e) — er?) 
O<t< 
e(l—e!) ^"' S 
G(zx,t) = - 
1- e”)(1 — e- 
(Le (le ) —" 
e'(1— e7!) 


Therefore, taking f(t) = e”, 


2t [peg qe t 2t 1— e” : t 2t—1 
wi)= f Galete dt= T (e —e uem (e — e^ 5 dt 
l= /, lg 1 l-e Fi z TE 
E ( E xii du 
— le Ls m a. e. 


253 


254 CHAPTER 4 HIGHER-ORDER DIFFERENTIAL EQUATIONS 


43. The Cauchy-Euler boundary-value problem z?y" + xy! = 1, y(e~') = 0, y(1) = 0 has 
auxiliary equation m(m—1)+m = m? = 0 so y(x) = c1+c2 ln x. Since y(e7!) = ce, +c Ine“! = 
€1—C2 = 0, c1 = cg and y(x) = ca+ca ln z = c2(1+ln z). Taking co = 1 we have yı (1) = 1+ln z. 
To satisfy y(1) = 0 we note that y(1) = cı +c21n1 = cı = 0 which implies that y(x) = c2 ln x. 
Taking c9 = 1 we find yo(r) = In z. The Wronskian of yı and ya is 


|. H-clnz lnz| 1 
W(mV)-| igo ig 
so 
pe. idy 
1/t 
G(x,t) = 
(1 + In z)(In £) 
a uu. queque 
1/t 
1 
From the standard form of the differential equation we identify the forcing function f(t) — S 


'Then, 


: z /1 1 Int 
-f Gr, t)ss dt = me f (G+ x) dt + (1+Inz) THE — dt 
ei =i 


= (ln z) (n: + na)? + 5) + (1+1n2) (-5moy) = nz) + nz. 


44. The Cauchy-Euler boundary-value problem xy" —4xy'+6y = z, y(1)-y'(1) =0, y(3) =0 
has auxiliary equation m(m — 1) — 4m + 6 = m? — 5m + 6 = (m — 2)(m — 3) = 0 so 
y(x) = az? + caa?. Since y(1) — y'(1) = (e + c2) — (2c, + 3e) = —c1 — 2cg = 0 we have 


c; = —2c2 and y(x) = —2cox? + cox’. Taking cp = —1 we have yi(z) = 22? — 2°. From 
y(3) = 9c, + 27c2 = 0 we have c1 = —3co, so y(x) = —3coz? + cox? = —co(3x? — r°). Again, 
letting c2 = —1 we have yo(x) = 31? — 23. The Wronskian of y, and y» is 
22?— z? 34?— r’ 4 
W (y1,Y2) = de — 32? 62-302 "> 
SO 
2 43 2 3 
—_ a ites 
= 2 3) (942 _ 43 
BEEN ace. 


From the standard form of the differential equation we identify the forcing function f(t) = i5 
Then, 


n= [Gora B-a) f e t) dt + (22? yea 
= (32? — a?) (20 — 524 - 5) «e? -a (5-3 50?) 


9 1 
= qa — 323 + ¿a 
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4.9 Solving Systems of Linear Equations 


Solving Systems of Linear Equations 


. From Dz = 2x — y and Dy = x we obtain y = 2x — Dx, Dy = 2Dx — D?z, and 


(D? — 2D + 1)z = 0. The solution is 


E eye! + cote! 


y=(a— ca)e! + cote’. 


1 


. From Dx = 4r + Ty and Dy = x — 2y we obtain y = ¿Dx — $r, Dy = 2D? x — 2D, and 


(D? — 2D — 15)z — 0. The solution is 


qc ce” + oe 


1 ES 
y= cie” — ce 


3t 
7 A 


. From Dx = —y+tand Dy = 2—t we obtain y = t— Dz, Dy = 1— D?z, and (D?+1)x = 1+t. 


The solution is 


x=c,cost+cosint+1+t 


y = & sint — cocost + t — 1. 


. From Dz — 4y = 1 and z + Dy = 2 we obtain y = iDz-i, Dy = 4D? x, and (D? +1)x = 2. 


The solution is 
x = c cos 2t + co sin 2t + 2 


1 1 
y= 402 cos 2t — 415 sin 2t — EN 


. From (D? + 5)z — 2y = 0 and —2z + (D? + 2)y = 0 we obtain y = 3(D? +5)x, D?y = 


3(D* + 5D?)a, and (D? + 1)(D? + 6)z = 0. The solution is 


x = c, cost + co sint + c3 cos V6t + c4 sin V6t 


1 1 
y = 2c cost + 2co sint — 303 COS V6t— gc sin V61. 


. From (D+ 1)z + (D — 1)y = 2 and 3z + (D+ 2)y = —1 we obtain z = -i - 3(D + 2)y, 


Dz = —4$(D? + 2D)y, and (D? + 5)y = —7. The solution is 


7 
y = c1 cos V5t + c2sin V5t — = 


2 5 5 2 3 
qu a — Fa) cos V5t + (Yo — sa) sin V5t + 5 
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7. From D?z = 4y + e! and D?y = 4x — e! we obtain y = iD?ry — ic, D?y = iD'z — et, and 


(D? + 4)(D — 2)(D +2)x = —3e!. The solution is 


1 
x = c1 cos 2t + co sin 2t + caet + exe + ae 


1 
y = —c cos 2t — cg sin 2t + ese + cae = ze 


8. From (D? -- 5)z + Dy = 0 and (D+ 1)z + (D — 4)y = 0 we obtain (D — 5)(D? + 4)x = 0 and 
(D — 5)(D? + 4)y = 0. The solution is 


T= ce” + co cos 2t + c3 sin 2t 


y= ce” + c5 cos 2t + cg sin 2t. 
Substituting into (D + 1)x + (D — 4)y = 0 gives 
(6c, + c4)e9* + (c2 + 203 — 4c; + 2c6) cos 2t + (—2c2 + c3 — 2c5 — 4ce) sin 2t = 0 
so that c4 = —6c1, c5 = lcs, = — Fea, and 


1 1 
y= —6c e*t + 383 cos 2t — 3 sin 2t. 


9. From Dx + D?y = e% and (D + 1)z + (D — 1)y = 4e% we obtain D(D? + 1)x = 34e% and 
D(D? + 1)y = —8e**. The solution is 
3t 


4 
y = cı + c2 sin t + c3 cost — ist 


: 17 3 
T = C4 + C5 sin t + cg cos t + ist f 


Substituting into (D + 1)z + (D — 1)y = 4e% gives 
(c4 — c1) + (es — ce — c3 — ca) sint + (cg + c5 + Co — c3) cost = 0 
so that c4 = c1, C5 = c3, Cg = —C2, and 


. 17 3, 
p= Ci “et me ee : 


10. From D?z — Dy = t and (D+ 3)z + (D + 3)y = 2 we obtain D(D + 1)(D + 3)z = 1 4- 3t and 
D(D + 1)(D + 3)y = —1 — 3t. The solution is 


1 
qoe ep coe * + ce —tt+ af 
=í —3t lis 
Y = c4 + c5e “+ cee +t- -t. 


2 


11. 


12. 


13. 


14. 


4.9 Solving Systems of Linear Equations 


Substituting into (D + 3)z + (D + 3)y = 2 and D?z — Dy = t gives 


d(ei + c4) + 2(co + cs)e ! —2 


and 
(co + cs)e * + 3(3c3 + cg)e = 0 
so that c4 = 2/3 — c1, 05 = —c3, cg = —3c3, and 
2 1 
ee m coe * — 3cge 8 +t — PE 
From (D? — 1)z — y = 0 and (D — 1)z + Dy = 0 we obtain y = (D? — 1)z, Dy = (D? — D)z, 


and (D — 1)(D? + D + 1)z = 0. The solution is 


3 3 
c= ce! Lew? LE 


3 3 3 3 3 3 
y= (s — s) e cos ue t+ (Ye — sa) e” sin af t. 


From (2D? — D — 1)z — (2D + 1)y = 1 and (D — 1)z + Dy = —1 we obtain 
(2D + 1)(D — 1)(D + 1)z = —1 and (2D 4- 1)(D+ 1)y = —2. The solution is 


T= ce t? 4- coe? + caet +1 


y= cae tl? + cre! — 2. 


Substituting into (D — 1)x + Dy = —1 gives 


3 1 
== | e™™? + (de — ee = 0 
2 2 
so that c4 = —3c1, c5 = —2c», and 

y= —8ce +? — 2c9e 7t — 2. 
From (2D — 5)z + Dy = e! and (D — 1)z + Dy = 5e! we obtain Dy = (5 — 2D)z +e! and 


(4 — D)z = 4e. Then 
4 
z = ce” + ze 
and Dy = —3c,e* + 5e! so that 


3 
y= -761e + Ca + 5e. 


From Dz + Dy = el and (-D?+D+1x+y = 0 we obtain y = (D? — D — l)e, 
Dy = (D? — D? — D)z, and D?(D — 1)z = e. The solution is 


FSC + cot + cae! + tet 


Y = —C, — Ca — Cot cae! te! + ef. 
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16. 


17. 
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Multiplying the first equation by D +1 and the second equation by D? + 1 and subtracting 
we obtain (D4 — D?) = 1. Then 


t a lo 
£ = cy + Cot + C3e + c4€ =3* 


Multiplying the first equation by D + 1 and subtracting we obtain D?(D + 1)y = 1. Then 


1 
y = c5 + cet + cre *— a 


Substituting into (D — 1)z + (D? + 1)y = 1 gives 
(=c1 + co +05 — 1) + (-2c4 + 2c7 Je * + (—1 — c2 + eg)t = 1 
so that c5 = c1 — Co +2, cg = co + 1, and c; = c4. The solution of the system is 
t + là 
T= ĉi tett ege Fee “= 5! 


1 
y = (cy — c2 + 2) + (e + 1)t + c4e™ — st. 


From D?z — 2(D? + D)y = sint and z + Dy = 0 we obtain z = —Dy, D*x = —D?y, and 
D(D? + 2D + 2)y = —sint. The solution is 


1 2 
Y = c + c2e™t cost + cse sint + got gud 


1 2 
x = (c2 + c3)e * sint + (ca — c3)e™ cost + 5 sint — 5 cos t. 


From Dx = y, Dy = z. and Dz = x we obtain x = D?y = D?z so that 
(D — 1)(D? - D  1)s =0, 


3 3 
z—co6é4et? [ome ; 


1 3 3 3 1 3 
y= cae + zo = Bo) e” gin ule t+ (Fe E la) e” cos E b. 


and 


1 3 3 3 1 3 
z= ciet + (s + Pa) e t? sin 2: t+ és — 2) e t? cos n 
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18. From Dz +z = é, (D — 1)z + Dy + Dz = 0, and z + 2y + Dz = el we obtain z = —Dz + é, 
Dz = —D?z + e, and the system (—D? + D — 1)z + Dy = —el and (- D? + 1)z + 2y = 0. 
Then y = 1(D? — 1)z, Dy = 1D(D? — 1)z, and (D — 2)(D? + 1)x = —2¢ so that the solution 
is 

g= ce + co cost + C3 sint + e 


3 y : 
y= qe — €9 cost — cg sin t 


Z= aa" — c3 COS t + co sin t. 


19. Write the system in the form 


Dx — 6y = 0 
x—-Dy+z=0 
z+y—Dz=0. 


Multiplying the second equation by D and adding to the third equation we obtain (D+1)x— 
(D? — 1)y = 0. Eliminating y between this equation and Dx — 6y = 0 we find 


(D? — D —6D — 6)z = (D + (D + 2)(D — 3)x = 0. 
Thus 
qm cet + coe 7 ae caet, 


and, successively substituting into the first and second equations, we get 


lb l =n 1.3 
= ——C1€ * — —-C9€ —C3€ 
y 6 1 3 2 T 38 
5 1 1 
dc je” — zoe + zoe 


20. Write the system in the form 


(D+D)r-z=0 
(D+1)y—z=0 
z—-y+Dz=0. 


Multiplying the third equation by D + 1 and adding to the second equation we obtain (D + 
1)z + (D? + D — 1)z = 0. Eliminating z between this equation and (D +1)x — z = 0 we find 
D(D 4- 1x = 0. Thus 


roc cet + cate *, 


and, successively substituting into the first and third equations, we get 


y=a+(a- ca)e ! + cate t 


Ae + cae t. 
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21. From (D+ 5)z + y = 0 and 4z — (D+ 1)y = 0 we obtain y = —(D + 5)z so that Dy = 
—(D? +5D)zx. Then 4z + (D? + 5D)z + (D + 5)z = 0 and (D 4- 3?z = 0. Thus 

go pie + cote *t 


y = — (2e + c3)e 7% — 2e5te t. 


Using x(1) = 0 and y(1) = 1 we obtain 
ce ? c coe ? — 0 


(Le +a je? — e = 1 


or 
cı c9 = 0 
2c, + 3ca = ep. 
Thus cı = e? and c) = —e?. The solution of the initial-value problem is 
pog 3043 _ te 3tt3 
y = —e 9H3 y tett, 


0 we obtain z = -i D — 2)y so that 


22. From Dz — y = -—1 and 3z + (D — 2)y 
2D)y. Then -$0D? —2D)y = y — 1 and (D? — 2D + 3)y = 3. Thus 


Dx = -i(p?- 
y =e! (cı cos Vt + co sin v3 t) +1 


and 
Eg (a - Vào) cos V2 t + (2a +02) sin V2+] +3 


= =e 


Using z(0) = y(0) = 0 we obtain 
cy +1=0 


1 2 
5 (a-v2e)+5=0. 


Thus c, = —1 and c) = V2 /2. The solution of the initial-value problem is 


2 2 2 
ye (der ni- aii) +3 


2 
y =el (cei Xavi) +1. 


23. Equating Newton’s law with the net forces in the z- and y-directions gives md?x/dt? = 0 
and md?y/dt? = —mg, respectively. From mD?x = 0 we obtain x(t) = ct + cz, and from 


mD?y = —mg or D?y = —g we obtain y(t) = —5gt? + cat + c4. 
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24. From Newton's second law in the x-direction we have 


dr 1 dz dx 
di? kcos@ = ar lela 
In the y-direction we have 
d^y : 1 dy dy 
myz = mg — ksin = —mg — Ko d US leue 


From mD?z + |c|Dx = 0 we have D(mD + |c|)z = 0 so that (mD + |c|)z = c1 or 
(D + |c|/m)x = cg. This is a linear first-order differential equation. An integrating factor is 
al |eldt/m = elclt/m so that 

d 


T [ema = eselelt/m 


c|t/m c|t/m 


and el a = (cam/|c))el + c3. The general solution of this equation is 
a(t) = c4 + eze. From (mD? + |e|D)y = —mg we have D(mD + |c|)y = —mg so that 
(mD + |c|)y = -mgt + cı or (D + |c|/m)y = —gt + c2. This is a linear first-order differential 


equation with integrating factor e leldt/m — elelt/m. Thus 


d 
S elti — a [elt/m 
; le y| (—gt + c2)e 


2 
m m 
and E 
m m 
y(t) = IE | “> Kea eae. 


25. Multiplying the first equation by D +1 and the second equation by D we obtain 


D(D4-1)j9 -2D(D--1)ye232t--£ 


D(D+1)x-2D(D+1)y=0. 


This leads to 2t + t? = 0, so the system has no solutions. 


26. The FindRoot application of Mathematica gives a solution of x1(t) = x(t) as approximately 
t = 13.73 minutes. So tank B contains more salt than tank A for t > 13.73 minutes. 


27. (a) Separating variables in the first equation, we have dx,/x,; = —dt/50, so xı = cye7*/*9. 


From z4(0) = 15 we get c; = 15. The second differential equation then becomes 
A E T 


di 50 75 dt | 75 ^ 10 


This differential equation is linear and has the integrating factor eS 2dt/75 — ¿4/75 Then 


d en | E 3 t/50+2t/75 = 3 4/150 
dt 10 
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so 
2/75 = 45et/150 | e, 


and 


ra = 45e 1/90 y e, o 2/75, 
From 22(0) = 10 we get c2 = —35. The third differential equation then becomes 


d 90 70 il 
Ea eod. es 


di 7 75 po 9 
Or 

dz3 1 — 6 so 14 ym 

d op gt 15° ' 


This differential equation is linear and has the integrating factor ef di/25 — et/25, Then 


d T 4/25 | _6  ejsorejas 14 -o0/75+0/25 _ 6 t50 _ 14 575 
dt le L3| = Bt = i5" = -e 15" ; 


SO 


et/ qa = 60et/50 — 79et/75 + C3 


and 


£3 = 60e7+/50 = 70e7 2t/75 d cse 1/25. 
From z3(0) = 5 we get c3 = 15. The solution of the initial-value problem is 


wt) = 15e 90 
w(t) = 4501/90 — 3502/75 
x3(t) = 60e 1/90 — Te 21/73 4 15e 71/25. 


(b) pounds salt 


time 
50 100 150 200 


(c) Solving x(t) = 3, x(t) = i. and za3(t) = i. 
t, = 170.06 min, t2 = 214.7 min, and t3 = 224.4 min. Thus, all three tanks will con- 


tain less than or equal to 0.5 pounds of salt after 224.4 minutes. 


FindRoot gives, respectively, 
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4.10 Nonlinear Differential Equations 


1. We have y! = y] = e”, so 


(req eque. 


Also, y^ = — sin x and y/ = — cos x, so 
| 22 y > 


2 


(ys)? = (— cos x)? = cos? x = y2. 


However, if y = ciy1 + caya, we have (y")? = (ce? — co cos x)? and y? = (ce? + cz cos 2)?. 
Thus (y^? 4 y?. 


2. We have y = y] = 0, so 


1 1 
ny! =1-0=0=35(0%= z (yi. 


Also, y) = 2a and ys = 2, so 


1 1 
Ya Yo a*(2) oe? 309 = 5309. 


However, if y = c1y1 + coy, we have yy" = (c1 : 1 + coz?)(ei < 0 + 202) = 2c2(c, + 32?) and 


(y y? = zlei -0 + e (2z)]? = 2c2x?. Thus yy" 4 (y). 


3. Let u = y' so that u’ = y". The equation becomes u’ = —u — 1 which is separable. Thus 
du 
sa 
u? +1 * 
tan lu = —z + Cy 


y = tan (c1 — x) 


y = ln | cos (c1 — x)| + c2. 


4. Let u = y' so that u' = y". The equation becomes u’ = 1+u?. Separating variables we obtain 


du 
1 +u? 


tan !lu— r+ Cy 


= dz 


u = tan (x + c1) 


y = —ln | cos (x + c)| + c2. 
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5. Let u = y' so that u’ = y". The equation becomes x7u’ + u? = 0. Separating variables we 


obtain 
du dx 
vn o gR 
1 1 1 
lil, _aztl 
u ar 
x 1 1 
u=— =— =1 
ca+1 cj Xcir+l 
1 1 
y —-—ln|ez 1| - —x + ca. 
Ci C1 


6. Let u = y so that u’ = y". The equation becomes e~*u’ = u?. Separating variables we obtain 


—=e dx 
ae 
1 
—-- =” +a 
u 
1 eg 1 —ce? 
a = —_  ————— —-—_— 
e* Fe loce  cl-cce-* 
1 =r 
y=—In|l+ce | + c2 
1 


7. Let u = y' so that y" = udu/dy. The equation becomes yu du/dy + u? + 1 = 0. Separating 


variables we obtain 


udu dy 


u?--1 y 


| 
Rum 
B 
o 
AS: 


5m +4] + mly = 


(u? + 1) y? cz 


2 d-y 
Wc 2 
y 
dy | Vci-y? 
dr ` y 
zl = dy = dx 
Cr Y 
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8. Let u = y' so that y" = udu/dy. The equation becomes (y + 1)udu/dy = u?. Separating 


variables we obtain 


du dy 


u H yt 1 
In Ju] = In |y + 1| + ln c 
u = c& (y + 1) 


dy 


gl ee 


In|y + 1| 2 ez + c2 
y +1 = cge. 


9. Let u = y' so that y” = udu/dy. The equation becomes u du/dy + 2yu? = 0. Separating 


variables we obtain 


d 
— +2ydy=0 
u 


(y? + e) dy — dx 
1 3 
37 + C1Y = T+Ca. 


10. Let u = y' so that y” = u du/dy. The equation becomes yu du/dy = u. Separating variables 


we obtain 
d 
du — 2 
y 
u= == CL 
y 
= cy—1 
y 
Y dy = dz 
ay=1 


1 1 
= (14 ) ay = a (for c 4 0) 
z cy =1 

1 1 

—y + 5 ln|y — 1| = z + c2. 

C1 C1 


If cy = 0, then y dy = —dx and another solution is iy? = —g- c. 
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11. Letting u = y' we have 


du dy _ du ica du 


du 
= = so 2yy =1 becomes wW? — =1. 


= — = — = u — 
2 dx dy du dy 
Then separating variables, integrating, and simplifying, we have 


2u? du = dy 


w=yte 


(3 n V3 dy 
u= Eo Te da 


wire 


Now 


y(0 —2 implies 3+c2= E” and y'(0)=1 implies c3=1. 


Thus cg = —2 and T —2= (x+ ij" ^. The solution of the initial-value problem is 


y- 21. 


w 
wie 


12. Letting u = y' the differential equation becomes u’ + xu? = 0. Separating variables, integrat- 


ing, and simplifying we have 


du 2 
m oc 
u ? du = —r dr 
1 l 5 
c a" + C2 
fi S 
L? +C 


Using the initial conditions y'(1) = 2 we have 2 = 2/(1 + c3), so c = 0 and y = 227?. 
INtegrating we find y = —2z^! + c3. Using the other initial condition, y(1) = 4, we have 


4 = —2 + ca so ca = 6 and the solution of the intial-value problem is 


2 
y=6--. 
x 
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13. (a) 


(b) Let u — y' so that y" = udu/dy. The equation becomes udu/dy + yu = 0. Separating 


variables we obtain 


du = —ydy 
u= -zy? toa 
yy a 


When z 20,y = 1 and y' = —1 so —1 = —1/2 + cı and cj = —1/2. Then 


dy — ly 1 
de 2° 2 
d 1 

E E di 
y?+1 2 
tan”! Y = =ZT + C2 


When z = 0, y = 1 so 1 = tan c2 and c; = 7/4. The solution of the initial-value problem 


E T 1 
y — tan 1 5*]- 


is 


The graph is shown in part (a). 


(c) The interval of definition is —7/2 < 1/4 — z/2 < 1/2 or —7/2 < x < 31/2. 
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14. Let u = y' so that u’ = y”. The equation becomes 


5 
(u)? + u? = 1 which results in u’ = +V1— u2. To solve 2 
u’ = y1 — u? we separate variables: 
du 
— dx 


v1-—u? i 21 2m * 


u = sin (x + c) 


y = sin (x + c). 


When z = 7/2, y' = V3/2, so V3/2 = sin (1/2 -- cj) and cy = —7/6. Thus 


When z = 7/2, y = 1/2, so 1/2 = —cos(a/2 — 7/6) + ca = —1/2 + cz and ca = 1. The 
solution of the initial-value problem is y = 1 — cos (x — 7/6). 


To solve u/ = — v 1 — u? we separate variables: 


ELLE i 
V1- u? 


zi -27 2x [* 
cos u =z +G 


u = cos (z + c1) 


/ 


y = cos (x + c1). 


When x = 7/2, y! = V3/2, so /3/2 = cos (1/2 + c1) and c = —7/3. Thus 


When z = 1/2, y = 1/2, so 1/2 = sin (7/2 — 1/3) + c2 = 1/2 + c and cz = 0. The solution 
of the initial-value problem is y = sin (x — 7/3). 
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15. Let u = y' so that u’ = y”. The equation becomes u’ — (1/z)u = (1/x)u?, which is Bernoulli. 


Using w = u^? we obtain dw/dx + (2/x)w = —2/x. An integrating factor is z?, so 
d | 2 
Bon EN. 
"m [z^w] d 
rw = r? + Cy 
s! 
w=-1+5 
-2 C1 
uw? =-14+ 5 
5 
u = ==; 
Mer — q? 
dy x 


y ==yc1 — 1? +e 
ei — 2? = (03 — y) 


a + (c9 — y)? =c. 


16. Let u = y' so that u’ = y". The equation becomes u’ — (1/z)u = u?, which is a Bernoulli 
differential equation. Using the substitution w = u^! we obtain dw/dx + (1/z)w = —1. An 


integrating factor is x, so 


d 
qul = ce 
il 1 
i ee 
1 aa? 
u 22 
BED: 
M ipd 
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In Problems 17-20 the thinner curve is obtained using a numerical solver, while the thicker curve 
is the graph of the Taylor polynomial. 


17. We look for a solution of the form 


1 1 
y(x) = y(0) + y'(0)z + ail Oe? + qu" (0)2? + Sy (0)a* + y (025. 


From y(z) = x + y? we compute 


y" (z) = 1+ 2yy' 2 
y (x) = 2yy" + 2(y’)? 
y) (x) = 2yy"" ER 6y y”. 36 


Using y(0) = 1 and y'(0) = 1 we find 
20 


An approximate solution is 


1 1 1 1 
y(r)-1-c4z- ¿a + QU aor 15^ 


x 
05 1 15 2 25.53 


18. We look for a solution of the form 


1 1 
"(0)2* + Fy Oat + Fy (0)2°. 


1 1 
y(x) = y(0) + y/(O)a + y (0)2 + 3? 


From y"(z) = 1 — y? we compute 


y" (z) = —2yy' 
y (x) = —2yy" — 2(y')? 


Jod 


y (x) = —2yy" — 6y'y". 


Using y(0) = 2 and y'(0) = 3 we find 


y'(0)— —3, y"(0) ——12, y(9(0)— —-6, 


An approximate solution is 
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19. We look for a solution of the form 


1 1 
y(z) = y(0) + y'(0)z + 3s "(0)z? + 3i Oa" ux qye *(0)z* + ES 


From y”(x) = x? + y? — 2y' we compute 


407 
y" (x) = 2x + 2yy' — 2y" 
y® (x) =2+2y + 2yy" — 2y" 
y (a) = 6y'y" + 2yy" — 2909. " 
Using y(0) = 1 and y'(0) = 1 we find 
20r 


An approximate solution is 


Í 2 1 T 
—1 BEC OR o P 
y(x) +2 57 +37 qe +" 


: x 
05 1 15 2 25.3 35 


20. We look for a solution of the form 


v) = y(0) -- y'O) + s" 0)? + 3 (9 (p)a?. 


3l? 


1 J 1 
"(0)z + —y (Ort + E (0)? + y 


A! 


y" (a) = ey 
y 9 (a) = e! (y? + ety” 
y (x) =e (y) + Be%y'y” + ey" 
y) = ey)" + bey Py" et Aem" + e 


An approximate solution is 


B i 1 un" EI 
ya) = —x + je x md tat tat 
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21. We need to solve [1 + (y)?]?/? = y”. Let u = y' so that u’ = y”. The equation becomes 
(1 + u2)9/2 = wu! or (1 + u2)9/7 = du/dx. Separating variables and using the substitution 


u = tan@ we have 


sinĝ = z 
u — 
v1-ru? 
y 
=r 
1+ (y)? 


22. When y = sinz, y' = cos x, y" = — sin x, and 


(y)? — y? = sin? z — sin? x = 0. 


From (y)? — y? = 0 we have y” = +y, which can be treated as two linear equations. Since 
linear combinations of solutions of linear homogeneous differential equations are also solutions, 
we see that y = c1e* + case * and y = c3 cos z + c4 sin x must satisfy the differential equation. 
However, linear combinations that involve both exponential and trigonometric functions will 
not be solutions since the differential equation is not linear and each type of function satisfies 


a different linear differential equation that is part of the original differential equation. 
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23. Letting u = y", separating variables, and integrating we have 
g 


du du 
—=Vl+u, —=,=(0 d sinhu- l 
m Tu, lx xr, an sin u-—r-dctoa 


Then 


u=y"=sinh(x+c,), y =cosh(x+c1)+c2, and y=sinh(x + c1) coz + c3. 


24. If the constant —c? is used instead of c?, then, using partial fractions, 


/ dx 1 1 1 d 1 1 rte E 
= — ÁS ¿=== m LL = — 111 C 
4 L-e 2c1 r—c r6 2c, L— Cy 
Alternatively, the inverse hyperbolic tangent can be used. 
25. Let u = dx/dt so that d?x/dt? = udu/dx. The equation becomes udu/dx = —k?/z?. 
Separating variables we obtain 
k2 
udu = —— de 
T 
1 2 
zc uu 
2 x 
Lg: ke 
g* = a TC 


When t = 0, x = zo and v = 0 so 0 = (k?/xp) + c and c = —k?/zg. Then 


1 1 1 d = 
ae eo.) aud e a EO, 
2 T Xo dt LLO 


Separating variables we have 


T70 de = kV 2 dt 


(7x3 f y T de. 
k 2 Lg ou 


Using Mathematica to integrate we obtain 


2/3 La Sus (en). [Y 


2x £o — T£ 


zo — 2 
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26. 
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For d?x/dt? + sinz = 0 the motion appears to be periodic with amplitude 1 when zı = 0. 


The amplitude and period are larger for larger magnitudes of z1. 


For d?z/dt? + dx / dt 4- sin x = 0 the motion appears to be periodic with decreasing amplitude. 
The dx/dt term could be said to have a damping effect. 


Chapter 4 in Review 


1. 


. Since Ye = ce” + cae” 


Since, simply by substitution, y = 0 is seen to be a solution of the given initial-value problem 


by Theorem 4.1.1 in the text, it is the only solution 


7, a particular solution for y" — y = 1+ e” is yp = A+ Bae’. 


. False; it is not true unless the differential equation is homogeneous. For example, y; = x is a 


solution of y” + y = x, but yo = 5x is not. 


. False; Theorem 4.1.3 in the text requires that f; and f» be solutions of a homogeneous 


linear differential equation. For example, fi(r) = x and fo(x) = |x| are defined and linearly 
independent on [—1, 1], but the Wronskian does not exist at x = 0, since f2(a) is not defined 
there. 


. The auxiliary equation is second-order and has 5% as a root. Thus, the other root of the 


auxiliary equation must be —5i, since complex roots of polynomials with real coefficients 
must occur in conjugate pairs. Thus, a second solution of the differential equation must be 


cos 5x and the general solution is y = cı cos 5g + co sin 57. 


. The roots are mi = ma = m3 = 0 and ma = 1. To see this, note that the general solution of a 


homogeneous linear fourth-order differential equation with auxiliary equation m?(m — 1) = 0 


is y = cy + cox + caz? + cye”. 


11. 


12. 


13. 
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. If y = cix? + coa? Ina, x > 0, is the general solution of a Cauchy-Euler differential equation, 


then the roots of its auxiliary equation are mı = m» = 2 and the auxiliary equation is 


m? — 4m -- 4 — m(m — 1) — 3m -- 4 — 0. 


Thus, the Cauchy-Euler differential equation is z?y" — 3xy' + 4y = 0. 


. For y, = Aa? we have y, = 2Az, y, = 2A, and yp = 0. Thus, substituting yp into the 


differential equation, we have 0 + 2A = 1 and A = i. 


. By the superposition principle for nonhomogeneous equations a particular solution is 


dpa + Yp = T+T? — 2H 2? +e 2. 


. True, by the superposition for homogeneous equations. 


The set is linearly independent over (—oo,0) and linearly dependent over (0, oc). 


(a) Since folx) = 21n z = 2f;(x), the set of functions is linearly dependent. 
(b) Since «”*! is not a constant multiple of x”, the set of functions is linearly independent. 


(c) Since z + 1 is not a constant multiple of x, the set of functions is linearly independent. 


(d 


A 


Since f(x) = cos x cos (7/2) — sin z sin (7/2) =—sinx = —fo(x), the set of functions is 
linearly dependent. 


(e) Since fi(z) =0- fa(x), the set of functions is linearly dependent. 
(f) Since 2x is not a constant multiple of 2, the set of functions is linearly independent. 


(g) Since 3(z?) + 2(1 — x?) — (2 + 2?) = 0, the set of functions is linearly dependent. 


(h) Since ze**! + 0(4x — 5)e* — exe” = 0, the set of functions is linearly dependent. 


(a) The auxiliary equation is (m — 3)(m + 5)(m — 1) = m? + m? — 17m + 15 = 0, so the 
differential equation is y” + y" — 17y' + 15y = 0. 


(b) The form of the auxiliary equation is 


m(m — 1)(m — 2) + bm(m — 1) -- em +d = m? + (b-3)m?*+ (c-b+2m>+d=0. 


Since (m—3)(m+5)(m—1) = m? --m? — 17m -15 = 0, we have b-3 = 1, c—b+2 = —17, 
and d = 15. Thus, b = 4 and c = —15, so the differential equation is 
y"! + Ay" — 15y' + 15y = 0. 
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14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 
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Variation of parameters will work for all choices of g(a), although the integral involved may not 
always be able to be expressed in terms of elementary functions. The method of undetermined 


coefficients will work for the functions in (b), (c), and (e). 


The auxiliary equation is am(m — 1) + bm + c = am? + (b — a)m + c = 0. If the roots are 
3 and —1, then we want (m — 3)(m + 1) = m? — 2m — 3 = 0. Thus, let a = 1, b = —1, and 


c = —3, so that the differential equation is z?y" — xy! — 3y = 0. 


In this case we want the auxiliary equation to be m? + 1 = 0, so let a = 1, b = 1, and c = 1. 


Then the differential equation is z?y" + zy! + y = 0. 


From m? — 2m — 2 = 0 we obtain m = 1 + V3 so that 
y = ce (1+V3)2 + coe à 7 V3). 


From 2m? + 2m + 3 = 0 we obtain m = —1/2 + (V5/2)i so that 


5 5 
y=e tl? (acs Farasin Pe), 


From m? + 10m? + 25m = 0 we obtain m = 0, m = —5, and m = —5 so that 


=¢, + ee”? + egre”. 
y 


From 2m? + 9m? + 12m + 5 = 0 we obtain m = —1, m = —1, and m = —5/2 so that 


y= eye 9? 4 ae *+ care”. 


From 3m? + 10m? + 15m + 4 = 0 we obtain m = —1/3 and m = —3/2 + (v7/2)i so that 


7 T 
y= ger Lee (s cos RS x + c3 sin n J . 


From 2m* + 3m? + 2m? + 6m — 4 = 0 we obtain m = 1/2, m = —2, and m = 2i so that 


y= cie? + cze?" + ca cos V2 z + c4 sin V2 2. 
Applying D^ to the differential equation we obtain D^(D? — 3D + 5) = 0. Then 


3 


v11 1 
y= e/2 (^ cos zu t + csin J +C3 + c4a + cx? + CGT 


—————— R$ 
Uc 


and yy = A+ Bx + Cz? + Da?. Substituting y, into the differential equation yields 


(5A — 3B + 2C) + (5B — 6C + 6D)z + (BC — 9D)z? + 5Dz? = —2z + 4x. 


24. 


25. 


26. 
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Equating coefficients gives A — —222/625, B — 46/125, C — 36/25, and D — 4/5. The 


general solution is 


4 3 
2 Pea tek cb s 


— QA ya i NE 
Jy —e (^ cos 2 Y +C28SIN 625 ^ 128 25 5 


a) 222 46 36, 


Applying (.D — 1)? to the differential equation we obtain (D—1)?(D—2D+1) = (D—1)? =0. 
Then 
4 


y = ce + cone” -Eeax?e* + caa? e? + csr e” 
——— 


Ye 


and Yp = Axe? + Bae” + Carte”. Substituting Yp into the differential equation yields 


12C xe" + 6Bare® + 2Ae* = xe". 


Equating coefficients gives A = 0, B = 0, and C = 1/12. The general solution is 


1 
y = cie? + axe + — rte”. 


12 
Applying D(D? + 1) to the differential equation we obtain 


D(D? -- 3)(D? — 5D? + 6D) = D'(D? - (D — 2)(D — 3) = 0. 


Then 


y = c1 + cae? + 030% +c4x + es cos £ + cg sin £ 
a 


Ye 


and yp = Ax + B cos x + Csin x. Substituting y, into the differential equation yields 


6A + (5B +5C) cosx + (-5B + 5C) sin x = 8 + 2sin x. 
Equating coefficients gives A — 4/3, B — —1/5, and C — 1/5. The general solution is 


4 1 1 
y = c + coe + cze?” + 32 — g cosa + g sing. 


Applying D to the differential equation we obtain D(D? — D?) = D?(D — 1) = 0. Then 


y = & + ez + ege +c4a? 
See 


Ye 


and y, = Ax”. Substituting yp into the differential equation yields —24 = 6. Equating 


coefficients gives A = —3. The general solution is 


y = c1 + coz + ege? — 32. 
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27. The auxiliary equation is m? — 2m + 2 = [m — (1+ i)][m — (1 — i)] = 0, so 
Yo = ce” sin x + cae? cos x and 


e” sing e” cos x 2 
e 


"le cosg +e”sing —e” sing + e” cosz 


Identifying f(x) = e” tan x we obtain 


(e? cos x)(e” tan x) 


oe MENT. 
up-——— — Asia 
, _ (e*"sinz)(e* tan z) sin? g 
Uy = == = c ———— = cos x — sec. 
ere COS x 
Then u; = — cos x, uz = sin x — In | sec x + tan z|, and 


y = c¡e* sin z + ce” cos x — e” sin x cos z + e" sin g cos x — e” cos z ln | sec x + tan z| 


= ce” sin x + cae” cos z — e” cos q ln | sec x + tan z|. 


28. The auxiliary equation is m? — 1 = 0, so Ye = cje” + cge~* and 
et e = 
i e edu s 
Identifying f(x) = 2e" /(e* + e77) we obtain 
; 1 e 
ua = === = 
1 ¿ez 14e 
Aq a x 
€ € 
uy == EE S pue 2 
e? q et 1+ e 1+ e 
Then u; = tan”! e”, uy = —e* + tan! e”, and 


y = ce +ce* + e” tante —1+e-* tan l e. 


29. The auxiliary equation is 6m? — m — 1 — 0 so that 


1/2 -/8. 


Y = CGT | + Cx 


30. The auxiliary equation is 2m3 + 13m? + 24m + 9 = (m + 3)? (m + 1/2) = 0 so that 


y= cz? + cae Ing + cam V2. 


31. The auxiliary equation is m? — 5m + 6 = (m — 2)(m — 3) = 0 and a particular solution is 


Yp = zÍ — x? ln z so that 


y= cx? + cox? 4 a* — r Ing. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 
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The auxiliary equation is m? — 2m + 1 = (m — 1)? = 0 and a particular solution is Up = ir? 


so that 


l 3 
y=ax+eelng+ 7a $ 


The auxiliary equation is m? + w? = 0, so ye = c¡ coswt + casinwt. When w # a, Yp = 
Acosat+ B sinat and 


y = c1 cos wt + c sin wt + A cos at + B sin at. 


When w = a, Yp = At coswt + Btsinwt and 
y = & coswt + ca sin wt + Atcoswt + Btsin wt. 


2 


The auxiliary equation is m? — w? = 0, so ye = cie + c2e™t. When w 4 a, Yp = Ae™ and 


y — ae + coe 4 Ae”. 
When w = a, Yp = Ate”! and 


y = qet + coe ™ + Ate. 


If y = sin x is a solution then so is y = cos z and m? + 1 is a factor of the auxiliary equation 
m^ + 2m? + 11m? + 2m + 10 = 0. Dividing by m? + 1 we get m? + 2m + 10, which has roots 


—1 + 3i. The general solution of the differential equation is 


yY = cı cos T + c2 sin z +e “(cg cos 3x + c4 sin 3x). 


The auxiliary equation is m(m +1) = m? +m = 0, so the associated homogeneous differential 
equation is y" + y' = 0. Letting y = ci + ce” + 32? — x and computing y” + y we get x. 
Thus, the differential equation is y” + y' = z. 


(a) The auxiliary equation is m4 — 2m? +1 = (m? — 1)? = 0, so the general solution of the 


differential equation is 
y = c1 sinh x + co cosh z + caz sinh x + c4z cosh z. 


(b) Since both sinh x and rsinhz are solutions of the associated homogeneous differential 
equation , a particular solution of y“) — 24" + y = sinh x has the form 


Up = Az? sinh z + Ba? cosh x. 


Since y, = 1 and y/ = 0, z?y/ — (a? + 2z)y| + (z +2)y1 = —2? — 2x + 2? + 2x = 0, and 
yı = c is a solution of the associated homogeneous equation. Using the method of reduction 


of order, we let y = uz. Then y' = ru’ + u and y" = zu" + 2u’, so 


ay" — (a? +20) y' + (x + 2)y = a?u" + Qa? ul — atu! — 2z?w! — z?u — 2xu + z?u + 2zu 


= qu - zu! - au” € u’). 
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39. 


40. 


41. 


42. 
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To find a second solution of the homogeneous equation we note that u = e" is a solution of 


u" —u! = 0. Thus, ye = cix + coge”. To find a particular solution we set z?(u" — u’) = a? 


so that u” — u’ = 1. This differential equation has a particular solution of the form Az. 
Substituting, we find A — —1, so a particular solution of the original differential equation is 


yp = —1? and the general solution is y = cyx + coxe” — z?. 


The auxiliary equation is m? — 2m + 2 = 0 so that m = 1 + i and y = e? (cı cos x + co sin 2). 
Setting y(1/2) = 0 and y(r) = —1 we obtain c4 = e * and c; = 0. Thus, y =e* 7 cos z. 


The auxiliary equation is m? + 2m + 1 = (m + 1)? = 0, so that y = c1e^* + coxe~*. Setting 
y(—1) = 0 and y'(0) = 0 we get cie — coe = 0 and —c1 + c = 0. Thus c = c and 


y = c(e * + ze”) is a solution of the boundary-value problem for any real number c. 


The auxiliary equation is m? — 1 = (m — 1)(m+ 1) = 0 so that m = +1 and y = cie" t cae ?. 


Assuming yp = Ax+B+C'sin x and substituting into the differential equation we find A = —1, 
B=0, and C= -i. Thus yy = ~£ — ising and 


1 
y = qe” + ce *—u-— 5 sin z. 
Setting y(0) = 2 and y'(0) = 3 we obtain 
cy +C —2 
3 3 
€1—0€2— 2 —3. 
120-3 
Solving this system we find c; = 5 and co = -š . The solution of the initial-value problem 
B 13 5 
y= 46-346 -*-gsnz 


The auxiliary equation is m? + 1 = 0, so ye = c1 cos x + co sin and 
A 


cosx sing 


W = à = 
—sinr cosg 
Identifying f(a) = sec? x we obtain 
" . 3 sin g 
uj = —sinzsec” r = —-—; 
COS? £ 


/ 
Ug = cos x sec? 0 sec? T. 


Then 


u 1 1 u 1 2 
m 2 costa ao m 


ug = tan x. 


43. 


44. 
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Thus 
. 1 2 : 
Y = C1 COS £ + MN COS T sec x + sin g tan x 
. 1 1 — cos? x 
= (1 COS T + co SIN £ — — sec x + ————— 
2 COS £ 
. 1 
= c3 cos £ + casing Jos soe 
and 
/ L 1 
y EE x E Sec vant 


The initial conditions imply 


I 
E 


€3 ct — 


NI = 


Thus c3 = cg = 1/2 and 


1 ge . m. 
== IS A 
y z COS 58 q 


Let u = y' so that u’ = y”. The equation becomes udu/dx = 4x. Separating variables we 
obtain 


udu = 4x dx 


lu? = 2x? + C1 
2 


u? = 4x? + c3. 


When z = 1, y = u = 2, so 4 = 4 + c? and co = 0. Then 


u? = 4r? 
d d 
BH = Oy EH ez cm 
dx 
— q2 _ 2 
y—^z rey or y= T" c6. 


When x = 1, y = 5, so 5 = 1+c3 and 5 = —1+c4. Thus cz = 4 and cy = 6. We have y = x?--4 
and y = —2?+6. Note however that when y = —2? +6, y' = —2z and y'(1) = —2 4 2. Thus, 
the solution of the initial-value problem is y = x? + 4. 


Let u = y' so that y” = u du/dy. The equation becomes 2u du/dy = 3y?. Separating variables 


we obtain 


2u du = 3y? dy 


u? =y +c. 
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When x = 0, y = 1 andy’ = u = 1 so 1 = 1 + cı and cı = 0. Then 


u? =y? 

dyV _ 3 
dx is 

dy _ 3/2 
de > 

y ?? dy = dx 


ay A = I+Cz3 


4 


m (£ +9)?" 


When x = 0, y = 1, so 1 = 4/c2 and cp = +2. Thus, y = 4/(z + 2? and y = 4/(x — 2)?. 
Note, however, that when y = 4/(x + 2)?, y' = —8/(x + 2)? and y'(0) = -1 4 1. Thus, the 


solution of the initial-value problem is y = 4/(x — 2)?. 


23m 


12 = 0 and has roots —4, 


m A " 4 3-7 2 3 
(a) The auxiliary equation is 12m* + 64m? + 59m m 


1 


z, and i. The general solution is 


y= ee t + cze 32/2 + ege 2/8 + ejer? 
(b) The system of equations is 


c1+C2+C3 d 04 — —1 


3 1 1 
—4e1 — =Cg — 503 t z04 = 2 
C1 92 33 94 


9 1 1 
16e, + 702 + 263 + 204 = 5 


4 9 4 
27 1 1 
64 — — —c4 = 0. 
C1 8 Ca 97 3 + ga 
Using a CAS we find c1 = 5%, C2 = D, C3 = -36 | and c4 = X. The solution of 
the initial-value problem is 
495 35 385 45 
Consider ry" + y” = 0 and look for a solution of the form 
y 
y =x". Substituting into the differential equation we have | AE ON a x 
vy" E y = m(m u pg d minm -1 
-2 
Thus, the general solution of xy” + y! = 0 is ye = c1 +c21nx. 
3 : -3 
To find a particular solution of ry” + y” = —yx we use 
variation of parameters. =4 


47. 


48. 


49. 


Chapter 4 in Review 


The Wronskian is 


1 lng 1 
ie b l/z| x 
Identifying f(x) = —a—!/? we obtain 
x /2 Ing —g 1/2 
gage ee and ELT ME LT 
so that a 
m=z In -$) and ug = 282 
Then 


and the general solution of the differential equation is 


4 
Y = & + & lng — gt 


The initial conditions are y(1) = 0 and y'(1) = 0. These imply that c; = $ and c? = $. The 


solution of the initial-value problem is 


4 2 4 
je Fe pu 


'The graph is shown above. 


From (D —2)z + (D — 2)y = 1 and Dz + (2D — 1)y = 3 we obtain (D — 1)(D —2)y 


Dz = 3 — (2D — 1)y. Then 
3 
y= ce” +cee'—3 and z=- — xe + c3. 


Substituting into (D — 2)z + (D — 2)y = 1 gives c3 = 3 so that 


3 5 
qo — caet = gae" + 3 
From (D — 2): — y = t— 2 and —3z + (D — 4)y = —4t we obtain (D — 1)(D — 5)z = 9 — 8t. 
Then a à 
t 5t 
= a oe 
T —c1€ + cee 5 35 
e 16 11 
get )r-t cie” + 3c2e™ + 25 + 25 
From (D — 2)z — y = —e! and —3z + (D — 4)y = —Te! we obtain (D — 1)(D — 5)x = —4e so 
that 
C= cel + coe dg. 
Then 


y=(D-2x+ el = —cye! + 3ce — tel + 2e°. 
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50. From (D+ 2)z + (D + 1)y = sin 2t and 5z + (D+ 3)y = cos 2t we obtain 
(D? + 5)y = 2cos 2t — 7 sin 2t. Then 


2 T. 
y = & cos t + c2 sin t — gq EI oe 


and 


1 
5 


1 
arem (D + 3)y + = cos 2t 


: ? int + ] 2 t ae 2t : 2t 
= | -=c == in ==C9 == — —sin2t — — i 
pa p S pe pa cos 38 z 008 


Chapter 5 


Modeling with Higher-Order Differential Equations 


5.1 Linear Models: Initial-Value Problems 


1. From 22" + 16r = 0 we obtain 
r= cı cos 8V2 t + co sin 8V2t 
so that the period of motion is 27/8 V/2 = 27/8 seconds. 


2. From 20z" + kx = 0 we obtain 


7 e NET 
T = C1 COS 2 5 C2 PS 5 


so that the frequency 2/7 = y/k/20/27 and k = 320 N/m. If 802” + 320x = 0 then 
x = cı cos 2t + c» sin 2t so that the frequency is 2/27 = 1/7 cycles/s. 


3. From 32” + 72z = 0, z(0) = —1/4, and z'(0) = 0 we obtain x = —1 cos4v6t. 
4. From $a” + 72x = 0, z(0) = 0, and z'(0) = 2 we obtain x = Yo sin 4v6t. 
5. From 32” + 40x = 0, z(0) = 1/2, and z'(0) = 0 we obtain x = 3 cos 8t. 
(a) z(1/12) = —1/4, x(1/8) = —1/2, x(1/6) = —1/4, x(n/4) = 1/2, (9/32) = V2/4. 
(b) z' = —4sin 8t so that 2'(37/16) = 4 ft/s directed downward. 
(c) If x = 1cos8t = 0 then t = (2n + 1)7/16 for n 20, 1, 2,.... 
6. From 502” +200z = 0, x(0) = 0, and 2'(0) = —10 we obtain x = —5sin 2t and x’ = —10 cos 2t. 
7. From 202” + 20x = 0, z(0) = 0, and z'(0) = —10 we obtain x = —10sint and x’ = —10 cost. 
(a) The 20 kg mass has the larger amplitude. 
(b) 20 kg: z'(n/4) = —5y2 m/s, z'(n/2) = 0 m/s; 50 kg: x'(1/4) = 0 m/s, x'(1/2) = 10 


m/s 
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(c) If —5sin2t = —10sint then 2sint(cost — 1) = 0 so that t = na for n = 0, 1, 2, ..., 
placing both masses at the equilibrium position. The 50 kg mass is moving upward; the 
20 kg mass is moving upward when n is even and downward when n is odd. 
8. From g” + 16x = 0, z(0) = —1 , and z'/(0) = —2, we get 
1 5 
x(t) = — cos 4t — 5 sin 4t = E cos (4t — 3.605) 


The period is T = 27/w = 7/2 seconds and the amplitude is /5/2 feet. 


In 47 seconds it will make 8 complete cycles. To see this, note that the frequency is 


This means the mass will make 4 complete cycles every 27 seconds. 
9. (a) From x” + 16x = 0, z(0) = 1/2, and z'(0) = 3/2, we get 


1 3 
pie z “os 2t + 1 sin 2t 


(b) We use x(t) = Asin (wt + ¢) where A = VE + cà = 4/ (1/2)? + (3/4)? = V13 /4. From 


this we get 


Therefore x(t) = yi sin (2t + 0.588). 


(c) We use x(t) = Acos (wt — ¢) where A = J/c- cà = y/ (1/2)? + (3/4)? = V13/4. This 


time we get 


Therefore z(t) — ME cos(2t — 0.983). 
10. (a) From 1.6z" + 40x = 0, z(0) = —1/3, and z'(0) = 5/4, we get 


1 1 
a(t) = =z cos 5t + n sin 5t 
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We use x(t) = Asin (wt + $) where A = VE + cà = 4/(—1/3)? + (1/4)? = 5/12. From 


this we get 


¢@ = tan} (-5) = —0.927 
Therefore x(t) = 45 sin (bt — 0.927). 


(b) We use z(t) = Acos (wt — $) where A = yc +c} = 5/12. Note that sing > 0 and 
cos @ < O so 


C2 4 
$ =- £e 
an Q a 3 


4 
ó —tan (-5) = —0.927 


Therefore x(t) = 45 cos (5t — 2.489). 


11. From 22” + 200x = 0, z(0) = —2/3, and z'(0) = 5 we obtain 


(a) x = —$ cos 10t + 3 sin 10t = 2 sin (10t — 0.927). 
(b) The amplitude is 5/6 ft and the period is 27/10 = 1/5 
(c) 3a = vk/5 and k = 15 cycles. 


(d) If x = 0 and the weight is moving downward for the second time, then 10t — 0.927 = 2a 
or t = 0.721 s. 


(e) If x’ = Ž cos (10t — 0.927) = 0 then 10t — 0.927 = 7/2 -- nm or t = (2n + 1)/20 + 0.0927 
forn = 0; 1; 2, «s 


(f) x(3) = —0.597 ft 
(g) 2'(3) = —5.814 ft/s 
(h) z"[3)e 59.702 ft/s? 


i) If z = 0 then t = + (0.927 + nr) for n = 0, 1, 2, .... The velocity at these times is 
10 
pt = +8.33 ft/s. 


(j) If x = 5/12 then t = 45 (7/6 + 0.927 + 2n7) and t = (57/6 + 0.927 + 2n7) for n = 0, 1, 
Deans 
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(k) If x = 5/12 and 2’ < 0 then t = $ (57/6 + 0.927 + 2nm) for n — 0, 1, 2, .... 
12. From x” + 9x = 0, (0) = —1, and z'(0) = — V3 we obtain 


3 2 4 
x = — cos 3t — YB anat = P (s+ =) 


and x’ = 243 cos (3t + 47/3). If 2’ = 3 then t = —77/18 + 2n7/3 and t = —/2 + 2n7/3 for 
1.9/3 sas 


13. The springs are parallel as in Figure 3.8.5 so the effective spring constant is keg = ky + ko. 
From Hooke's Law we find that a mass weighing 20 lb determines the spring constants kı = 40 
and kə = 120. Then we have 

keg = kı + ka = 40 + 120 = 160 lb/ft 


20 
3^ + 1602 = 0 


z" + 2562 =0 
x(t) = c1 cos 16t + c» sin 16t 


Using the initial condition z(0) = 0 we have cı = 0 and therefore x(t) = cosinl6t. Then 
z'(t) = 16c2 cos 16t. Using the condition z'(0) = 2 we have cz = 1/8. Thus 


1 
slt) = A sin 16t 


14. Hooke's Law applied to the same force W (weight) for the two springs gives 


1 1 
W = kz = koz 
2k, = 3k» 
3 
kı = 32 


When the mass weighing 8 lb or 1/4 slug is put on the parallel-spring system its period is 
given by 27/w = 1/15 or w = 30. Now 


ky + k2 = 225 

5 

—ko = 225 

92 
2 

ko = —.225 = 90 
5 

kı = Ž -90 = 135 
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Therefore W = mg = sky = 45 lb. Alternatively, W = mg = iki = 45 lb. 


15. Using kı = 40 and k2 = 120 we have 
40-120 40.120 


sm — 40+ 120 160 / 
2 
e T EN, 
32 
2" + 48x = 0 


a(t) = cı cos 4V3 t + c2 sin 4V3 t 


Using the initial condition z(0) = 0 we have c1 = 0 and therefore a(t) = co sin4/3t. Then 
a! (t) = 4/3 c2 cos 4/3 t. Using the condition x'(0) = 2 we have cz = V3 /6. Thus 


x(t) = a sin 4/3t 


16. As is Problem 14, 


1 
= kı- = _ 
W 13 ka 
2k, = 3k» 
3 
ky = 3f 


When the mass weighing 8 lbs or 1/4 slug is put on the series-spring system its period is 
given as 27 /w = 7/15 or w = 30. Now 


w? = Keg /m 


8 
ke = mu? = oh 307 = 255 


ki ko 
= 225 
ky + ke 
3 [2 
—— =z ys 
3ko + kə 5/2 


5 

ko = = - 255 = 375 
3 
3 

kı = 2n 365 — 562.5 


Therefore W = mg = ik» = 187.5 lb. Alternatively, W = mg = iki — 187.5 Ib. 


17. For parallel springs the effective spring constant is keg = ki + ko. When k = kı = ko, the 


effective spring constant is keg = 2k. Compared to a single spring with constant k, the 
parallel-spring system is more stiff. 
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18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 
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For springs attached in series the effective spring constant is 


kika 
ky tke! 


keff 


When k = kı = ko, the effective spring constant is 


Compared to a spring with spring constant k, the series-spring system is less stiff. 


For large values of t the differential equation is approximated by z” = 0. The solution of this 
equation is the linear function x = cıt + co. Thus, for large time, the restoring force will have 
decayed to the point where the spring is incapable of returning the mass, and the spring will 


simply keep on stretching. 


As t becomes larger the spring constant increases; that is, the spring is stiffening. It would 
seem that the oscillations would become periodic and the spring would oscillate more rapidly. 


It is likely that the amplitudes of the oscillations would decrease as t increases. 


(a) above (b) heading upward 

(a) below (b) from rest 

(a) below (b) heading upward 

(a) above (b) heading downward 

From iz" + 2’ + 2c = 0, x(0) = —1, and z'(0) = 8 we obtain z = 4te ^ — e and 


a! = 8e-* — 16te-*. If x = 0 then t = 1/4 second. If z' = 0 then t = 1/2 second and the 


extreme displacement is x = e”? feet. 


From iv + V2a' + 22 = 0, x(0) = 0, and z'(0) = 5 we obtain z = 5te-?V2! and 
a! = 5e-2V2t (1 — 291). If z’ = 0 then t = y2/4 second and the extreme displacement 
is x= 5/2e-1/A4 feet. 


(a) From z" + 10a’ + 16x = 0, z(0) = 1, and 2'(0) = 0 we obtain x = $e?! — $e 8. 
(b) From x” + 102' + 16x = 0, z(0) = 1, and 2'(0) = —12 then z = —2e^?! + e^t. 
(a) x = $e? (4e9* — 1) is not zero for t > 0; the extreme displacement is r(0) = 1 meter. 


(b) x = $e ** (5 — 268) = 0 when t = ¿In3 = 0.153 second; if x’ = $e 9 (e® — 10) = 0 


then t — ¿In 10 = 0.384 second and the extreme displacement is x = —0.232 meter. 


29. 


30. 


31. 


32. 
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(a) From 0.12” + 0.4z' + 2x = 0, z(0) = —1, and z'(0) = 0 we obtain 


g=e (- cos 4t — y sin 4t). 


V5 


(b) == E sin (4t + 4.25) 


(c) If x =0 (and t > 0) then 4t 4- 4.25 = 2m, 37, 4m, ... so that the first time heading upward 
is t — 1.294 seconds. 


(a) From 52"+2'+5% = 0, z(0) = 1/2, and z'(0) = 1 we obtain z = e7% (3 cos 4t + $ sin 4t). 


(b) = =% sin (at + 7). 


1 
—e 
y2 
(c) If x = 0 then 4t + 7/4 = m, 27, 37, ... so that the times heading downward are t = 

(7+ 8n)7/16 for n = 0, 1, 2, ... . 


(d) 


From Za" + Bx! + 5x = 0 we find that the roots of the auxiliary equation are 
m=-—¿B+£y48?-25. 


(a) If 48? — 25 > 0 then B > 5/2. 
(b) If 48? — 25 = 0 then 6 = 5/2. 
(c) If 48? — 25 <0 then 0 < 8 < 5/2. 


From 0.752” + Bx’ + 6x = 0 and 6 > 3/2 we find that the roots of the auxiliary equation are 


m = —28 =E 3y 0? — 18 and 
— e-28t/3 2 2 : 2 2 
r=e cı cosh 3 B? — 18t | + casinh 3 5? — 18t | |. 


If z(0) = 0 and z'(0) = —2 then c; = 0 and c2 = —3/4/ 8? — 18. 
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33. If ha" + $x + 6x = 10 cos 3t, z(0) = —2, and 2'(0) = 0 then 


gy. = ete (^ COS (E ) + ca sin e ‘)) 
2 2 
10 


and zp = = (cos 3t + sin 3t) so that the equation of motion is 


pet? E VT. uS. dim va, 4:29 toos dr 4 a8, 
3 2 3V 47 2 3 


34. (a) If z" + 2z' + 5x = 12cos 2t + 3sin 2t, x(0) = 1, and z'(0) = 5 then ze = e^'(c cos 2t + 


c2 sin 2t) and x, = 3sin 2t so that the equation of motion is 


x = e™ cos 2t + 3sin2t. 


steady-state 


-3 


transient 


35. From z” + 82' + 16x = 8sin 4t, z(0) = 0, and z'(0) = 0 we obtain ze = ce + cote and 


Lp = —1 cos 4t so that the equation of motion is 


1 1 
c= a dies 1 cos 4t. 


36. From z” + 8z' + 16x = e * sin 4t, z(0) = 0, and x'(0) = 0 we obtain x, = cre + cote and 


— — 24 et — «Legi 
Lp = —dog€ | COS4L — gre ' sin 4t so that 


1 1 
t= es 04 + 100€) — ee 0 cos 4t + 7 sin At). 


As t > oo the displacement x > 0. 


37. From 2z" + 32x = 68e7% cos 4t, z(0) = 0, and z'(0) = 0 we obtain £e = c1 cos 4t + ca sin 4t 


and Lp = ie ^ cos 4t — 2e ?' sin 4t so that 


1 9 1 
c= E cos 4t + 4 sin 4t + 36 cos 4t — 2e? sin At. 


38. Since x = vee sin (4t — 0.219) — VET ¿2 sin (4t + 2.897), the amplitude approaches V85/4 as 


t > oo. 
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39. (a) By Hooke's law the external force is F(t) = kh(t) so that mz" + Ba! + kx = kh(t). 


(b) From 32" + 22' + 4x = 20cost, z(0) = 0, and 2'(0) = 0 we obtain x, = e^?! (ci cos 2t + 
c? sin 2t) and £p = 1$ cost + 32 sint so that 


pane ee CT EO ae ang 
E 13 13 13 13.7 


40. (a) From 1002” + 1600 = 1600 sin 8t, x(0) = 0, and z'(0) = 0 we obtain 


£e = c, cos 4t + c2 sin 4t and £p = -i sin 8t so that by a trigonometric identity 
2 
x = -sin 4t — I nni E 2 dir = e didiwsdi: 
3 3 3 3 
(b) If z = 4 sin 4t(2 — 2 cos 4t) = 0 then t = n7/4 for n =0, 1, 2,.... 


(c) If a’ = $cos4t — $cos8t = 5(1 — cos4t)(1 + 2cos4t) = 0 then t = 7/3 + nm/2 and 
t = 7/6 + nT/2 for n = 0, 1, 2, ... at the extreme values. Note: There are other 
values of t for which x’ = 0. However these other values are multiples of 7/2 and the 
displacement is zero from part (b). 


(d) x(7/6 +n7/2) = V3/2 cm and z(1/3 + n/2) = —/3/2 cm. 


(e) x 


41. From 2"+4x = —5sin 2t+3 cos 2t, z(0) = —1, and z/(0) = 1 we obtain x, = c cos 2t-F- c» sin 2t, 
Tp = 3t sin 2t + Št cos 2t, and 


1 3 5 
x = — cos 2t — LE 41 8in 26 + 4^ cos 21. 


42. From z” + 97 = 5sin3t, r(0) = 2, and z'(0) = 0 we obtain ze = ccos3t + co sin3t, 
Tp = —2t cos 3t, and 


5 5 
x = 2 cos 3t + ao — gcse 


43. (a) From z" + w?x = Fo cos yt, z(0) = 0, and z'(0) = 0 we obtain ze = ci coswt + c» sin wt 
and zy = (Fo cos yt)/ (w? — y?) so that 
r= 


Fo 
we — 7 cos wt + we — y COS yt. 
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—Fotsinyt Fo. . 
——————— = —tsinut. 
2w 


(b) m ae (cos yt — coswt) = Ei zm 
44. From x” + w?z = Fo coswt, z(0) = 0, and z'(0) = 0 we obtain ze = c4 coswt + co sinwt and 
Lp = (Fot/2w) sin wt so that x = (Fot/2w) sin wt. 


45. (a) From cos (u — v) = cosucosv + sinusinv and cos (u +v) = cosucosv — sinusinv we 
obtain sin usin v = [cos (u — v) — cos (u + v)]. Letting u = ¿(y—w)t and v = 5(y+w)t, 
the result follows. 


(b) If e= ¿(y — w) then y ~ w so that x = (Fo/2ey) sin et sin yt. 


46. See the article “Distinguished Oscillations of a Forced Harmonic Oscillator” by T.G. Procter 
in The College Mathematics Journal, March, 1995. In this article the author illustrates that 
for Fo = 1, A = 0.01, y = 22/9, and w = 2 the system exhibits beats oscillations on the 
interval [0,97], but that this phenomenon is transient as t — 00. 


47. (a) The general solution of the homogeneous equation is 


zelt) = cre cos (Vw? — A? t) + cge sin (Vw? — A? t) 


= Ae sin [v w? — A? t+ el ; 


where A = ye? + c$, sind = c1/A, and cos ¢ = c2/A. Now 


Fo(w? — y?) Fo(—2Ay) 
(2 ame a dl SENA 
where 
Fo(—2Ay) 
2. y212 272 » 
a fuer edam. 247 
Fo (w? — 42)? + 412? 
we — 72 + 422 
and 
Fo(w? — y?) 
Ela 2.3 2. 2 
y AA, A 
Fo (w? — 42)2 + 41272 


(ud — y22 + AM? 


5.1 Linear Models: Initial-Value Problems 


(b) If g'(y) = 0 then y (4? + 22? —w?) = 0 so that y = 0 or y = Vw? —2X. The first 
derivative test shows that g has a maximum value at y = Vw? — 232. The maximum 
value of g is 


g (VEZI) = RAE 


(c) We identify w? = k/m = 4, A = 8/2, and 44 = Vw? — 2)? = ,/4— 62/2. As B > 0, 
^4 — 2 and the resonance curve grows without bound at yı = 2. That is, the system 
approaches pure resonance. 


48. (a) For n = 2, sin? yt = 5(1—cos 2yt). The system is in pure resonance when 271/27 = w/2r, 
or when y = w/2. 


(b) Note that 


1 
sin? yt = sin yt sin? yt = 5 [sin yt — sin yt cos 2t] . 


Now 
sin (A + B) + sin (A — B) = 2sin A cos B 
so i 
sin yt cos 2yt = " [sin 3yt — sin yt] 

and 

sin? 4t — > día t= I und t 

yt = q sin yt — q sin 3t. 

Thus 


4 


The frequency of free vibration is w/27. Thus, when 7/27 = w/2z or yı = w, and when 


392/20 = w/2m or 3872 = w or ya = w/3, the system will be in pure resonance. 


3 1 
a” + wae = —sin yt — 1 sin 3yt. 


(c) y 212 y =1 y,=1/3 
x =2 x =3 x _ 
10 s 10 x 10 Rent 
5 5 5 
t t t 
10 30 10 3 
5 -5 -5 
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49. 


50. 


51. 


52. 


53. 
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Solving 5" + 29! + 100g = 0 we obtain q(t) = e-?* (c cos 40t + cz sin 40t). The initial 
conditions q(0) = 5 and q'(0) = 0 imply c4 = 5 and c2 = 5/2. Thus 


q(t) =e (s cos 40t + > sin 401) = = e~ 20 sin (40t + 1.1071) 


and q(0.01) z 4.5676 coulombs. The charge is zero for the first time when 40t + 1.1071 = 7 
or t ~ 0.0509 second. 


Solving Ig" + 209! + 300g = 0 we obtain q(t) = cie? + cae". The initial conditions 
q(0) = 4 and q'(0) = 0 imply cı = 6 and c2 = —2. Thus 


Ste" og 9 


Setting q = 0 we find e*% = 1/3 which implies t < 0. Therefore the charge is not 0 for t > 0. 


Solving 3q” + 10g' + 30g = 300 we obtain q(t) = e (e; cos 3t + cz sin 3t) + 10. The initial 
conditions q(0) = q'(0) = 0 imply cı = c» = —10. Thus 


q(t) = 10 — 10e ?'(cos3t + sin3t) and i(t) = 60e~* sin 3¢. 


Solving i(t) = 0 we see that the maximum charge occurs when t = 7/3 and q(7/3) ~ 10.432. 


Solving q” + 100g’ + 2500q = 30 we obtain q(t) = cye~°™! + cote% + 0.012. The initial 
conditions q(0) = 0 and q'(0) = 2 imply cı = —0.012 and cz = 1.4. Thus, using i(t) = q'(t) 


we get 


q(t) = —0.012e-° + 1.4te 5 + 0.012 and i(t) = 2e-°% — TOte 9", 


Solving i(t) = 0 we see that the maximum charge occurs when t = 1/35 second and 
q(1/35) = 0.01871 coulomb. 


Solving q” + 2q' + 4q = 0 we obtain q. = e (cos V3t + sin V3t). The steady-state charge 
has the form q, = Acost+ B sint. Substituting into the differential equation we find 


(3A + 2B) cost + (3B — 2A) sint = 50cost. 


Thus, A — 150/13 and B — 100/13. The steady-state charge is 


150 100 , 
q»(t) = d3 cost + 13 sin t 
and the steady-state current is 
p(t) E int + cost 
p 13 13 
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54. From 
Eo (Rk. X 
itt) = Z'z sin yt — PASS yt 


and Z = v X? + R? we see that the amplitude of ip(t) is 


E2 2 =x - 
a HR, OO REY? = 


ZA 
55. The differential equation is > q + 209 + 10004 = 100 sin 60t. To use Example 10 in the text 
we identify Ey = 100 and y = 60. Then 


1 d 1 
Iebes A 
Y-u = 9) — o) i 


= y X2 + R2 = y X? + 400 z 24.0370, 


and 


From Problem 54, then 
ip(t) = 4.1603 sin (60t + à) 


where sing = —X/Z and cos¢ = R/Z. Thus tang = —X/R = —0.6667 and q is a fourth 
quadrant angle. Now ¢ ~ —0.5880 and 


ip(t) = 4.1603 sin (60t — 0.5880). 


56. Solving 5q”+20q/ +1000q = 0 we obtain qe(t) = e?" (cı cos 40t +c sin 40t). The steady-state 
charge has the form q,(t) = Asin 60t + B cos 60t + C sin 40t + D cos 40t. Substituting into the 


differential equation we find 


(—1600A — 2400) sin 60t + (2400A — 1600B) cos 60t 
+ (400C — 1600D) sin 40t + (1600C + 400D) cos 40t 
= 200 sin 60t + 400 cos 40t. 


Equating coefficients we obtain A = —1/26, B = —3/52, C = 4/17, and D = 1/17. The 


steady-state charge is 


(6 c dn 60s — ane Odo = in CER 
= —— sin 60t — —c in = 
dp 26 52 S 17° pr 


and the steady-state current is 


30 45 160 40 
it) ET 698 60t 4- qo P n 60t + 37 % os 40t — T sin 40t. 
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58. 
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Solving 4g” + 10g' + 100g = 150 we obtain q(t) = e^ (ei cos 10t + co sin 10t) + 3/2. The 
initial conditions q(0) = 1 and q'(0) = 0 imply cı = cp = —1/2. Thus 


1 3 
q(t) = =g (cos 10t + sin 10¢) + a 
As t > oo, q(t) > 3/2. 


In Problem 54 it is shown that the amplitude of the steady-state current is Ey/Z, where 
Z = VX? + R? and X = Ly-1/C7. Since Ep is constant the amplitude will be a maximum 
when Z is a minimum. Since R is constant, Z will be a minimum when X = 0. Solving 
Ly —1/Cy — 0 for y we obtain y = 1/V LC . The maximum amplitude will be Eo/R. 


By Problem 54 the amplitude of the steady-state current is Ey/Z, where Z = VX? + R2 
and X = Ly —1/Cy. Since Ep is constant the amplitude will be a maximum when Z is a 
minimum. Since R is constant, Z will be a minimum when X = 0. Solving Ly — 1/Cy = 0 
for C we obtain C = 1/Ly?. 


Solving 0.1q” + 10q = 100 sin yt we obtain 
q(t) = cı cos 10t + c» sin 10t + qp(t) 
where qp(t) = Asin yt + B cos yt. Substituting qp(t) into the differential equation we find 


(100 — 77) A sin yt + (100 — y?) B cos yt = 100 sin yt. 


0 

Equating coefficients we obtain A = 100/(100—4?) and B = 0. Thus, qp(t) = MPE sin yt. 
The initial conditions q(0) = q'(0) = 0 imply cı = 0 and c» = —10y/(100 — y?). The charge 
is 

"Món 

= =—— in yt — ysin 
q 100—210 sinat — y 

and the current is idi 

it) = 19-369 ^t — cos 10t). 


In an LC-series circuit there is no resistor, so the differential equation is 


dq 1 
14 —q- E(t). 


Li ===> 
d? C 


Then q(t) = ci cos (t/v LC) + co sin (t/v LC) + gy (t) where gy (t) = Asin yt + B cos yt. 
Substituting qp(t) into the differential equation we find 


1 1 
€ = Ly) A sin yt + (c = Ly) B cos yt = Ey cos yt. 
C C 
Equating coefficients we obtain A = 0 and B = EgC/(1 — LC^?). Thus, the charge is 


q(t) = c1 cos t+ c sin t+ 


1 1 Eo ; 
VIO VIC LORO 
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The initial conditions q(0) = go and q'(0) = ip imply c4 = qo — EoC/(1 — LCy?) and 
c2 = iov LC . The current is i(t) = q'(t) or 


i(t) a sin : t+ cos : t Hoey sin yt 
T; = — ——— ———— — = - 
VEO VIO IO LO Ip ^" 
1 E, 
= ig COS : lo Lea) uper 
VLC VLC 1— LCw VLC 1- LCy 


62. When the circuit is in resonance the form of qp(t) is qy(t) = Atcoskt + Btsin kt where 
k =1/VLC. Substituting qp(t) into the differential equation we find 


E 
dp + k?qy = —2kA sin kt + 2kB cos kt = T cos kt. 
Equating coefficients we obtain A = 0 and B = Eg/2kL. The charge is 
: Eo y 
q(t) = cı cos kt + co sin kt + 7773 t sin kt. 
The initial conditions q(0) = qo and q'(0) = ip imply c1 = qo and cz = ip/k. The current is 


E 
i(t) = —cik sin kt + cok cos kt + zr t cos kt 4- sin kt) 
E E 
= (= — at) sin kt + ig cos kt + T tcos kt. 
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1. (a) The general solution is 


4 


- 2 aag 
y(z) = c1 + coz + eaz^ + c4m? + ET" 
The boundary conditions are y(0) = 0, y'(0) = 0, y"(L) = 0, y"(L) = 0. The first two 
conditions give c1 = 0 and c9 = 0. The conditions at x = L give the system 


Wo 2 Wo 
2 6c4L + —— L^ = 06 —L = 0. 
€3 + 6c4 Lb + JET Ca + EI 


Solving, we obtain cz = woL?/4EI and c4 = —woL/6EI. The deflection is 
y(x) 


— QAET 


(6L? x? — ALa? + 2%). 


(b) 
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2. (a) The general solution is 


_ 2 3 wo 4 
y(x) = cy + coz + eaz^ + car? + pong . 


The boundary conditions are y(0) = 0, y"(0) = 0, y(L) = 0, y"(L) = 0. The first two 
conditions give cı = 0 and c3 = 0. The conditions at x = L give the system 


Wo 4 
L PE L*-0 
C2L + c4 + SIET 


6c4L + —— L^ = 0. 
cab + DET 


Solving, we obtain cz = woL?/24EI and c4 = —woL/12E1. The deflection is 


wo 3 3 4 
t) = L? x — 2Lz? + x). 


(b) 


1 


vy 
3. (a) The general solution is 


Wo E 
24EI ` 
The boundary conditions are y(0) = 0, y'(0) = 0, y(L) = 0, y"(L) = 0. The first two 


conditions give cı = 0 and cp = 0. The conditions at x = L give the system 


y(z) = c1 + eoz + caz? + cam? + 


L+ al A 
C3 + CA + MEI 


wo 2 
2 6c4L + ——L* = 0. 
BPE ET 
Solving, we obtain c3 = woL?/16EI and c4 = —5woL/A8EI. The deflection is 


wo 2 2 3 4 
= —— (3L — 5L 22°). 
y(x) BETO uf = Oba 2") 


(b) 
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4. (a) The general solution is 


(b) 


y(x) = cı + coz + eaz^ + car? + Ein 
The boundary conditions are y(0) = 0, y'(0) = 0, y(L) = 0, y"(L) = 0. The first two 
conditions give c; = 0 and cp = —woL*/Elr?. The conditions at x = L give the system 


w 
Gir + caL + L5 


2c3 + 6c4L = 0. 
Solving, we obtain cz = 3woL?/2EIn? and c4 = —woL/2EIn?. The deflection is 


woL Do og 2 3, 2b. m 
ule) = ges ( 2L%x + 3Lzx x + E sin 71 ] 


(c) Using a CAS we find the maximum deflection to be 0.270806 when x = 0.572536. 


5. (a) The general solution is 


(b) 


= 2 3 wo - 48 
y(x) = c1 + coz + eaz^ + car? + 2051 q, 
The boundary conditions are y(0) = 0, y"(0) = 0, y(L) = 0, y’(L) = 0. The first two 


conditions give cı = 0 and c3 = 0. The conditions at x = L give the system 


L p? L? = 
CaL+c4L” + I90EI 


L+ Ær =0. 
BE 171 i 


Solving, we obtain cz = 7TwọL4/360EI and c4 = —woL?/36EI. The deflection is 


wo 4 2,3 5 
= L*x — 10L . 
y(x) 360ET x — lOL^z? + 37?) 


vy 
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(c) Using a CAS we find the maximum deflection to be 0.234799 when x = 0.51933. 


. (a) Ymax = y(L) = woL^/8EI 


(b) Replacing both L and x by L/2 in y(x) we obtain woL*/128EI, which is 1/16 of the 


maximum deflection when the length of the beam is L. 
(€) Ymax = y(L/2) = bwoL^/384EI 


(wo/24EI)L4/16 = woL*/384EI, 


which is 1/5 of the maximum displacement of the beam in part (c). 


(d) The maximum deflection in Example 1 is y(L/2) = 


. The general solution of the differential equation is 


E E EI 
y = c1 cosh EI? + co sinh EI? +5 — 24 TA 
Setting y(0) = 0 we obtain c; = —woEI/P?, so that 
pa Es i EI 
y= -2 — cosh 4/ — I? + co sinh EI +5 — 24 T A 


Setting y'(L) = 0 we find 


ee a 


. The general solution of the differential equation is 


goes 
Y = c, COS xp csi Jr 3p? pio 
Setting y(0) = 0 we obtain c; = —woEI/P?, so that 
a oo n 
y= xu + co sin pi 


Setting y'(L) = 0 we find 


an (ES Let) | [Fo RES 


. This is Example 2 in the text with L = m. The eigenvalues are A, = n?n? /n? = n?, n = 
1,2,3,... and the corresponding eigenfunctions are yn = tis = sinnz,n = 1,2,3,.... 
This is Example 2 in the text with L = 7/4. The eigenvalues are Ay = n?z?/(/4)? = 16n?, 


n = 1,2,3,... and the eigenfunctions are yn = sin (naz/(a/4)) = sin4nz, n = 1,2,3,.... 


11. 


12. 


13. 


5.2 Linear Models: Boundary-Value Problems 


For A < 0 the only solution of the boundary-value problem is y = 0. For \ = o? > 0 we have 


y = c1 cos az + co sin oa. 


Now 


y (x) = -ca sin az + C20 cos ox 


and y'(0) = 0 implies c2 = 0, so 
y(L) = & cosaL e 0 


gives 
or \=a? = aI c — Da 


a AR onki 


(2n — 1) 


The eigenvalues (2n — 1)?2?/A4L? correspond to the eigenfunctions cos 
M a 


For A € 0 the only solution of the boundary-value problem is y = 0. For \ = o? > 0 we have 


Y = c1 cos az + co sin oa. 
Since y(0) = 0 implies cı = 0, y = cosinz dr. Now 

(E) =g acosa- =0 

y 9) = 2 B 


gives 
2n — 1 
af = En Ur or A=o0l= (M1, = 1, $3. 


The eigenvalues Ay = (2n — 1)? correspond to the eigenfunctions y, = sin (2n — 1)z. 


For \ = —a? « 0 the only solution of the boundary-value problem is y = 0. For \ = 0 we 
have y = cz +9. Now y' = c1 and y'(0) = 0 implies cı = 0. Then y = cz and y'(7) = 0. 
Thus, A = 0 is an eigenvalue with corresponding eigenfunction y = 1. For \ = o? > 0 we 
have 


y = c1 cos az + co sin oa. 


Now 
y (x) = — ca sin az + cao cos az 
and y'(0) — 0 implies c — 0, so 


y (7) 2 -casinar = 0 


gives 


ar=nrT or A—-o?-m,n-c1,2,3,... 


2 


The eigenvalues n^ correspond to the eigenfunctions cos nx for n = 0,1,2,.... 
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14. For \ € 0 the only solution of the boundary-value problem is y = 0. For À = a? > 0 we have 
Y = c1 cos aa + co sin oa. 


Now y(—7) = y(t) = 0 implies 


C1 COS QT — co sinar = 0 


c1 COS or + cg sin om = 0. (1) 


'This homogeneous system will have a nontrivial solution when 


cOSOT —SINQT : . 
: = 2sin am cos ar = sin 207 = 0. 
COS AT sin a 
Then 
n 
2am = nm or A n= 2,39,.. 


When n = 2k — 1 is odd, the eigenvalues are (2k — 1)?/4. Since cos (2k — 1)7/2 = 0 and 
sin (2k — 1)7/2 4 0, we see from either equation in ((1)) that c9 = 0. Thus, the eigenfunctions 
corresponding to the eigenvalues (2k — 1)?/4 are y = cos(2k — 1)z/2 for k = 1,2,3,.... 
Similarly, when n — 2k is even, the eigenvalues are k? with corresponding eigenfunctions 
y — sin kz for k = 1,2,3,.... 


15. The auxiliary equation has solutions 


m- ; (-2+ VA-4O FT) =-1+0. 


For \ = —a? < 0 we have 


y = e” (c cosh ox + co sinh az). 


The boundary conditions imply 
y(0) = cı = Oy(5) = ce ? sinh 5a = 0 


SO Cy = co = 0 and the only solution of the boundary-value problem is y = 0. 


For \ = 0 we have 


y = ae” + cere” 
and the only solution of the boundary-value problem is y = 0. 


For \ = a? > 0 we have 


y =e” (cı cosaz + cosinar). 
Now y(0) = 0 implies cı = 0, so 


y(5) = ce? sin 5a = 0 


16. 


17. 


18. 
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gives 
2,2 
n T 
5a —nm or Apure =D ia 
. n?g? . : . nm 
The eigenvalues A, = 35 correspond to the eigenfunctions y, = e "sin z7 for 
n21,2,3,.... 


For A < —1 the only solution of the boundary-value problem is y = 0. For A = —1 we have 
y = cx +c. Now y! = c and y'(0) = 0 implies e; = 0. Then y = cz and y'(1) = 0. 
Thus, A = —1 is an eigenvalue with corresponding eigenfunction y = 1. For A > —1 or 
A +1 = o? > 0 we have 


Y = Cı COS AL + co sin oa. 


Now 


/ . 
y = —C1 Q sm av + coa COS ax 


and y'(0) = 0 implies c2 = 0, so 
y'(1) = -casina = 0 


gives 


a=nnt, A4+1=a%=n?n*, or A,—m)m?-—1,n-21,2,,... 


27? — 1 correspond to the eigenfunctions y, = cos nrx for n = 0, 1,2, .... 


The eigenvalues n 
For \ = a? > 0 a general solution of the given differential equation is 


y = c cos (aln x) + ca sin (a ln x). 


Since In 1 = 0, the boundary condition y(1) = 0 implies cı = 0. Therefore 


y = casin (aln z). 


Using Ine” = m we find that y (e7) = 0 implies 
co sinar = 0 


or ar = nT, n = 1,2,3,... . The eigenvalues and eigenfunctions are, in turn, 


M=0w%=nr, n= 1,2,3,... and ya =sin(ninz). 


For A € 0 the only solution of the boundary-value problem is y = 0. 


For À = 0 the general solution is y = c1 + cg nz. Now y' = c2/x, so y'(e 1) = coe = 0 implies 
co = 0. Then y = cı and y(1) = 0 gives cı = 0. Thus y(x) = 0. 


2 


For \ = —o? < 0, y = c1z^? + cx“. The boundary conditions give cp = c,e?% and c, = 0, so 


that c2 = 0 and y(x) = 0. 
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For à = o? > 0, y = q cos (aln z) + cgsin(alnz). From y(1) = 0 we obtain c; = 0 and 
y = cœ sin (aln z). Now y! = ca(a/x) cos (aln x), so y/(e~!) = c2ea cos a = 0 implies cos a = 0 
or à = (2n — 1)7/2 and An = o? = (2n — 1)?«?/4 for n = 1,2,3,.... The corresponding 


eigenfunctions are 
. (2 —1 ) 
Yn = sin 5 zc Inz |. 


For A = 0 the general solution is y = cı + calnx. Now y’ = co/z, so y'(1) = c2 = 0 implies 


c = 0. Then y = cı and y'(e?) = 0 is satisfied for any c. 


4 


For \ = —o? < 0, y = c1z^? + cox?. The boundary conditions give c; = c2ef® and cı = 0, so 


that c2 = 0 and y(x) = 0. 


For à = a? > 0, y = c¡ cos (aln x) + cosin(alnz). From y'(1) = 0 we obtain c = 0 and 
y = & cos (aln x). Now y! = —c(a/z) sin (aln x), so y'(e?) = —c(o/e?) sin 2a = 0 implies 
sin2a = 0 or a = nr/2 and An = o? = n?r?/4 for n = 0,1,2,.... The corresponding 
eigenfunctions are 
nm 
Yn = cos E In 2). 


Note n = 0 in y, gives y = 1. 


For A = 0 the general solution is y = cı + calnx. Now y! = co/z, so y'(e) = c2/e = 0 implies 
co = 0. Then y = cı and y(1) = 0 gives cı = 0. Thus y(x) = 0. 


2 


For A = —o? < 0, y = c1z^? + cox“. The boundary conditions give c; = coe?* and cz = 0, so 


that cı = 0 and y(x) = 0. 

For à = a? > 0, y = ccos(alnz) + csin (alng). From y(1) = 0 we obtain cj = 0 
and y = csin (alng). Now y' = co(o/x) cos (aln x), so y'(e) = c2(a/e) cos o. = 0 implies 
cosa = 0 or o = (2n — 1)r/2 and An = o? = (2n — 1)?«?/4 for n = 1,2,3,.... The 


corresponding eigenfunctions are 


. (== ) 
Yn = sin 5 Tina |]. 


For A = af, a > 0, the general solution of the boundary-value problem 


y = c1 COS AT + co sin az + ca cosh ax + c4 sinh az. 


The boundary conditions y(0) = 0, y"(0) = 0 give c; + c3 = 0 and —cya? + cao? = 0, from 
which we conclude c1 = c3 = 0. Thus, y = co sinag + casinh ox. The boundary conditions 
y(1) = 0, y" (1) = 0 then give 

co sina + casinha = 0 


— coo? sina + c40? sinha = 0. 


22. 


23. 
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In order to have nonzero solutions of this system, we must have the determinant of the 


coefficients equal zero, that is, 


sina sinha : : 
2. 2. =0 or 2o?sinhosinoa = 0 
—o“sina a‘“sinha 


But since a > 0, the only way that this is satisfied is to have sina = 0 or œ = nz. The system 
is then satisfied by choosing co Z 0, c4 = 0, and a= nr. The eigenvalues and corresponding 


eigenfunctions are then 


== ln”, n = 1,2,3,... and Yn = SİN NTT. 


For \ = af, a > 0, the general solution of the differential equation is 


y = c1 cos az + C2 sin az + ca cosh ax + c4 sinh az. 


The boundary conditions y'(0) = 0, y" (0) = 0 give coa + c4a = 0 and —caa* + c40? = 0 from 
which we conclude c2 = c4 = 0. Thus, y = c1 cos œz + c3 cosh ax. The boundary conditions 
y(r) = 0, y" (x) = 0 then give 

C1 COS aT + c3 cosh ar = 0 


—c1a? cos ar + c3a? cosh ar = 0. 


The determinant of the coefficients is 2a? cosh ar cos ar = 0. But since a > 0, the only way 
that this is satisfied is to have c1 Z 0, c3 = 0, and cosar = 0 or a = (2n—1)/2, n = 1,2,3,.... 


The eigenvalues and corresponding eigenfunctions are 


2n —1\f 2n — 1 
mat (2 Jensen and yn = cos (2 a 


2 2 


If restraints are put on the column at z = L/4, x = L/2, and x = 3L/4, then the y 
critical load will be P4. 


"p 


24. (a) The general solution of the differential equation is 


u EP " Qo IP 46 
Y = cı COS EI? Co sin EI ; 


Since the column is embedded at x = 0, the boundary conditions are y(0) = y'(0) = 0. 
If ô = 0 this implies that cı = c2 = 0 and y(x) = 0. That is, there is no deflection. 
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(b) If ô Z 0, the boundary conditions give, in turn, c4 = —ó and cz = 0. Then 


=0|1 ee 
y= — C08 4/575 |. 


In order to satisfy the boundary condition y(L) = 6 we must have 


P P 
ó —ó ( COS EI 2 Or COS EI 0 


This gives y P/EI L = (2n — 1)7/2 for n = 1,2,3,.... The smallest value of P,, the 


Euler load, is then 
P 1 2E[ 
— ge di or P=- (7 ) : 


EI 2 4 


25. If A = o? = P/EI, then the solution of the differential equation is 


Y = c1 COS aa + C2 sin AT + e33 + c4. 


The conditions y(0) = 0, y”(0) = 0 yield, in turn, cı + c4 = 0 and cı = 0. With cı = 0 and 
c4 = 0 the solution is y = c2 sin ax + c3x. The conditions y(L) = 0, y” (L) = 0, then yield 


c2 sin a.L + c3L = 0 and — ca’ sinaL = 0. 


Hence, nontrivial solutions of the problem exist only if sina = 0. From this point on, the 


analysis is the same as in Example 3 in the text. 


26. (a) The boundary-value problem is 


where A = o? = P/EI. The solution of the differential equation is y = cı cosax + 
ca Sin oz + cz + c4 and the conditions y(0) = 0, y"(0) = 0 yield cı = 0 and c4 = 0. Next, 
by applying y(L) = 0, y (L) = 0 to y = cosinaz + caz we get the system of equations 


co sina. L + cL = 0 


acocosaL-- c3 =0. 
'To obtain nontrivial solutions co, c3, we must have the determinant of the coefficients 
equal to zero: 


snal L 
acosal 1 


|-o or tan =£ 


where 8 = aL. If 6, denotes the positive roots of the last equation, then the eigenvalues 
are found from bn = QnL = V/A, L or An = (Bn/L)?. From A = P/EI we see that 


5.2 Linear Models: Boundary-Value Problems 


the critical loads are P, = 82EI/L?. With the aid of a CAS we find that the first 
positive root of tan = 6 is (approximately) 6; = 4.4934, and so the Euler load is 
(approximately) P, = 20.1907 EI/L?. Finally, if we use c3 = —cgacosaL, then the 


deflection curves are 


Yn(L) = co sin az + (31 = co E (4) — (E cos Ba) 1 f 


(b) With L = 1 and c» appropriately chosen, the general shape of the first buckling mode, 


4.4934 4.4934 
yi(x) = co ET L ») — == cos (4.1934) ) | : 


is shown below. 


Yi 


0.2 0.4 0.6 0.8 1 


Y = Cı COS EE ip te sin E s 
i T I p 


From y(0) = 0 we obtain cı = 0. Setting y(L) = 0 we find yp/TwL = nz, n = 1,2,3,.... 
Thus, critical speeds are wp = nz T/ LAfp, n —1,2,3,.... The corresponding deflection 


Curves are 


27. The general solution is 


. onm 
y(x) = casin T, m= E eee 
where c» Æ 0. 


28. (a) When T(z) = x? the given differential equation is the Cauchy-Euler equation 


ay" + 2zy! + pw’ y =0. 


The solutions of the auxiliary equation 
m(m — 1) +2m + pu? = m? +m + pu? — 0 


are 
1 4 1] 
Mee: z V pw? —1ià m= EC ud Apu? — 1i 
when pw? > 0.25. Thus 


1/2 cos (A In x) + coz? sin (A In 2) 


y-oar 
where \ = iy 4ow? — 1. Applying y(1) = 0 gives c; = 0 and consequently 


y = coz 1? sin (Aln x). 
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The condition y(e) = 0 requires coe !/? sin A = 0. We obtain a nontrivial solution when 
An = n7, n= 1,2,3,.... But 


1 
dy lp 1 nr. 
Solving for wn gives 
1 
Wn = 3 V (Aner? + 1)/p. 
The corresponding solutions are 


yn (x) = cox 17? sin (nr In x). 


29. The auxiliary equation is m? +m = m(m + 1) = 0 so that u(r) = er^! + cz. The boundary 
conditions u(a) = up and u(b) = u1 yield the system cia! -- c3 = uo, c16 ^! +c = ui. Solving 
gives 


== and ups Er MD 
b b—a 


Thus 


30. The auxiliary equation is m? = 0 so that u(r) = ci + c31nr. The boundary conditions 


u(a) = uy and u(b) = u; yield the system c; + c2 lna = uo, c1 + c2 lnb = u1. Solving gives 


|. ulna — uglnb "T | uo u 
a= Th (a/b) and 027 In(ayb) 
Thus 
G= ui lna — uolnb | ug— ui TT uo In (r/b) — uy In (r/a) 
“r = Th (a/b) In(a/b) ^ — In(a/b) 


31. (a) This is similar to Problem 21 with 1 replaced by L. Thus the eigenvalues and eigenfunc- 


tions are, in turn, 
ne 2; 3e and Yn(z) = sin (=) 
(b) 

An = 0% = pw? /EI =n*1*/L* 


2 ntr* EI 
n L4 p R 
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Therefore the critical speeds are 


n?g? |El 
Wn = I —, n=1,2,3 
Then the fundamental critical speed is 
u v? |El 
Q1 T2 p 


Noe that wn = n?u4. 


32. (a) For \ = a*, a > 0, the solution of the differential 


equation is 
y = cı cos AT + co sin az + cs cosh ax + c4 sinh az. 


The boundary conditions y(0) = 0, y'(0) = 0, y(1) = 0, 
y (1) = 0 give, in turn, 


cy + c3 = 0 


aca +ac4 = 0, 
Cj COS Y + co sin a + c3 cosh a + c4 sinh a = 0 
—cjasina + co cos a + c3a sinh a + cya cosh a = 0. 


The first two equations enable us to write 


c1(cos a — cosh a) + c2(sina — sinha) = 0 


ci(— sina — sinha) + ca(cos a — cosh a) = 0. 


The determinant 


cosa —cosha singa — sinha 


— singa — sinha coso — cosh a 


simplifies to cos a cosh œ = 1. From the figure showing the graphs of 1/ cosh x and cos z, 


we see that this equation has an infinite number of positive roots. 


(b) Using the third equation in the system to eliminate co, we find the eigenfunctions are 


a 


Yn = (— sina, + sinha,,)(cos a,x — cosh oz) + (cos o4, — cosh an) (sin ang — sinh oz). 


33. The solution of the initial-value problem 


a” +w*sx=0, z(0)—0, z'(0)— vo, w? = 10/m 
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is x(t) = (vo/w) sin wt. To satisfy the additional boundary condition z(1) = 0 we require that 


w = nz, n = 1,2,3,.... The eigenvalues A = w? = n?z? and eigenfunctions of the problem 


are then z(t) = (vo/nr) sinnrt. Using w? = 10/m we find that the only masses that can pass 
through the equilibrium position at t = 1 are mn = 10/n?z?. Note for n = 1, the heaviest 
mass m; = 10/7? will not pass through the equilibrium position on the interval 0 < t < 1 
(the period of x(t) = (vo/7) sin rt is T = 2, so on 0 € t € 1 its graph passes through x = 0 
only at t = 0 and t = 1). Whereas for n > 1, masses of lighter weight will pass through the 
equilibrium position n — 1 times prior to passing through at t = 1. For example, if n = 2, 
the period of x(t) = (vo/27) sin 27t is 27/27 = 1, the mass will pass through z = 0 only once 
(t = 4) prior to t = 1; if n = 3, the period of x(t) = (vp/3m) sin 37t is 3, the mass will pass 
through x — 0 twice (t — i and t — 2) prior to t = 1; and so on. 


The initial-value problem is 


2 k 
z"--—z'-—9-—0, z(0)-0, x'(0) = v. 
m m 


With k = 10, the auxiliary equation has roots y = —1/m + V1 — 10m/m. Consider the three 


cases: 


; E: 
(i) m= i. 
The roots are yı = 72 = —10 and the solution of the differential equation is x(t) = ce ly 
cote! The initial conditions imply cı = 0 and cz = vg and so x(t) = vote 1%. The 


condition z(1) = 0 implies vge~!° = 0 which is impossible because vo Æ 0. 
.. E 1 

(ii) 1— 10m »0or0 «m «€ ig. 

'The roots are 


1 I 1 1 
yi =-—-—v1-10m and y = —— + —v1-— 10m 
m m m 


m 
and the solution of the differential equation is x(t) = c1e%t + c2e%*. The initial conditions 
imply 

cy tc. — 0 


^1€1 + ^y2€2 = Vo 


so c1 =%0/(y1 — y2), C2 = —vo/(m — y2), and 
VO 


Eer aren 


x(t) 


Again, z(1) = 0 is impossible because vo Z 0. 
(iit) 1— 10m « 0 or m> $- 
The roots of the auxiliary equation are 


1 1 1 1 
y = —— — —vyl0m- 1i and yv = —— + —v10m — 1i 
m m m m 
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and the solution of the differential equation is 


1 1 
a(t) = eje” cos — /10m — 1t + coe */" sin — /10m — 1t. 
m m 


The initial conditions imply cı = 0 and c2 = mvo/ 10m — 1, so that 


MUO E 1 
t) = == — V10m—1t 
= 9 (- "m ) 


The condition x(1) = 0 implies 


LI mes aima Ll a a 
donci sn 10m =0 


1 
sin —v10m-=1=0 
m 


1 
—vV10m—-1=n7 
m 


10m — 1 
— — = nr, = LiZid 
m 


(n?n?)m? — 10m +1=0 


10/100 — 4n272 | 5-25 — n2 772 
m = ——————— € _ —>—_—_— .. 


2n272 n?n? 


Since m is real, 25 — n?n? > 0. If 25 — n?n? = 0, then n? = 25/r?, and n is not an integer. 
Thus, 25 — n?z? = (5—nr)(5+n7r) > 0 and since n > 0, 5-- nz > 0, so 5— nz > 0 also. Then 


n < 5/7, and so n = 1. Therefore, the mass m will pass through the equilibrium position 


when t — 1 for 


5+ 425 — 1? 5— V25 — m2 
mı = —— and ma = ————————. 


7? Tr? 


35. (a) The general solution of the differential equation is y = c, cos4x + casin4x. From yo = 
y(0) = cı we see that y = yo cos 4z + casin4x. From yı = y(7/2) = yo we see that any 
solution must satisfy yo = yı. We also see that when yo = Y1, y = Yo cos 4x + co sin 4x is 


a solution of the boundary-value problem for any choice of co. Thus, the boundary-value 


problem does not have a unique solution for any choice of yy and yı. 
(b) Whenever yo = yı there are infinitely many solutions. 


(c) When yo Z yi there are no solutions. 


(d) The boundary-value problem has the trivial solution when yo = yı = 0. The solution is 


not unique. 
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36. (a) The general solution of the differential equation is y = cı cos 4x + casin4x. From 1 = 


y(0) = cı we see that y = cos4x + casin4x. From 1 = y(L) = cos 4L + co sin 4L we see 
that co = (1 — cos A4L)/ sin AL. Thus, 


_ dd: 1 — cos 4L in4 
Y = COS 4X "ond sin 47 


will be a unique solution when sin 4L Z 0; that is, when L Z kr /4 where k=1,2,3,.... 


(b) There will be infinitely many solutions when sin 4L = 0 and 1— cos 4L = 0; that is, when 


L=kr/2 where k=1,2,3,.... 


(c) There will be no solution when sin 4L 4 0 and 1 — cos 4L Æ 0; that is, when L = kr/4 


where k = 1,3,5,.... 


(d) There can be no trivial solution since it would fail to satisfy the boundary conditions. 


37. (a) A solution curve has the same y-coordinate at both ends of the interval |—7,7] and the 


tangent lines at the endpoints of the interval are parallel. 


(b) For A = 0 the solution of y" = 0 is y = cix + c3. From the first boundary condition we 


have 

y(—T) = =T +2 = y(1) = e + 6o 
or 2c1* = 0. Thus, c1 = 0 and y = c2. This constant solution is seen to satisfy the 
boundary-value problem. 


For \ = —o? < 0 we have y = c cosh az + co sinh ox. In this case the first boundary 


condition gives 


y(—7) = c cosh (~ar) + co sinh (~ar) 
= c4 cosh ar — co sinh ar 


= y(t) = c cosh ar + c» sinh ar 


or 2c; sinhar = 0. Thus cg = 0 and y = cı coshagz. The second boundary condition 
implies in a similar fashion that cı = 0. Thus, for A < 0, the only solution of the 


boundary-value problem is y — 0. 


For \ = o? > 0 we have y = c4 cos ax + co sin ox. The first boundary condition implies 


y(—7) = c¡ cos (~ar) + ca sin (~ar) 
= (1 COS QT — co SIN QT 


= y(T) = cy COs aT + ca sin ar 


or 2c2sinar = 0. Similarly, the second boundary condition implies 2c,a sin az 


If cq = co = 0 the solution is y = 0. However, if c4 Z 0 or ca Æ 0, then sinar = 0, 
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which implies that œ must be an integer, n. Therefore, for c; and cg not both 0, 
y = Cc cosnz + cosinnz is a nontrivial solution of the boundary-value problem. Since 
cos (—na) = cos nz and sin (—nz) = — sin nz, we may assume without loss of generality 


2 


that the eigenvalues are An = o? = n?, for n a positive integer. The corresponding 


eigenfunctions are y, = cos nz and y, = sin nz. 


(c) y 


y = 2sin 3x y = sin4x — 2 cos 3x 


38. For À = o? > 0 the general solution is y = ci cos Va x + ca sin Va z. Setting y(0) = 0 we find 
cı = 0, so that y = co sin Ya x. The boundary condition y(1) + y'(1) = 0 implies 


ca sin Va + co /a cos ya = 0. 


Taking co Æ 0, this equation is equivalent to tan Ja = —4/ao. Thus, the eigenvalues are A, = 


2 


a? = 132, n = 1,2,3,... , where the 2, are the consecutive positive roots of tan ya = —/a. 


tan x 


39. We see from the graph that tana = —z has infinitely many 


roots. Since A, — o2, there are no new eigenvalues when 25! 


an < 0. For \ = 0, the differential equation y” = 0 has 
general solution y = c1z + coa. The boundary conditions imply 25t 


C] = 2 = 0, so y = 0. _5 


40. Using a CAS we find that the first four nonnegative roots of tan x = —x are approximately 
2.02876, 4.91318, 7.97867, and 11.0855. The corresponding eigenvalues are 4.11586, 24.1393, 
63.6591, and 122.889, with eigenfunctions sin (2.02876), sin (4.913182), sin(7.97867x), and 
sin(11.08552). 


41. In the case when A = —o? < 0, the solution of the y 
differential equation is y = cı cosh ox + co sinh ax. The it 
condition y(0) = 0 gives c4 = 0. The condition 
y(1) — iy(1) = 0 applied to y = casinhaz gives 

1 1 


co (sinh a — 5a/cosha) = 0 or tanho = 5 


seen from the figure, the graphs of y = tanh x and y = ic 


a. As can be 


intersect at a single point with approximate x-coordinate 
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5.3 


3. 


. The period corresponding to z(0) = 1, z'(0 = 1 5 
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a, = 1.915. Thus, there is a single negative eigenvalue A; = —o ~ —3.667 and the corre- 
sponding eigenfuntion is yy = sinh1.915x. For A = 0 the only solution of the boundary- 
value problem is y = 0. For A = o? > 0 the solution of the differential equation is 
y = c1cosoz + cosinox. The condition y(0) = 0 gives c1 = 0, so y = casinax. The 


2 
n 


condition y(1) — 5y'(1) = 0 gives e;(sina — Zacosa) = 0, so the eigenvalues are A, = a 
when o, n = 2,3,4,..., are the positive roots of tana = ia. Using a CAS we find that the 
first three values of œ are ag = 4.27487, ag = 7.59655, and o4 = 10.8127. The first three 
eigenvalues are then A2 = o2 = 18.2738, Az = o2 = 57.7075, and Ay = o2 = 116.9139 with 


corresponding eigenfunctions ya = sin 4.274872, y3 = sin 7.596552, and y4 = sin 10.8127. 


From the figure in Problem 32 showing the graphs of 1/ cosh x and cosx, we see that this 
equation has an infinite number of positive roots. With the aid of a CAS the first four 
roots are found to be o4 = 4.73004, ag = 7.8532, ag = 10.9956, and o4 = 14.1372, and 
the corresponding eigenvalues are A; = 500.5636, A9 = 3803.5281, Az = 14,617.5885, and 
Aa = 39,944.1890. 
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is approximately 5.6. The period corresponding to 
x(0) = 1/2, z'(0) = —1 is approximately 6.2. y 
2 6 
aij 
3 
. The solutions are not periodic. 10+ 
8 
6 
4 
2 
t 

—2———— 


The period corresponding to x(0) = 1, z/'(0) = lis 1o 
approximately 5.8. The second initial-value problem 8 


does not have a periodic solution. 6 


2 
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4. Both solutions have periods of approximately 6.3. 


5. From the graph we see that |x| = 1.2. 


6. From the graphs we see that the interval is 


approximately (—0.8, 1.1). 


~Y 


7. Since 


1 
re? — 2/1 + 0.012 + 3j 0.012)" a 


dx 


for small values of x, a linearization is —7 +a = 0. 


dt? 
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8. 
For z(0) = 1 and z'(0) = 1 the oscillations are symmetric about the line x = 0 with amplitude 
slightly greater than 1. 
For x(0) = —2 and z'(0) = 0.5 the oscillations are symmetric about the line x = —2 with 
small amplitude. 
For x(0) = V2 and z'(0) = 1 the oscillations are symmetric about the line x = 0 with 
amplitude a little greater than 2. 
For x(0) = 2 and z'(0) = 0.5 the oscillations are symmetric about the line x = 2 with small 
amplitude. 
For z(0) = —2 and z'(0) = 0 there is no oscillation; the solution is constant. 
For z(0) = —V/2 and 2'(0) = —1 the oscillations are symmetric about the line x = 0 with 
amplitude a little greater than 2. 

9. This is a damped hard spring, so x will approach 0 as x 


t approaches oo. 
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10. This is a damped soft spring, so we might expect no oscillatory x 
solutions. However, if the initial conditions are sufficiently small 2 
the spring can oscillate. = 

4l 
2l 


e» 
11. 
k, 20.01 $ k =1 
15+ 
3 E 
10 2 
5 1 
t t 
10 20 30 20 
—5 -1 
—10 -2 
-15 Ed 
" k, -20 " k, = 100 
3 3 
2 2 
1 
t 
5 10 
-1 
-2 -2 
-3 -3 
When ky is very small the effect of the nonlinearity is greatly diminished, and the system is 
close to pure resonance. 
12. (a) 
x 
40 
20 
t t 
0 8 
-20 
E k = —0.000465 de | k = -0.000466 
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The system appears to be oscillatory for —0.000465 < kı < 0 and nonoscillatory for 
ky < —0.000466. 


k = —0.3493 


The system appears to be oscillatory for —0.3493 < kı < 0 and nonoscillatory for 
kı < —0.3494. 


13. For A? — w? > 0 we choose à = 2 and 
w = 1 with 0(0) = 1 and 0'(0) = 2. 
For A? — w? < 0 we choose À = 1/3 and 
w = 1 with 6(0) = —2 and 0'(0) = 4. 


In both cases the motion corresponds to 


the overdamped and underdamped cases 


for spring/mass systems. 


14. (a) Setting dy/dt = v, the differential equation in (13) becomes dv/dt = —gR?/y?. But, by 
the chain rule, dv/dt = (dv/dy)(dy/dt) = vdv/dy, so vdv/dy = —gR?/y?. Separating 
variables and integrating we obtain 


d 1 R 
vdv = -gR Z and 5v? = —— +e. 
y 2 y 
Setting v = vo and y = R we find c= —gR + 3% and 
R2 
v? = 2g— — 2gR + ve. 
y 
(b) As y > oo we assume that v > 0*. Then v? = 2gR and vo = V2gR. 


(c) Using g — 32 ft/s and R — 4000(5280) ft we find 


vo = v2(32)(4000)(5280) ~ 36765.2ft/s ~ 25067 mi/hr. 


(d) vo = \/2(0.165)(32)(1080) ~ 7760ft/s ~ 5291 mi/hr 
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15. (a) Intuitively, one might expect that only half of a 10-pound chain could be lifted by a 


5-pound vertical force. 


(b) Since x = 0 when t = 0, and v = dx/dt = 4/160 — 64x/3, we have v(0) = y160 
12.65 ft/s. 


c 
wm 
c 
wm 


(c) Since x should always be positive, we solve z(t) = 0, getting t = 0 and t = 3\/5/2 
2.3717. Since the graph of x(t) is a parabola, the maximum value occurs at tm = $5/2. 
(This can also be obtained by solving z'(t) = 0.) At this time the height of the chain 
is (tm) = 7.5 ft. This is higher than predicted because of the momentum generated by 
the force. When the chain is 5 feet high it still has a positive velocity of about 7.3 ft/s, 
which keeps it going higher for a while. 


(d) As discussed in the solution to part (c) of this problem, the chain has momentum gen- 
erated by the force applied to it that will cause it to go higher than expected. It will 
then fall back to below the expected maximum height, again due to momentum. This, 


in turn, will cause it to next go higher than expected, and so on. 


16. (a) Setting dx/dt = v, the differential equation becomes (L — z)dv/dt — v? = Lg. But, 
by the Chain Rule, dv/dt = (dv/dx)(dx/dt) = vdv/dz, so (L — x)udv/dx — v? = Lg. 


Separating variables and integrating we obtain 


1 if 
Pad = Tog and Gn? + Lg) =—In(L— a) + me, 


so yv? + Lg = c/(L — x). When x = 0, v = 0, and c = L/Lg. Solving for v and 


simplifying we get 
V Lg(2Lx — x? 
da ito g(2Lr —x 3 


dt -— L-r 


Again, separating variables and integrating we obtain 


L- v2Lzx — x? 
—— = —dr-dt a Ht $c. 
Lg(2La — x?) v Lg 


Since z(0) = 0, we have c; = 0 and V2La — x?/,/Lg = t. Solving for x we get 


a(t) = L- yL?-— Lg? and v(t) === 


(b) The chain will be completely on the ground when z(t) = L ort = y L/g. 


(c) The predicted velocity of the upper end of the chain when it hits the ground is infinity. 
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17. (a) Let (x,y) be the coordinates of $5 on the curve C. The slope at (x, y) is then 


dy  vt-y wy-wt , u 
= = or zy -y= - 11. 
dx 0-2 x 


(b) Differentiating with respect to x and using r = v1 /v2 gives 


dt 
ay" + y y =y 

dl " dt ds 

M i — p 

y Tdi 


Letting u — y' and separating variables, we obtain 


pu ug 


dx 
du T 
—— = -dr 
vVli+u? c 


sinh! u = rInz + Inc = In (cz^) 
u = sinh (In cz") 
dy 1 " 1 
da 2 ^ ar) 
At t = 0, dy/dx = 0 and x = a, so 0 = ca” — 1/ca”. Thus c = 1/a” and 
c EIC CUN 
de 2lMa z/. 2 |la a l 
Ifr>lorr <1, integrating gives 
_ a 1 E)” 1 og " 
¡dl l+r\X\a l—r\a ik 
When t = 0, y = O and x = a, so 0 = (a/2)[1/(1+r)-1/(1—r)]+c1. Thus c = ar/(1—r?) 


and 
NN" 1 cM 1 i 4 ar 
I~ 5 l+rtda 1—rs*a 1—-r2' 


If r = 1, then integration gives 


1 E 1 | 
y =-= |> — -lnz| +c. 
2 a 


When t = 0, y = 0 and z = a, so 0 = (1/2)|a/2 — (1/a) na] + co. Thus 
c2 = —(1/2)|a/2 — (1/a) In a] and 


1[zx? 1 ile d 1[1 l. a 
==|2-1 -—— eT ecl =a") in 
y aE Ina] E na ;| (z cu 
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(c) To see if the paths ever intersect we first note that if r > 1, then vı > vg and y > oo as 
x — 0*. In other words, S2 always lags behind S4. Next, if r < 1, then v < vaz and 
y = ar/(1— r?) when x = 0. In other words, when the submarine’s speed is greater than 
the ship’s, their paths will intersect at the point (0, ar/(1 — r?)). Finally, if r = 1, then 
y — oo as z + 0*, meaning S9 will never catch up with Sj. 


18. (a) Let (r, 0) denote the polar coordinates of the destroyer $1. When Sı travels the 6 miles 
from (9,0) to (3,0) it stands to reason, since 5» travels half as fast as 5S1, that the polar 
coordinates of S> are (3,05), where 05 is unknown. In other words, the distances of the 
ships from (0, 0) are the same and r(t) — 15t then gives the radial distance of both ships. 
This is necessary if Sı is to intercept $5. 


(b) The differential of arc length in polar coordinates is (ds)? = (r d0)? + (dr)?, so that 
ds” _ 2 (00 e" dr V? 
dij | \dt dt) ` 
Using ds/dt = 30 and dr/dt = 15 then gives 


dô A? 
900 = 225¢? (=) + 225 


2 
675 = 225t? (=) 
dt 


dð V3 


dt t 
a(t) = V3Int - c— V3ln +c 


When r = 3, 0 =0, soc =—V3In4 and 


a(t) = S (m - nz) = VET. 


Thus r = 3e?/ V3 whose graph is a logarithmic spiral. 


(c) The time for Sı to go from (9,0) to (3,0) = 4 hour. Now Sı must intercept the path 
of Sg for some angle 6, where 0 < B < 27. At the time of interception tg we have 
15to = 3e2/V3 or t = Laaa, The total time is then 


1 1 1 
ae =eB/W8 < ^h 2n/V3) 
t eee A +e ) 


19. (a) The auxiliary equation is m? -- g/l = 0, so the general solution of the differential equation 


is 
O(t) = c cos E + ca sin [te 
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The initial condtion 6(0) = 0 implies cı = 0 and 0'(0) = wo implies c9 = wo /l/g. Thus, 


= E sn 
(b) At fmax, sin y g/1t = 1, so 
l Mp vy jl Mp Ub 
Omax = Wo = oS ar SS — PM 
g9 Muy+Mm,lYVg Maot vig 


Ma + Mp 
Ub = E UE V lg Omax- 


(c) We have cos Omax = (| — h)/l = 1— h/l. Then 


and 


COS Ómax S 1— 


and 
D e or Omax =4/ > + 
Thus 
w 2h w 
ga g a a. 
mb l Mb 
(d) When m; = 5 g, my = 1 kg, and h = 6 cm, we have 


1005 
vp = 7 v/2 (980) (6) ~ 21, 797 cm/s. 


20. (a) Substituting u = dx/dt into 


dt? dt 
gives 
du k ə E 
di E or u =—t+c 


The initial conditions imply cı = 1/vo, so 


dr — 1 vO 


“=u kt/m + 1/vo ~ kvot/m + 1: 


Integrating and applying the intial conditions gives 


k 
m Thren) 
m 


x(t) = T ln OS =n 


Similarly, substituting u = dy/dt into 


dy dy d E / A 
mh = ms (2) , y(0) — 0, y'(0) =0 


5.3 Nonlinear Models 


gives 
du k 4 m du di 
—=9Y9- or — = 
d I k mg/k — u? 
Integrating, we obtain 
m 1 u 
— tanh“! — t4 3. 
k ./mg/k mg/k 
The intial conditions imply c3 = 0 so 
dy mg kg 
=u=4/— tanh,/—t. 
dt " k am m 


Integrating and applying the initial conditions gives 


UN ph [k 
y(t) = T E tn (oon go eu = 1 (cost 2) 


(b) Using the fact that 256 lbs is equivalent to 8 slugs of mass, we solve (using numerical 
procedure) 


8 0.0053(32) 
1 = == 1 h 1/ ———— 
000 0.0055 n (e 3 j : 


which gives t = 8.8 seconds. Then x(8.8) = 1919 ft is the horizontal distance travelled 
by the supply pack. 


21. Since (dx/dt)? is always positive, it is necessary to use |dx/dt| (dx/dt) in order to account 
for the fact that the motion is oscillatory and the velocity (or its square) should be negative 


when the spring is contracting. 


22. (a) From the graph we see that the approximations 


appears to be quite good for 0 € x < 0.4. x 
Using an equation solver to solve sing — y = i 
0.05 and sing — x = 0.005, we find that the T 
approximation is accurate to one decimal place 63 
for 0; = 0.67 and to two decimal places for ps 
0, — 0.31. , 
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23. (a) Write the differential equation as at 
d?0 
d +w?’ sind = 0, 
where w? = g/l. To determine the 7 


differences between the Earth and the 
Moon we take | — 3, 0(0) — 1, and 
0'(0) = 2. Using g = 32 on the Earth 


and g = 32 x 0.165 
on the Moon we obtain the graphs shown in the figure. 


(b) Comparing the apparent periods of the graphs, we see that the pendulum oscillates faster 
on the Earth than on the Moon and the amplitude is greater on the Moon than on the 


Earth. 
24. The linear model is an 
2 
a T w = 0, earth 
where w? = g/l. When g = 32, | = 3, " 
6(0) = 1, and 0'(0) = 2, the solution is 
4 


0(t) = cos 3.2660t + 0.6124 sin 3.2660t. 
When g — 32 x 0.1652 the solution is 


O(t) = cos 1.3267t + 1.5076 sin 1.32671. 


As in the nonlinear case, the pendulum oscillates faster on the Earth than on the Moon and 


still has greater amplitude on the Moon. 


25. (a) The general solution of 


d^0 
e EE 
dg ES 0 


is 0(t) = c1 cost + co sint. From 6(0) = 7/12 and 0'(0) = —1/3 we find 


o) = (E) cost - (s) dini 


Setting 0(t) = 0 we have tant = 7/4 which implies tı = tan”! (7/4) zz 0.66577. 


(b) We set 0(t) = 0(0) 4-0 (0)t 4- 30" (0)? + 10" (0)? ----- and use 0"(t) = — sin 6(t) together 
with 0(0) = 7/12 and 6’(0) = —1/3. Then 


0"(0) = — sin (5) = —/2 (V3 - 1) 


26. 


(c) 


(d) 


(e) 


(f) 


(f) 


From the table below we see that the pendulum first passes the vertical position between 
1.6 and 1.7 seconds. To refine our estimate of tı we estimate the solution of the differential 
equation on [1.6, 1.7] using a step size of h = 0.01. From the resulting table we see that 
tı is between 1.63 and 1.64 seconds. Repeating the process with h = 0.001 we conclude 
that tı = 1.634. Then the period of the pendulum is approximately 4t; = 6.536. The 


error when using tj = 27 is 6.536 — 6.283 = 0.253 and the percentage relative error is 


5.3 Nonlinear Models 


and 

A 
Thus 

a(t) a e AAA ya 


Setting 7/12 — t/3 = 0 we obtain tı = 1/4 ~ 0.785398. 


Setting 


7 1 V2(V3-1), q 
19 3 8 7 


and using the positive root we obtain tı = 0.63088. 


Setting 


= 1, yE(3-1) a, VEA) s 
72 


t ij 
12 3 8 T 


we find with the help of a CAS that tı ~ 0.661973 is the first positive root. 


From the output we see that y(f) is an interpolating 
function on the interval 0 € t < 5, whose graph is shown. 


The positive root of y(t) = 0 near t = 1 is tı = 0.666404. 


To find the next two positive roots we change the interval 
used in NDSolve and Plot from {t,0,5} to {t,0,10}. 
We see from the graph that the second and third positive 


roots are near 4 and 7, respectively. Replacing {t,1} in 
FindRoot with (t, 4) and then [t, 7) we obtain 
to = 3.84411 and t3 = 7.0218. 


(0.253/6.536)100 — 3.87. 
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0.00274 

0.00198 

0.00121 

0.02570 0.00045 
—0.05080 —0.00032 
—0.12678 —0.00108 
—0.20151 —0.00185 
—0.27423 —0.00261 
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1. 


2. 


3. 


10. 


11. 


8 ft, since k — 4 
21/5, since 1a" + 6.252 = 0 


5/4 m, since x = — cos 4t + 3sin4t 


. True 
. False; since an external force may exist 


. False; since the equation of motion in this case is x(t) = e^ (c, + cat) and x(t) = 0 can have 


at most one real solution 


. overdamped 


. From 2(0) = (2/2) sin y = —1/2 we see that sind = —1/4/2, so ¢ is an angle in the third 


or fourth quadrant. Since z'(t) = y2cos(2t + ¢), z'(0) = V2cos¢ = 1 and cos¢ > 0. Thus 
$ is in the fourth quadrant and p = —7/4. 


. y — 0 because A — 8 is not an eigenvalue 


y = cos 6z because A = (6)? = 36 is an eigenvalue 


The period of a spring/mass system is given by T = 2-/w where w? = k/m = kg/W, 
where k is the spring constant, W is the weight of the mass attached to the spring, and g 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 
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is the acceleration due to gravity. Thus, the period of oscillation is T = (27 /Ykg)vW . If 
the weight of the original mass is W, then (2x/ /kg )VW = 3 and (27/ykg)yvW —8 = 2. 
Dividing, we get VW//W —8 = 3/2 or W = 3(W — 8). Solving for W we find that the 


weight of the original mass was 14.4 pounds. 

(a) Solving 2x” + 6x = 0 subject to z(0) = 1 and 2'(0) = —4 we obtain 
a = cos 4t — sin 4t = V2sin (4t + 37/4). 

(b) The amplitude is V2, period is 7/2, and frequency is 2/7. 

(c) If x = 1 then t = n7/2 and t = —7/8 + n7/2 for n = 1,2,3,.... 


(d) If x = 0 then t = 7/16 + n7/4 for n = 0,1,2,.... The motion is upward for n even and 


downward for n odd. 
(e) 1'(37/16) =0 
(f) If z' =0 then 4t + 37/4 = T/2+ nr or t = 30/16 + nm. 


We assume that the spring is initially compressed by 4 inches and that the positive direction 
on the x-axis is in the direction of elongation of the spring. Then, from iz" + m c 2x = 0, 
z(0) = —1/3, and z'(0) = 0 we obtain x = -$e + ge ^. 


From z” + Bx! + 64x = 0 we see that oscillatory motion results if 8? — 256 < 0 or 0 « 8 < 16. 
From mz" 4-4z' 4-2z = 0 we see that nonoscillatory motion results if 16—8m > 0 or 0 < m < 2. 


From iz" -Fa' +2 = 0, z(0) = 4, and 2'(0) = 2 we obtain x = 4e~* + 10te~*". If 2'(t) = 0, 
then t = 1/10, so that the maximum displacement is x = 5e 9? ~ 4.094. 


Writing iz" + Sr = cost + sin4t in the form z” + Lx = 8cos4t + 8sin yt we identify 
w? = St, The system is in a state of pure resonance when y = w = \/64/3 = 8/v3. 


Clearly £p = A/w? suffices. 


From $a” + a! + 32 = e *, z(0) = 2, and z'(0) = 0 we obtain 


8 
Le= ett (a cos 2/21 + co sin 21/21) y Xy = 18 3 and 


At s t 
E e | COS /2 sin J/2 € 
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22. 
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(a) Let k be the effective spring constant and x; and x2 the elongation of springs kı and ko. 
The restoring forces satisfy kızı = kax2 so 12 = (k,/k2)11. From k(x, + 22) = kızı we 


have 


kika 

ky +k 
1 1 1 
k ok kj 


From kı = 2W and k = AW we find 1/k = 1/2W + 1/AW = 3/AW. Then 
k = 4W/3 = 4mg/3. The differential equation mz" + kx = 0 then becomes 
x” + (4g/3)x = 0. The solution is 


x(t) = c cos we: + co sin we 


The initial conditions z(0) = 1 and z'(0) = 2/3 imply cı = 1 and c2 = 1/4/3g. 


(b) To compute the maximum speed of the mass we compute 


2 4 2 
z'(t) -af sz te Sony fs and ze TEER = zvV3g+1. 


From q” + 10*q = 100sin 50t, q(0) = 0, and q'(0) = 0 we obtain qe = c cos 100t + c» sin 100t, 
de = 5 sin 50t, and 


(a) q(t) = — asin 100t + + sin 50t, 
n2 2 
(b) i(t) = —$ cos 100t + 5 cos 50t, and 
(c) q(t) = 0 when sin 50t(1 — cos 50t) = 0 or t = n7/50 for n —0,1,2,.... 


By Kirchhoff's second law, 
dq dq 1 
L—-R—-— 
dg ato 


Using q'(t) = i(t) we can write the differential equation in the form 


= E(t). 


di 1 
L—+Ri+—q= E(t). 
at Rt*ga-E(t) 
Then differentiating we obtain 
di di 1 
L—, —+ i= E(t). 
ee ot ee 
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23. For A = o? > 0 the general solution is y = c; cos oz + co sin az. Now 
y(0) = c and y(27) = cı cos 2ra + c» sin 2ra, 
so the condition y(0) = y(27) implies 


C1 = €1 cos 27a + ca sin 27a 


which is true when a = V/A =n or A = n? for n = 1,2,3,.... Since 

y = —oc; sin ox + aco cos ar = -NCI sin nz + NC cos nz, 
we see that y/(0) = nc» = y'(27) for n = 1,2,3,... Thus, the eigenvalues are n? for 
n = 1,2,3,..., with corresponding eigenfunctions cos nx and sin nx. When A = 0, the general 


solution is y = cya + c9 and the corresponding eigenfunction is y = 1. 


For \ = —o? < 0 the general solution is y = cı cosh ax + c; sinh ox. In this case y(0) = c 
and y(27) = cı cosh 2ra + cz sinh 2ra, so y(0) = y(27) can only be valid for a = 0. Thus, 
there are no eigenvalues corresponding to A < 0. 


24. (a) The differential equation is d?r/dt? — w?r = —gsinwt. The auxiliary equation is 


2 


m? — w? = 0, so re = cíe^* + eoe 


t. A particular solution has the form 

ry = Asinwt + B coswt. Substituting into the differential equation we find 

—2Aw? sin wt — 2Bw? coswt = —gsinwt. Thus, B = 0, A = g/2w?, and 

ry = (9/24?) sinwt. The general solution of the differential equation is r(t) = cie! + 
coe“ + (g/20?) sinwt. The initial conditions imply c1 + c? = rg and g/2w — wc 4-wco = 
vo. Solving for cy and co we get 


ci = (2u?rg + 2wvo — g)/4w? and c3 = (2u?rg — 2wvo + 9)/4u?, 
so that 


g 


9 2 2 =. 2 2 = 2 
= Ie mom d git 4 Pa PO POTD at D sinoat, 
W 


4w2 4w2 


r(t) 


(b) The bead will exhibit simple harmonic motion when the exponential terms are missing. 
Solving cı = 0, c9 = 0 for ro and vo we find rg = 0 and vo = g/2w. 
To find the minimum length of rod that will accommodate simple harmonic motion we 
determine the amplitude of r(t) and double it. Thus L = g/w?. 


(c) As t increases, e^* approaches infinity and e^^* approaches 0. Since sinwt is bounded, 
the distance, r(t), of the bead from the pivot point increases without bound and the 


distance of the bead from P will eventually exceed L/2. 
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(d) 


(e) For each vo we want to find the smallest value of t for which r(t) = +20. Whether we 
look for r(t) = —20 or r(t) = 20 is determined by looking at the graphs in part (d). The 
total times that the bead stays on the rod is shown in the table below. 


EN 1.55007 2.35494 3.43088 6.11627 4.22339 


When vp = 16 the bead never leaves the rod. 


25. Unlike the derivation given in Section 3.8 in the text, the weight mg of the mass m does not 
appear in the net force since the spring is not stretched by the weight of the mass when it is 
in the equilibrium position (i.e., there is no mg — ks term in the net force). The only force 
acting on the mass when it is in motion is the restoring force of the spring. By Newton’s 


second law, 


26. By Newton’s second law of motion: 


d?r 


ar 
m —kiz — kox or m ——- + (ki + ko) z — 0. 


di? 


Here —k 2 is the force to the left due to the elongation x of the spring with constant kj and 


—koz is the force to the left due to the compression x of the spring with constant ke. 


27. The force of kinetic friction opposing the motion of the mass in uN, where y is the coefficient 
of sliding friction and N is the normal component of the weight. Since friction is a force 
opposite to the direction of motion and since N is pointed directly downward (it is simply 


the weight of the mass), Newton's second law gives, for motion to the right (x’ > 0), 


dx =. 
m du = —Rx — umg, 
and for motion to the left (z' < 0), 
dex 
= —kx + umg. 


m Á: 
dt? 
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Traditionally, these two equations are written as one expression 


2 


d 
s T + fx sgn(a") + kx = 0, 


where fg = umg and 


L 4-6 
sen(x”) — " z 0 


28. (a) The differential equation is x” +sgn(x’) + x = 0 or 


» 1, | motion to the left 
ro += 
—1, motion to the right. 
Correspondingly 


(t fs cost + casint +1, motion to the left 
MH = 


cı cost + c2 sint — 1, motion to the right 


For motion to the left z" +x = 1, z(0) = 5.5, z/(0) = 0 gives z(t) = 4.5 cost +1. From 


z'(t) = —4.5sint we see that the mass is at rest (z'(t) = 0) at t = m so the interval of 
definition is [0,7]. Note that z'(t) < 0 for 0 < t < m. The mass is now on the left at 
x(a) = —3.5. 

(b) For motion to the right we solve the initial value problem x” + r = —1, x(m) = —3.5, 


z'(m) = 0 gives x(t) = 2.5cost — 1. From z'(t) = —2.5sint we see that the velocity is 0 
next at t = 27 so the interval of definition is [7,27]. Note that x'(t) > 0 for m < t « 2r. 
The mass is once again on the right at z(27) = 1.5. 


(c) For motion to the left we solve the initial-value problem x” + 2 = 1, x(27) = 1.5, 
z'(2-) = 0 gives x(t) = 0.5cost +1. From z'(t) = —0.5sint we see that the velocity 
is O next at t = 37 so the interval of definition is [27,37]. Note that z'(t) < 0 for 
27 « t< 3a. The mass is still on the right at (37) = 0.5. 


(d) Now if there is further motion to the right we solve the initial-value problem x” +2 = —1, 
z(3m) = 0.5, z'(3*) = 0, which gives x(t) = —1.5cost — 1. From z'(t) = 1.5sint we 
see that the velocity is 0 next at t = 47 so the interval of definition is [87,47]. But for 
3x < t < 4n, x'(t) < 0 which contradicts the assumption of motion to the right. This 
indicates that the solution x(t) = cı cost + co sint — 1 is no longer applicable. The other 
solution for motion to the left is also not applicable since it implies z'(t) > 0. The mass 
has undoubtedly stopped at x(37) = 0.5. 
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Motion on the interval [0, 37]: A 


45cost--1, O<t<a 


(e) 0 2.5cost—1, m <t< 2r 
t) = 
0.5cost +1, 2m <t< 9v 
(0.5; t > 30 


29. The given initial-value problem is 


d. 
ae t 1589-0 0(0) =7/6, 0'(0)=0 


Differentiating with respect to time t the differential equation yields 


d?6 g d0 g d8 dto g o g do y? 
— = —-“si — = — — = —= cos 0 — + =siné | — al 
sin 0, dm 7 08 0 dr and ET ; 6088 5 + z Sin (2) i 


From the differential equation, the initial conditions, and the foregoing derivatives we see at 
t = 0 that sin (0(0)) = sin 7/6 = 1/2 and cos (0(0)) = cos 7/6 = v3 /2 and so: 


0(0) = =, 9'(0)=0, 0"(0) = => 8"19) 29, 99s A " 
The Maclaurin expansion 
a(t) = 000) + eto +O a, POs, HO a 
is the 


30. (a) If m and / are constant, then (1) in the text is simply 
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(b) If m is constant and / is a function of time t then by the product rule of differentiation, 


0 
£ (me 2) = —mgl sin 0 


dt 
2 
mi Fa +m (215) Z + mglsind =0 
20 0 
mi? $5 +2ml = + mglsin9 = 0 
29 dl d0 
D n + gsind=0 


When l(t) = lo + x(t) the differential equation becomes 


29 
d pgs. E E 


(oz) wt? d 


31. (a) The linear initial-value problem is 


Po g 
We F riz = 0, 01(0) = 6o, 0; (0) = 0. 


Applying the initial conditions to 0;(t) = cı cos yg/lt + co sin J/g/lt gives cı = ĝo and 
ca = 0. Therefore the solution is 


91 (t) = Op cos / g/1t. 


The string hits the nail when 01(t1) = 0 or cos /g/lt4 = 0. Thus 


g T 
2h ee 
Jen 2 
l 
ZEN seconds 
2V9 


The interval over which the solution 01 (t) is defined is D i 2]. 


(b) Now 02(t1) = 0,(t1) = 0. Also, the initial angular speed when the string hits the nail 
satisfies 0,(t1) = 0, (t1). Using tı found in part (a) 


Since the length of the string is 1/4 the initial-value problem for 02(t) is 


d? ES 


L _ / TE g 
dB + ja = 0, 62(T) = 0, 05(T) = NE) 
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Applying the initial condition 02(t,) = 0 to 05(t) = c3 cos24/ g/lt + co sin24/g/lt gives 


€3 = 0. Therefore 
_ : g 
02(t) = c4 sin NE 


63(t) = ea eos MEE 


—— 


l 
05(t) = ea $ cos E 1 = -201/3 = EN 


So C4 = 09/2 and 
Lo ox g 
b(t) = z2 sna fc. 


At the time t2 we have 02(t) = 0 for the second time: 


1 
O(t2) = 5 90 sn2 ft —0 


24/7 to = 2n 


and so 


l l 
The interval over which 62(t) is defined is E ; nji f 
g g 


32. (a) The solution of the differential equation 


dr 
7 + 4z = sin 4t 


is x(t) = cı cos 2t + ca sin 2t —  sin4t. The intial conditions z(0) = 0, 2'(0) = vo give 
c; = 0 and c2 = + + 300. Therefore x(t) = ( + $ vo) sin 2t — $) sin 4t. 


Using sin 20 = 2sin theta cos 0 we can write sin 4t = 2sin 2t cos 2t and so 


(t) Ime dre ade ig] condi 
T —i1— = 1n = = Sil = sin E = Up = = COs 
6 9 V0 S 6 S COS 6 2 0 6 


The first positive solution tı of x(t) = 0 is then obtained from sin 2t = 0 or tı = 7/2. 
Thes the solution of the initial-value problemis defined on [0, 7/2]. 
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(b) The solution of the differential equation 


ETE 
— +1 = sin 
dt? 
is x(t) = c3 cos t-- c4 sint — + sin 4t. The initial conditions x(7/2) = 0, 2'(1/2) = -5- 


give c4 = 0 and c4 = 2 + vg. So 


2 1 
alt) = E + vo) cos t — m sin 4t. 


By rewriting: 


(t)=(= t— a in4t=|=+ t — — sin 2t cos 2t 
KB i UV 1 
x vo | cos 1 S o | cos 1 S cos 


= E t — — sintcostcos2t — t d — — sint cos 2t 
= + in = in 
Vo | COS 15 S COS t COS COS 5 VO 15 S COS 


we see x(t) = 0 for t = 37/2. Thus the solution is defined on [1/2, 37/2]. 


(c) Because the mass is again below the equilibrium position z — 0 the differential equation 


in the next initial-value problem is again 


d? 
7 + 4x = sin 4t 


and its solution is x(t) = cs cos 2t+cg sin 2t— 4 sin 4t. The intial condition are z(37/2) = 


0, 2'(39/2) = — + vo and give c5 = 0 and eg = -5 — $ vo. So the solution is 


7 1 1 
a(t) == E + 5 v) sin 2t — 35 sin 4t. 
From the alternative form 


(t) UN noe <= eid NE. mob = ew OH coe St 
T = | -=-—-—-—2 sin — — sin =|- HU sin — ~ SIM Zt COS 
30 2° 12 30 2 6 


; 7 1 1 
= sin 2t | —— — — v9 — — cos2t 
30 2 6 


we see that x(t) = 0 for t3 = 27. The the solution is defined on [37/2, 27]. 


(d) Proceeding as in part (b) we find x(t) = c; cos t+ cs sint — 5 sin 4t The initial conditions 


z(27) = 0, a'(27) = —$ — vo give c; = 0 and cg = —Ẹ — vo. So 


8 1 
x(t) == € + 0) sint — IE sin 4t. 


From the form x(t) = sin (—Ẹ — vo — $5 sint cos 2t) we see x(t) = 0 when t4 = 37. The 


solution is defined on [27, 37]. 
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(e) The velocity of the mass at the beginning of the first cycle is z'(0) = vo, the velocity at 


the beginning of the second cycle is 1'(37/2) = -— + vo, the velocity at the beginning of 
the third cycle is 2/(37) = 4 


15 + vo. and so on. It stands to reason that the amplitudes 


of oscillation will increase because the velocity of the mass is increasing by — at the 
beginning of each cycle. 


(f) For vo = 0.01 the graph of the piecewise-defined function 
; l. 
(= +0005) sin 2t — 19 sin 4t, 0127/2 


2 1 
(500) cost — 7g sin 4t, 7/2 < t< 31/2 
a(t) = 


1 
- (x +0. 005) sin 2t — 18 sin4t, 37/2<t< 2n 


8 1 
- (5 +001) sint — qg sin 4¢, 2m <t< 3T 


is shown below. 


Chapter 6 


Series Solutions of Linear Equations 


6.1 Review of Power Series 


1. 


lim “+! — lim + = lim [a | = |] 
n>0 On n—>>00 g^ In n>0 n + 1 
= 1 
The series is absolutely convergent on (—1,1). At x = —1, the series b» E is the harmonic 
2 M n=1 
series which diverges. At r = 1, the series M cU converges by the alternating series test. 


n=1 
Thus, the given series converges on (—1,1], and the radius of converegence is 1. 


gmt! fin + 1)? 


X An+1 LL 4s — — 
lim —— = lim PY = Jim ne q el = |x| 


n—>00 An n—>00 


t 


3 converges by 
n 


oo 
The series is absolutely convergent on (—1,1). At x — —1, the series y 
n=1 


oo 


the alternating series test. At x = 1, the series y — İs a convergent p-series. Thus, the 
n 
n=1 
given series converges on [—1,1], and the radius of converegence is 1. 


e re ait 1) 2n 


= lim 
dn fn | n>00 n +1 


|z| = 2/7] 


n> An n—>>00 


The series is absolutely convergent for 2|z| < 1 or |x| < i. The radius of convergence is 


(=1)” 


n 


oo 
R= >. At z= 3, the series y, converges by the alternating series test. At r = >, 
n=1 


oo 
the series > — is the harmonic series which diverges. Thus, the given series converges on 
n 
n=l 


[-4, i) and the radius of convergence is >. 


; An+1 A 
lim — = Ji 


presa (n ds 1)! 
5n” Inl 


n> An n—>00 


The series is absolutely convergent on (—00,00), and the radius of convergence is R = oo. 


339 


340 


CHAPTER 6 SERIES SOLUTIONS OF LINEAR EQUATIONS 


(x PEN So alley Alt se 
(x — 5)*/10* 


. 1 
= lim —|z — 5| = —|x — 5| 
k—oo 


k>00 Ak k—oo 


The series is absolutely convergent for mle — 5| < 1, |z — 5| < 10, or on (-5,15). At 


oo 
10 
x = —5, the series p3 NE ot ES 4 a 1 diverges by the nth term test. At r = 15, the 
k=1 k=1 
10 Z 
series »c 1)* 1 ^ 2. (iy diverges by the nth term test. Thus, the series converges on 


(—5, 15), or the radius of convergence is 10. 


oo, Al 
0, z=1 


aa o Etpe- 
= m | s 


= lim e+e- =f 
k—oo 


The radius of convergence is R = 0 and the series converges only for x = 1. 


= lim ——— — =1|= — 1 
Oriy +n) ar E 


(3z — 1)^1/ [(n 4- 1)? + L n? +n 


The series is absolutely convergent for |3r — 1| < 1 or on (0,2/3). At x = 0, the series 
C1 S 


2. ME converges by the alternating series test. At x = 2/3, the series 2 nm converges 
= S y = 
by comparison with the p-series > 72 Thus, the series converges on [0, 2/3], and the radius 
k=1 
of convergence is 1/3. 
4x —5 n+1 gn+l 1 1 
lim Z5. = lim (mel; ii E = lim 5|4x — 5| = 2|4z — 5| 
k—oo Gk k=>00 (4x — 5)" /3” k= 3 3 


The series is absolutely convergent for $|4v — 5| < 1, |Ay — 5| < 3 or on (1/2,2). At x = å, 


oo k oo 
—3 ; 
the series ) = = ) (—1)" diverges by the nth term test. At 2 = 2, the series 
k=0 k=0 


3k 
Sos ak = Y 1 diverges by nth term test. Thus, the series converges on (1/2,2), and the 


k=0 k=0 
radius of convergence is 5/4. 


con a 
. Write the series as > (=) z^ Then 
k=1 


E (32/75 EFL ttt 


t TH! gil 
The Bene is absolutely convergent for 32 ar < 1, or on (—75/32, 75/32). At x = —75/32, the 


series 20 )* diverges by the nth term test. At £ = 75/32, the series 1 diverges by nth 


k=1 
term ied Thus, the series converges on (—75/32, 75/32), and the radius of convergence is 


75/32. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 
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2(k+1)+1 /gk+1 

. ARA _ |x /9 s. bos. c» 

jos Up dorus granel (98 po E 

The series is absolutely convergent for ja? < 1, or on (-3,3). At x = —3, the series 
oo 

2 (—1)^(—3) diverges by the nth term test. At x = 3, the series y (—1)*3 diverges by nth 
k=1 k=1 


term test. Thus, the series converges on (—3,3), and the radius of convergence is 3. 


We replace x by —z/2 in the Maclaurin series of e”. 
oo TL oo 
1 fu (-1)” 
—r/2 . Eo iid _ n 
x c 


We replace x by 3x in the Maclaurin series of e" and multiply the result by x. 


pe? =g. J —(31)" = J = gt 
n! n! 


1 cz 
We factor out a 5 and replace x by B in the Maclaurin series of 1 


1 4 1 =>5 1+( A Ts ae ai 
2+x 2 1-(-2/2 2 2 2 ~ 2 2 2 


1 gr g =D”, 
n=0 


2 92 o9n+1 


We replace x by —x? in the Maclaurin series of — and multiply the result by zx. 


x 1 , : 
Tat =? Toran sell x”) | ( g^) -( a?) zu 
00 
== Y (Ig 
n=0 


We replace x by —x in the Maclaurin series of In (1 + x). 


== es A a o ul 


We replace z by x? in the Maclaurin series of sin x. 


TR yo Aa 24i ED a 
dig g Ac t2 


By periodicity sin z = sin |(x — 27) + 27] = sin (x — 27), so 


sin x = sin (x — 27) -Dah 


PD 


n=0 
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18. We first note that 


—2 —2 

ine =m l2 (12 ) =in2+m (143). 
2 2 
—2 


Next use the Maclaurin series of In(1+ 2) with x replaces by ——— 


r—-2 1/2-2 oe r—2N? 1 (2-2 E 
2 4l 2 


In x = 

2 2 2 3 

oo 

( jp 
=In2+)) 2n (x — 2)" 

n= 

19. si zt + x ul g^ x gf 
. singcosg = | x — — + — — O 

6 120 5040 2 24 720 


TS. 315 
2 3 4 2 4 3 4 
z x T ZL T MH 
20. e`” = | edd ede ius ER E ga E 
oe ( UN )( 2 5 ) a 
1 1 zx?  5z^ 612 
21. = =D a 
dim COS £ x? " x^ xô " 2! 4! 6! 
2 4 6 
Since cos (7/2) = cos (—7/2) = 0, the series converges on (—7/2,7/2) 
n z x5 q x 
TN M M T 
sinz 6 ' 120 5040 1 2 B m 
22. tant = = = = = 
rr um curb oe ae Ot 
2 24 720° 


Since cos (7/2) = cos (—7/2) = 0, the series converges on (—7/2,7/2) 


Let k = n + 2 so that n = k — 2 and 


23. 
oo [o 9] 
» nenz”? = s (k — 2)ey 2x". 
n=1 k=3 
24. Let k = n — 3 so that n= k + 3 and 
oo oo 
y (2n — 1)c, u =y i 2k +5 Jenga. 
n=3 k=0 
25. In the first summation let k =n — 1 so that n = k + 1 and 
oo 


oo oo oo oo 
x -5 Cnt =5 i (k 4- 1) e az^ — y cpr = =y (K+ 1)cx+1 — ex] £ 
k=0 k=0 n=0 
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26. In the first summation let k = n — 1 and in the second summation let k = n + 2. Then 


n = k + 1 in the first summation, n = k — 2 in the second summation, and 


oo oo oo oo 
D nena 143 ‘> Cy ar? = > (k+ Dora? +3 > Chox" 
n=1 n=0 n=0 k=2 


oo CO 
= (9 + 2ceox + y (k+ 1)ce410* + Tb Gam" 
k=2 k=2 


oo 
= 04 2cor + 2 [(k + 1)cx+1 + 3cg-2] £ 
k=2 


27. In the first summation let k = n — 1 and in the second summation let k = n+ 1. Then 


n = k + 1 in the first summation, n = k — 1 in the second summation, and 


oo oo oo oo 
y Ine, * + p 6c, 271 22.1- eua? + > nena y 6c, rel 
n=1 n=0 


n=2 n=0 


[9.9] oo 
= 2c, + y 2(k + 1)cp+12* + y, 6cj 1x" 
k=1 k=1 


=2 +502 (k + 1)ck41 + 6cp_ ilz" 


28. In the first summation let k = n — 2 and in the second summation let k = n + 2. Then 


n = k + 2 in the first summation, n = k — 2 in the second summation, and 


oo oo oo 
i n(n — 1)cpar? + » cpar+ ED (k 4- 2)(k + 1)ex ox + >. Ck 22^ 
n=2 k=0 k=2 


oo oo 
= 2c + 6c31 + y (k +2)(k + 1)ey oz + b» Cy 22^ 
k=2 k=2 


= 2cq + 6c3x + y [(k +2)(k +1) ceo + cx o]z^ 
k=2 
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29. In the first summation let k = n —2 and in the second and third summations let k = n. Then 


n = k + 2 in the first summation, n = k in the second and third summations, and 


oo oo oo 
y n(n — 1)cna””? — 2 $ nc," + LS Ca” 
n=2 n=1 n=0 
oo oo oo 
c (k -- 2)(k + 1)ex 4 2z* — > 2kcpx" + y cya" 
k=0 k=1 k=0 


oo oo 
= 2cp + 6c3x + y (k + 2)(k + l)ey 22x" + $ Ck 2x 


k=2 k=2 
= Co + 2co + »- [(k + 2)(k + Dex+2 un (2k l)ey]x* =) 
k=1 


30. In the first and third summations let k = n and in the second summation let k = n— 2. Then 


n =k in the first and third summations, n = k + 2 in the second summation, and 


al (n — 1)cp 1" 335 8 Alea nea 
n=1 


n=2 n=2 


— 2.2. leog? -- 2. 3. 2egzl E 3: 1. cr! 
oo oo oo 
+ »3 n(n — l)e,z" + 2 y n(n — l)e,a" ? + DD MEA E" 
n=2 n=4 n=2 


= 4c3 + (3c, + 12c3)x + > k(k — 1)cpa* +2 b» (k 4- 2)(k + Deryoa* +3 y key at 
k=2 k=2 k=2 


= 4c3 + (3c, + 12c3)x + Y [(k(k — 1) + 3k) cx + 2(k + 2)(k + 1)cx +2] x 
k=2 


= dep + (301 + 12c3)x +) [k(k + 2)ey + 2(k + 1)(% + 2)e 2] £ 


k=2 
c c1) 
31. Since y' — pA cum al we have 
n=1 : 
V (-1f2n. a4 (-D"- an = inch um = (=1) 2n+1 
femi | ae t 7 
k=n k=n+1 

SED ara, SEDA aa ST (ED a] E 
Ey + 2, k= Gai 
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oo 
32. Since y' = > (—1)"2nz?"-1, we have 


nel 


(1+ a?) y +2xy 


=(1+ z^) S (—1)*2na7"-1 + 2x Y (ye 


n=1 n=0 
oo oo oo 
— > (ian de 5 e 1)"2na2+1 +2% y (14% 
n=1 n=1 n=0 
oo oo 
` (ie al x (=i y ent E ya ye gent 
ql qul 
—— — 
k=n k=n+1 k=n+1 


= > (-1)'a?57! + $ (1) (2k — 24771 + $ (1) 12h 


k=1 k=2 
oo oo 
k=2 2 | k=2 


= Y [12k 4 (1124) z% c ALS [ci [5) =1) +24] a? zi 


k=2 k=2 


33. In this problem we must take special care with starting values for the indices of summation. 
Normally when a power series is given in summation notation, successive derivatives of the 
power series of the unknown function start with an index that is one higher than the preceding 
one. In this case, the power series starts with n = 1 to avoid division by zero. From the first 
derivative on this is no longer necessary and the index of summation starts again with n = 1 
for y'. To justify this to yourself you could simply write out the first few term of the power 
series for y. 


Since y' — `> [Ie and | y'— b» (Dn =p? 
n=1 n=2 
(x E 1)y" ES y = (x + 1) > (= _ 1)g^7? + »3 (=1) tigr 
n=2 n=1 
= > ( pen Da” 1 + ‘> ( pe" ie d ` ( i n—1 
n=2 n=2 n=1 
= —49 is x? + b» pe Da 534 pr Dar? 534 pn n—1 
n—2 n=3 n=2 
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(-1 1)+pg* 2x pe (k+1 Ja d» [jen 
kel 


x 


> 
ll 
EN 


Me 


[SE (-1)*?& — (219424 ( g =) 
k 


ll 
EN 


oo oo 
P y (-1f2n 3 "o y (-1)"2n(2n —1) 5,45 
34. SInce y = Pay” n and y = (Pa A m 
n=1 


7 / _ > (-1)"2n(2n — rly C —1)"2n q2n—1 C [DT 2n+1 
ERE 2. Pr (nlp? DU (nl) e» Prine” 
kem km k=n+1 
E S (-1)'2k(2k —1) , (—1)*2k [pe 2k-1 
B = 22k (kf)? 22k(K!)2 — 22k-2[(k — 1)1]? 7 


=. ej (2k)? —1)* _ 
E Y, E = = == — qe 


Dky = 2k? 
jk E Sup | q2h-1 =0 


l 
Me 
T 


00 


In Problems 3558 we start with the assumption that y = 3 cnz”, substitute into the differential 


n=0 
equation, and finally find some values of cn. The solution is then written in terms of elementary 
functions. (One of the points of power series solutions of differential equations however is that it 
wont always be possible to express the power series in terms of elementary functions.) 


35. Substituting into the differential equation we have 


/_5y= = = 3 ko + k 
y y= p» NCp T RE Dep = pM k + l)ek4aicm Ss 5CkT 
n=1 k=0 k=0 


oo 
= M [(k + 1)ck+1 — Seq] z* = 0. 
k=0 


6.1 Review of Power Series 


5 
Thus cx+1 = Ran for k = 01,1,2,..., and 
cı = 7% = 560 
5 m 
cum 5 9 C 
C = = = C 
32392= 330 
e A c 
AE a 
Hence, 
52 53 4 " 
y = co + 5cox + — 2 cox? uA TE 3. 5 Cow + 
and 


= 1 
k ‘ 
C= co y H (5z)" = coe. 
k=0 
36. Substituting into the differential equation we have 


oo 
Ay’ ED LN 14 S ean —-4M( (k + D)cp,17 £4 Y aa 
n=0 k=0 k=0 


oo 
= [A(k + 1)eg.1 + ex] z^ = 0. 
k=0 
Th : for k —0,1,2 d 
Leer EE rk= ..., an 
US Ck+1 4(k + 1) Ck, 10 y Ly 4, > a 
1 
cq = 4.1 9 
1 1 
C9 = c= c 
a 4m 7 ER 
u 1 
€ 543 411.3 
1 1 
= —— c 
"cU Ba "^ 35d gd 
Hence, 
2 3 1 4 
Y = co — Cov + Cox + 


4.1.2.3.4 >” 
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and 


37. Substituting into the differential equation we have 


[o 9] oo oo oo 
y —zy- > nenz”! — ) Cyt! = > (k + 1)cp412* — > 6s 12^ 
n=1 n=0 k=0 k=1 


oo oo 
= & + $ (k+1)cp412* — > Chae” 
k=1 k=1 


= (+ 5 [(k + 1)ck+1 a Ck-1] x" =0. 


k=1 
Thus cı = 0 and ceyi4 s s for k = 0,1,2,..., and 
A(k + 1) 
1 
2 = 5 C0 
1 
ace cg 
1 1/1 1 
a=30=3(30) = 9291 0 
1 
C5 — Fea = 0 
1 1 1 1 
=70=5 (330) = 9331 ^? 
cr = 205 =0 
1 1 1 1 
a= 50-5 (5700) = zaq o 


Hence, 
la 1 4 1 6 1 8 
Y = o + y Cot + 2391 07 + 3331 OT T zag or ane 
y? 1 (x?2\? 1/21 1/21 
2 sa zc) als] vod 
and 


i-a (5) = ege? /?. 
k-0 C 


38. 


39. 


40. 


6.1 Review of Power Series 


Substituting into the differential equatoin we have 


oo oo oo 
(1-2) +y = p» nenz”! + > c,nz^ + b Cnt” 
n=1 n=0 


n=1 
oo oo oo 
= (k + 1)ex. 12^ + y cpka® + p3 cya" 
k=0 k=1 k=0 


oo oo oo 
= cı + co + 2. (k + 1)cp412* + p» cy ka + y cy ar 
k=1 k=1 k=1 


= cı +00 M [(k + lens + (k + Deg] 2* =0 


k=1 
Thus cy + co = 0 and Cx+1 = —Cx, for k = 1,2,3..., so 
Ci = —Co 
ts = =4 = 0j 
C3 = —C2 = — C0 
C4 = —C3 = CO 
Hence, 
y = co — coz + cox? coz? + epa? e= |L- r+? a Hat], 
and 


00 
CQ 
y= co) iz = 
k=0 


From the double-angle formula 


: . : l. 
sin 2x = 2sinx cos x and sin x cos x = 3 sin 2x. 


Therefore we replace x by 2x in the Maclaurin series for sin rz. This gives 


1 Lc (=P e (4) 2n+1 
. m s _ = — q 
o is J Gna Dist = 2 a+ 


2 n=0 n=0 


Even though the interval of convergence of cos x is (—00, 00), the power series for sec x cannot 
converge on that interval because sec x = 1/ cos x is discontinuous at odd integer multiples of 
7/2. Since the series is centered at 0 it makes sense, and can be proved, that the interval of 


convergence is the open interval (—7/2, 7/2). 
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6.2 Solutions About Ordinary Points 


1. The singular points of (a? — 25)y" + 2xy' +y = 0 are —5 and 5. The distance from 0 to either 
of these points is 5. The distance from 1 to the closest of these points is 4. 


2. The singular points of (x? — 2x + 10)y" + xy’ — 4y = 0 are 1 + 3i and 1 — 3i. The distance 
from 0 to either of these points is y10. The distance from 1 to either of these points is 3. 


In Problems 3-6 we use 


oo 


oo oo 
y= `> Cues j= y near, and y” = 2 n(n — Dea; 
n=0 n=1 n=2 
3. We have 
oo oo oo 
y" y = M n(n- lens” 2 +X ena” =y k+2)( )(k + 1)ex 422" ae 
n=2 n=0 k=0 k=0 
k=n—2 k=n 

oo 

- MG 2) 1)cx.+2 + cy] z^ =0. 

k=0 

Thus Ck42 = ——" for k = 0,1,2,..., and for k = 0,2,4,6,..., we get 
i (k 4- 2)(k +1) 
C2 E 
CA = EN) 
C6 6! 
For k = 1,3,5,7,... we get 

Eq = 3! 
C5 — ET 
C7 "m 


Hence, 


mía) = co |1- = 2? + tata + 


6.2 Solutions About Ordinary Points 351 


and 


1 1 1 
yo(x) = cy pone EIN ae een ; 
The solution y;(x) is recognized as y¡(1) = co cosg, and the solution y2(x) is recognized as 
io(x) = cy sin z. 


4. We have 
oo oo oo oo 
y -y- Y nin- Vena”? - Sena” = Y 200 Doa! Ya 
n=2 n=0 k=0 k=0 
—— 


= MG +2)(% + 1)ck+2 — ex] z^ = 0. 


k=0 
Ck 
Thus ej49 = —————., for k = 0,1, 2,..., and for k = 0,2,4,6,..., we get 
2 E+ 2)(k 4-1) $ 
= a 
“a= 
“6 = 6 
For k = 1,3,5,7,... we get 
C1 
6= 31 
C1 
c5 = EJ 
CT = ar 
Hence, 
ee ee PET 
n) =00 [1 "3T tae tae + | 
and 


1 1 
yo(x) = cy E bon). 


The solution y;(a) is recognized as y1(x) = co cosh z, and the solution y2(x) is recognized as 
yo(x) = ci sinh z. 
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5. We have 
oo oo oo oo 
y —y' = > n(n = Vege”? = y MEE = (k+2)(k + l)e 225 — > (k + 1)eg 412 
n=2 n=0 k=0 k=0 
—— 
k=n-2 k=n-1 
oo 
= So [(k + 2)(% + 1)eg 2 — (k + Iceni] 2" = 0. 
k=0 
(K+ 1)ck+1 Ck+1 
Th = 7 — for k = 0,1,2,... 
US Ck+2 (k 4- 2)(k +1) k+2” or 3053 Sy , SO 
C9 = 21 
C2 Ci 
c3 = = = = 
? 3 38 
nues C3 C1 
7 4 4 


Hence, the solution of the differential equation is 


1 1 1 
y(x) = y (2) + ys(z) = cot ei EE g dum +" te] 


jl 1 1 
= + cı |- l-lczgc tar eo ees ] 


oo 

1 k 

= Cp = Ci Ci > u* 
k=0 


The solutions y1(x) and y2(x) are recognized as 


yi(z)=cg and  w(rz)--a-coaec 
6. We have 
oo oo oo 
y” +2y' = `> n(n — l)e,z" ? +2 y NCp T 23 k -- 2)(k + l)ey 2x" + Sa 2(k + 1)ck41 £" 
n=2 n=0 k=0 k=0 
— 
k=n—2 k=n-1 


= V [(k + 2)(k + 1)ck42 + 2(k + Uex4i] a^ = 0. 


6.2 
2(k + 1)ck+1 2Ck+1 
Th = - 2 for k= 0,1,2 
us Ck+2 (k+2)(k +1) k+2’ or 0, , , 
2c1 
C277» 
220, 226 
"oa a 
u 2c3 Be, 
¡O 


Hence, the solution of the differential equation is 


Solutions About Ordinary Points 


.., 80 


2 da: 5. W* 
y(z) = yi(2) + yo(x) = co + e dmi Tdi qa eee 
1 D* ue. 2g 2g 
zi [2s at tg? a" Eu 
1 2 52,2 3 2 4 
= 0434 i-re: Ra ape E e 
1 1 31 7 
-atja-ga?,u (20) . 
k=0 
The solutions y1(x) and y2(x) are recognized as 
1 1 —2x 
yi(t)=co and — yo(x) = ga ace 


oo 


7. Substituting y = > Cnc” into the differential equation we have 


n=0 
oo oo oo 
y” + xy = y n(n — 1)e,z" ? + y cla Sk 
n=2 n=0 k=0 
k=n-2 k=n+1 


= 203 +) "[( 4 2)(k Dea +01 ]0* = 
k=1 


Thus 


c2 = 0 


oo 


+ 2)(k + 1)ex42x^ + y Cha" 


k=1 


0. 


(k + 2)(k + 1)cx42 + ce-1 = 0 


and 
Ck—1 $ 


2 NED 


=1,23,.... 
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Choosing cy = 1 and cı = 0 we find 


1 0 1 
Ca = —— = = = — 
3 6 C4 = C5 C6 180 
and so on. For co = 0 and cy = 1 we obtain 
0 : 0 : 
Qa = = — — GE = == === 
3 C4 12 5 = C6 C7 504 
and so on. Thus, two solutions are 
y =1 a? + eb and y =g gt + : al 
6 180 12 504 
oo 
8. Substituting y — y Cng” into the differential equation we have 
n=0 
oo oo oo oo 
y” +27%y= > n(n — Ve” + 3 Chart? = y» + 2)(k + 1)cp+92* + X. Ck 2x 
n—2 n=0 k=0 k—2 
k=n-2 k=n+2 
oo 
= 2co + 6c31 + 3 C[(k + 2)(k + 1)ch po + cx ]z^ = 0. 
k=2 
Thus 
Co = C3 = 0 
(k + 2)(k + D)cx+2 + Cf-2 = 0 
and 
l k=2,3,4 
Ck42 = — 7 Chi-2» = 23 4 Lipa 
Choosing cy = 1 and cı = 0 we find 
1 0 1 
C4 = —— = = = = — 
E: E 7877 672 
and so on. For co = 0 and cı = 1 we obtain 
0 1 0 i 
CA = = — — = = = = — 
4 C5 20 C6 = C7 = Cg C9 1440 
and so on. Thus, two solutions are 
= l 4, 1 8 ous Ds o 9 
um gj and | yg =£- —zz?--———z 


12 672. 0 20 1440 


6.2 Solutions About Ordinary Points 


oo 
9. Substituting y — > car" into the differential equation we have 
n=0 
oo 


y" — 2zy +y = S n(n — Lenz” #2) ner Her 


n=2 


k=n-2 k=n k=n 


— (k+2)(k + 1)cy. 2x" -2Y ka x5 n 


k=0 k=1 k=0 


= 202 + co + 9 [(k + 2)(k + 1)cr+2 — (2k — 1)ex]a* = 0. 


k=1 
Thus 
2c2 + co = 0 
(k -- 2)(k + 1)cx+2 — (2k — 1)cg = 0 
and 
1 
C9 = ~ 50 
ed k=1,2,3 
Chaa = —————— Ck, SN 2 ss 
Choosing co = 1 and cı = 0 we find 
1 0 1 7 
C9 ——-— C C kii = —— = ——— 
2 2 3 5 = C7 C4. 8 C6 240 
and so on. For co = 0 and cy = 1 we obtain 
1 iL 
C2 CA C6 ins 0 C3 = 6 C5 24 CT = 1112 
and so on. Thus, two solutions are 
1 1 T 1 
= ] — 2q2- 2g*-— —_76 _... d = a — 
Yı 5? 2 240 an Ya = sca +0 cd te 
oo 
10. Substituting y — > Cng” into the differential equation we have 
n=0 
oo oo 
y" — zy! + 2y = yoni n—1)cepx ur +2) ena” 
n=2 n=1 n=0 
—— 
k=n-2 k=n k=n 
oo oo oo 
= y» + 2)(k + 1)ex,2x* — > keyah + 2» cpa" 
k=0 k=1 k=0 


= 2c5 + 2co + X_[(k + 2)(k + 1)cr+2 — (k — 2)caJa? = 0. 
k=1 
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'Thus 
2c2 + 2cg = 0 
(k + 2)(k + 1)ck+2 — (k — 2)e = 0 
and 
C9 = —Q) 
k-2 
042 = 5377 cy k—12,8,... 


(k 4- 2)(k +1) 


Choosing cy = 1 and c, = 0 we find 


C2 = —1 C3 C5 C7 mess 0 C4 = 0 C6 C8 C10 


For co = 0 and cı = 1 we obtain 


1 1 
C2 = C4 = Cg —::: = 0 fe e5— 120 
and so on. Thus, two solutions are 
yy =1-a2? and p =r- ia? ur - 
oo 
11. Substituting y — > Cng” into the differential equation we have 

n=0 

oo 
y - z^y +ay= Son (n — 1)e,z"? + DX gr DX 
n=2 
k=n-2 == k=n+1 

oo 
=>) (kh + 2)(k + 1)ex az" + Sth — l)e iz + a UN 
k=0 k=2 k=1 


= 209 + (6c + cola + V ^[(k + 2)(k + 1)ck+2 + ker-i" = 0. 


k=2 
Thus 
cg = 0 
6c3 + co = 0 
(k 4- 2)(k + 1)ck+2 + kcx-1 = 0 
and 
c9 = 0 
1 
C3 = — Eco 
k 
Ck--2 = — 


—————60a, k=2,3,4,.... 
(kv 29) D ES 


12. 


6.2 Solutions About Ordinary Points 


Choosing cy = 1 and cı = 0 we find 


3-76 C4 — Ca = 0 “6 = 15 


and so on. For co = 0 and cy = 1 we obtain 


0 : 0 
Ca — C4 = —— = = = — 
3 4 6 C5 = C6 Cr = 25 
and so on. Thus, two solutions are 
1 1 5 
y1—1 d | q and Y =T ¿a + e 
oo 
Substituting y — 3 Cpu” into the differential equation we have 
n=0 
oo 
y" + 2zy' -2y = M n(n— Len gu 242) nea D 
=2 
- i ss vt os 
k—n-—2 k=n k=n 


= Y (k + 2)(k + 1)ex oz" £237 ka +2) aa 


k=0 k=1 k=0 


= 203 + 2co + V ^ [(k + 2)(k + 1)cpy2 + 2(k + 1)cg Ja" = 0. 


k=1 
Thus 
2c2 + 209 = 0 
(K+ 2)(k + l)cx+2 + 2(k + 1)cg = 0 
and 
Ca = —00 
= 2 k=1,2,3 
Ck+2 = 42% yd 
Choosing cp = 1 and c4 = 0 we find 
1 0 1 1 
C9 = — C e.w = — = —— 
2 3 = C5 = C7 C4 2 C6 6 
and so on. For co = 0 and cy = 1 we obtain 
2 
Ca C4 C6 EROR 0 C3 = ^3 C5 — 415 CT = — 8105 
and so on. Thus, two solutions are 
1 1 2 4 
yı = laa? cz = leg? des and aj PEET E HUM à 
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oo 
13. Substituting y — > car" into the differential equation we have 
n=0 
oo oo 
(x — 1)y" +y = 5 n(n — 1)e,2" 1 — y n(n — Da E y ne 
n=2 n=2 
k=n-1 k=n-2 k=n-1 


oo oo 
= X CES - (k+2) (k + 1)ckp2x" Y (kr l)e 
k=0 


k=1 k=0 
oo 
= —2e3 + 01 V [(k + 1) key — (k + 2)(% + cepa + (k + 1) i] = 0. 
k=1 
Thus 
—2c2 +c, = 0 
(k +1) %cg41 — (k + 2)(k + 1)cg42 = 0 
and 
1 
C9 = =C 
22341 
k+1 
Ck+2 = y C+ k=L2 9.2 
Choosing cy = 1 and cı = 0 we find c2 = cg = c4 =--: = 0. For cy = 0 and cy = 1 we obtain 
1 1 1 
C9 ==, C3 = =, C4 ——, 
d ug ^ 4 
and so on. Thus, two solutions are 
1 1 1 
=] d = lg? ir? p rtp... 
Ui an Ya Page T3* TAE 
oo 
14. Substituting y — > Cng” into the differential equation we have 
n=0 
oo oo oo oo 
(x 4-2)" + ay’ —y= `> nin — Vena? + p» 2n(n — 1)es2" 7? + Ss NCRT” — y Gee” 
=2 = = = 
l E —M— M —" 
k=n-1 k=n-2 k=n k=n 


223 (k 4- 1) keppir" pa (k 4- 2)(k + 1)ey ox" laa Sag 
k=1 k=0 k=1 k=0 


= dey — co + So [(k + D) ke + 2(k + 2)(k + 1)ck+2 + (k — 1)ex] z^ = 0. 
k=1 


6.2 Solutions About Ordinary Points 


Thus 
Aco — y= 0 
(K+ 1)keg,i + 2(k + 2)(k + l)e 42 + (k — 1)ck = 0, k=1,2,3,... 
and 
1 
C9 = 40 


(k + 1)keg44 + (k — 1) cx 


Cki2 == >. k= 1223, 
TUS 2(k + 2)(k +1) 
Choosing cy = 1 and cı = 0 we find 
0 1 1 0 1 
eq = = E — = == 
1 ; C2 4 C3 24^ C4 > C5 480 
and so on. For co = 0 and cy = 1 we obtain 
ca = 0 €3 = 0 C4 C5 C6 nets 0. 
Thus, two solutions are 
1 1. 1 
Yi = Co fia Fo Sab + I and Ya = C1 T. 
oo 
15. Substituting y — b» cz" into the differential equation we have 
n=0 
oo oo oo oo 
yf —(x+1)y' -y= 2 n(n — 1)cp2"~? — > NC xv” — y nc,z"- — > ce," 
n=2 n=1 n=1 n=0 
eee eS 
k=n-2 k=n k=n-1 k=n 
oo eo oo oo 
= SG 4- 2)(k + 1)e422* — bo keps" — » + Legare” — ` cya" 
k=0 k=1 k=0 k=0 


oo 


= 207 — c1 — Co + S [(k + 2) (k + 1)ck+2 — (k + 1)ck+1 — (k + 1)e]z5 = 0. 


k=1 
Thus 
2c9 =) == 0 
(k + 2)(k + 1)ck+2 — (k + 1)(Ch+1 + ex) =0 

and 

— C1 + Co 

a 2 

mas TE urge c 


k+2 
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Choosing cy = 1 and cı = 0 we find 


1 1 1 
C9 ==, C3 = =, C4 S= 
^ 3 DE ^ 8 
and so on. For co = 0 and cy = 1 we obtain 
1 1 1 
C9 = >, C3 = =, C4 ==, 
a dar" T 
and so on. Thus, two solutions are 
1 1 1 1 1 1 
oo 
16. Substituting y — 3 Cng” into the differential equation we have 
n=0 
oo 
(2? +1) y" - 6y 2 7n (n — 1)c, 1” a (n — l)en” #6) a 
nca n=2 
a 
k=n k=n-2 k=n 


= > k(k — 1)cpx* + ^ + 2)(k + 1)ck422" — 6 > cpr" 


k=2 k=0 k=0 
oo 
= 2c» — 6c9 4 (6c3 6c1)x M [(% —k-— 6) ) ek + (k + 2)(k + 1)ck+2] ak = 0. 
k—2 
'Thus 
2c» = 6co =0 
6c3 = 6c, = 0 
(k — 3)(k + 2)ex + (K+ 2)(k + 1)ck+2 = 0 
and 
Ca = 3c €3 =C c = = k = 2,3,4 
2 = 0 3 — CL k+2 = kei = 4,0, a 
Choosing cy = 1 and cı = 0 we find 
1 
(= 3 C3 C5 CT ... 0 ca ="1 =F 
and so on. For co = 0 and cy = 1 we obtain 
C2 CA C6 iUe 0 C= 1 C5 C7 C9 1.3 0. 


Thus, two solutions are 


1 
al a 40% rre and yo = € +r’. 


6.2 Solutions About Ordinary Points 


oo 
17. Substituting y — b» cz" into the differential equation we have 
n=0 
oo oo 
(z? +2) y" + 3zy -y = X n(n - Leno” 425 nl (n — 1)c, 2" 249) ne - M ena” 
n=2 n=2 n=0 
px ld —— 


k(k — 1)eya^ + 2 » + 2)(k + 1)ck}2x" +3 y keya^ — y cpr” 


M: 


k=2 k=0 k=1 k=0 
= (4c2 — co) + (12c3 + 2c1)z + Yp 2(k + 2)(k + 1)ex42 + (k? + 2k — 1) e] z^ = 0. 
k—2 
Thus 
Aco — Eq = 0 
12c3 + 2c; = 0 
2(k + 2)(k + 1)cx42 + (k? + 2k — 1) e, =0 
and 
1 1 k? + 2k —1 
2 = — = — k = 2,3,4,.... 
C2 ¿0 C3 6 Ck+2 2(k + 2)(k + 1) Ck; 955 
Choosing cy = 1 and cı = 0 we find 
1 0 7 
Co = — C: ... == === 
ES 3 = C5 = C7 C4 96 
and so on. For co = 0 and cı = 1 we obtain 
0 1 7 
C C C Mr Ard = —— == 
2 4 6 C3 6 C5 120 
and so on. Thus, two solutions are 
1 7 1 7 
=1 —— d —r:y—-— —i” 
Y= ed ag? T an Y2 =T sU + 1207 7 
oo 
18. Substituting y — p» Cpu” into the differential equation we have 
n=0 
oo oo 
(a? —1)y"+2y'-y= X n(n- Lenz” -X` n(n — 1)cp 17 24S nona" -Mer 
—2 =2 
- a ee D a 
k=n k=n-2 k=n k=n 
oo oo oo oo 
= y k(k — 1)cpa* y» t 2)(k + 1)ey az + y kcz" — b$ cpa" 
k=2 k=0 k=1 k=0 


= (—2c2 — co) — 6c3x 4 > [ (k 4- 2)(k + 1)ck+2 + (k? — 1) ex] z* — 0. 
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'Thus 
— 2C» — Eq = 0 
—6c3 = 0 
—(k +2)(% + Lenya + (k — 1)(% + 1)e =0 
and 
l 0 pal k=2,3,4 
= 9 C0 C3-— Ck--2 E29 995 
Choosing cy = 1 and cı = 0 we find 
(01 o ol 
C2 = 2 C3 = €5 = CT C4 — 8 
and so on. For co = 0 and cı = 1 we obtain 
Ca C4 C6 Eus 0 C3 C5 C7 pes 0. 
'Thus, two solutions are 
1 1 
ele ae a and y» = ax. 
oo 
19. Substituting y — 2 Cpu” into the differential equation we have 
n=0 
oo oo oo oo 
(x —1)y” — xy + y = > n(n — l)e,z" 1 — `> n(n — l)e,z" * — » NCAT" + 3 Bu 
n=2 n=2 n=1 n=0 
—M— AA, 
k=n-1 k=n-2 k=n k=n 
oo oo oo oo 
= + 1)kcp412* Sok t 2)(k + 1)e oz — > kena” + > cpr" 
k=1 k=0 k=1 k=0 


= —2cg + co + 32 (k 4- 2)(k + 1)ck42 + (k + Dicps1 — (k — 1)ex]z^ = 0. 


'Thus 
—2c2 + c9 = 0 
—(k +2)(k + 1)eg 42 + (k — 1)keg 41 — (k — Ic, = 0 
and 
1 
C2 = 300 
k k-1 
gon AG k=1,2,3,.... 


k+2 (k+2)(K+1)’ 


20. 


6.2 Solutions About Ordinary Points 


Choosing cy = 1 and cı = 0 we find 


A 1 0 
Co. = 2 C3 — G’ CA = U, 
and so on. For cy = 0 and cı = 1 we obtain co = c3 = c4 —-::: = 0. Thus, 


1 1 
y =C1 (regit egt) + Cr 


and i 
y —-6 (2450+) + 


The initial conditions imply C, = —2 and C5 = 6, so 


1 1 
y= 2 (14304 gado) 460802. 


6 
oo 
Substituting y — p» Cpu” into the differential equation we have 
n=0 


(2+ 1" — (2—- z)y/ +y 


oo oo oo oo oo 
= > n(n — Dep? + > n(n — 1)c,2"—? —2 > nenz” + J NCRT” + ) Cae 
n=2 n=2 n=1 n=1 n=0 
Ne eee ee eee Ne 
k—n-—1 k=n-2 k=n-1 k=n k=n 


k=1 k=0 k=0 k=1 k=0 


= 2e; — 201 + co + 3 (E + 2) (E + 1)ck+2 + (k — 2)(k + 1)ck+1 + (k + 1)ex]z5 = 0. 


k=1 
Thus 
2c9 — 2c, + co = 0 
(k + 2)(% + 1)er42 — (k — 2)(k + 1)crpi + (b+ 1)c4 = 0 

and 

C C = c ta -s k=1,2,3 

= == = c = Cl = ereo 
2 1 T k+2 k+2 k+1 k+2 ky 94,9, 


Choosing cy = 1 and cı = 0 we find 


1 1 1 
C9 = — >, Ca ==, C4 ==, 
EN ? 6 90 
and so on. For co = 0 and cy = 1 we obtain 
1 2 1 
C9 = 1, Q3 5 CA = ——, 
2 3 3 4 1 
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and so on. Thus, 


1 1 1 2 1 
=Q duca boy eee ss A tates 
y ( zT +57 +37 + +C2|+ux 37 qe t 


and 


1 1 
y =C; (cor zaz) +O (1+ 20-22? aee). 


The initial conditions imply C1 = 2 and C2 = —1, so 
1 1 1 2 T 
=9/ act z m _ a A ee 
y ( qe 6 T ToT ae =) GE 37 Fi 


1 
=2-g-I+a°+5ah+--. 


oo 


21. Substituting y — oS Cng” into the differential equation we have 
n=0 


oo 


y" — 2zy' + 8y = Y n(n — 1)eaz?- 2-2) nona" D» 


n=2 


k=n-2 k=n k=n 


= M (k +2) (k + 1)cp490* > +385 aa 


k=0 k=1 k=0 


= 2c5 + 8co + y [(% + 2) (k + 1)cpy2 + (8 — 2k)cp]x* = 0. 


k=1 
Thus 
2c2 + 8c9 = 0 
(K+ 2)(k + 1)cx+2 + (8 — 2k)cg = 0 
and 
C2 = —4Co aa = a IEEE Lege ess ME 


Choosing cp = 1 and c; = 0 we find 


4 
C2 = —4 C3 C5 C7 pees 0 C4 = 3 C6 C8 C10 


For co = 0 and cı = 1 we obtain 


C2 C4 C6 ran 0 C3 = —1 C5 — 10 


22. 


6.2 Solutions About Ordinary Points 


and so on. Thus, 
2 4 4 3 1 5 
y = Cı (1-42 Tae +Co|x-2 Tag +... 


and " ; 
y =C (62 un) + Co (1-3? + pires). 


The initial conditions imply C, = 3 and C5 = 0, so 


4 
y=3(1-4 + 5e) = 3 — 12x? + 4a*. 


oo 
Substituting y — 3 Cpu” into the differential equation we have 
n=0 
oo oo oo 
(1? + 1)y" + 22V = > n(n — 1)cnx" + 5 n(n — 1)es 2"? + b one.” 
n=2 n=2 n=1 
Na, a? 
k=n k=n-2 k=n 
oo oo oo 
= b» k(k — 1)euz" + y (k -- 2)(k + 1)ex 42x" + $ 2kcya* 
k=2 k=0 k=1 
oo 
= 2c. + (6c3 + 2c,)x + [k(k + 1)ck + (k + 2)(k + 1)cx.+2] z^ =0. 
k=2 
Thus 
2c9 —0 
6c3 + 2c, = 0 
k(k + log + (k + 2)(k + logo =) 
and 
= 0) E E k=2,3,4 
C2 = C3 — 3d Ck+2 = pasa = 4,9, Bese 
Choosing cy = 1 and cı = 0 we find c3 = c4 = c5 —-::: = 0. For cy = 0 and cy = 1 we obtain 
1 0 1 1 
C3 = —- C4 — (6 =C ee C5 === C7 == 
3 3 4 6 8 5 5 157 


and so on. Thus 


and 
y =a (1-2 tarat). 


The initial conditions imply cy = 0 and cı = 1, so 


1. 1 1 
Se ter 
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oo 
23. Substituting y — > car" into the differential equation we have 


n=0 


oo 
1 1 
" : ed 3 5 2 
y -(sinz)y = ) n(n — 1)c, q" + (0-30 + 59° =>) (co tar +ezo Te) 


n=2 


1 
= [2c2 + 6c3x + 12c42? + 20csa? | e] | les | cix? + (es — 1) r+ ] 


2 1 3 
= 2cq + (6c3 + co)z + (12c4 + c1)z^ + | 20c5 + c2 — g^ qde-90. 
Thus 
1 
2c9 = 0 6c3 + co = 0 12c4 +c; = 0 2065-0309 = 0 
and 
0 1 1 1 i 1 
c = 3 Z —— z= — — z= — — — s 
2 C3 g” C4 127! C5 20? 120° 


Choosing cy = 1 and cı = 0 we find 


ca = 0, QoS —— c4 = 0, = 


6’ 


and so on. For co = 0 and cy = 1 we obtain 


1 
= 0, = 0, ==>, =0 
Ca C3 C4 12 C5 
and so on. Thus, two solutions are 
1 1 1 
af E d A M nr 
Ui "d + ip” + an yo — c pr + 


oo 
24. Substituting y — Y Cp 1" into the differential equation we have 


n=0 


oo 


y +y -y= So n(n => 


n=2 


! i = 
(rese pet za) (ex + 2eoz + Ses? + dean? +--+) — Y ena” 
n=0 


= [2c + 6031 + 12c4z? + 20cga? + -- -] 


1 
+ fe Ga eje + (30 +20 +54] ees — [eo + 013 + eoz? +--+] 


1 
= (2cg + e — co) + (6c3 + 2c2)£ + c + 3c3 + Ca + Zei) r? += 0. 


6.2 Solutions About Ordinary Points 367 


Thus 
2c2 +c, — Co = 0 
6c3 + 2co = 0 
1 
12c4 + 303 + c2 561 = 0 
and 
il 1 1 4 1 
C9 = 269 — =C C3 = — =C C4 = ——0€3 + On — L6. 
2 go 9 3 qe 4 4? 12" 24 1 


Choosing cy = 1 and cı = 0 we find 


e 5? C3 = =g c4 —0 


and so on. For co = 0 and cy = 1 we obtain 


1 1 1 
= ==, C = Ss, Ca = —— 
E $8 4724 
and so on. Thus, two solutions are 
1 1 1. 1 
SA ar ER and pege S RE 


25. The singular points of (cos z)y" + y’ + 5y = 0 are odd integer multiples of 7/2. The distance 


from 0 to either 47/2 is 7/2. The singular point closest to 1 is 7/2. The distance from 1 to 


the closest singular point is then 7/2 — 1. 


oo 
26. Substituting y — > Cng” into the first differential equation leads to 
n=0 
oo oo oo oo 
y = zy = Y inn - Deu? Y ena! = Y 2) eaa" Yara 
n—2 n=0 k=0 k=1 


= 2e; +) [(k + 2)(k + 1)ck+2 — e ]z* = 1. 


k=1 
Thus 
2c9 = 1 
(k -- 2)(k + 1)ck+2 — Cg-1 = 0 
and 
1 Ck— 
=> 42 = EFD" k=1,2,3,.... 
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Let cy and c, be arbitrary and iterate to find 


1 
Co = — 
2 6 12 20 


and so on. The solution is 


— M 4+ ae n 
y = Co CiT 9" gF pr 40° 


1 1 1 1 
=a (14540) ta (e+ gate) age Heh be 


oo 


Substituting y — A Cp" into the second differential equation leads to 


n=0 
oo 
y" — Axy' — 4y = 3 n(n — 1)c, 2 ie Áncy a” — 5 dc, q” 
=2 
- A uns 
k=n-2 k=n k=n 


Ex (k 4- 2)(k + 1)eg  2x^ — Y 4keyz" — Y 4cy ax" 


k=0 k=1 k=0 


C3 = —Op CA = =G] = =o = == 


= 209 — 4co + V [(k + 2)(k + 1)ck+2 — 4(k + 1)ex] z^ 


k=1 
x i 
€— — k 
=e =1+ E Pri 
k=1 
Thus 
2c9 = 4co exl 
1 
(k 4- 2)(k + 1)eg42 — 4(k + 1)cx = il 
and 
= — +20 
1 
+ Ck, k= 1,2, 3, 


6.2 Solutions About Ordinary Points 369 


Let cy and cı be arbitrary and iterate to find 


cn = 5 + 200 
1 4 1 4 
C3 gr adea Ts 
1 1 1 
C4 gn qucm z t20 1 + 2c0 
1 4 16 16 
€ 559-78 5.3 151-5 ^ 15^ 
1 4 1 4-13 8 261 4 
eG Ee? Gl eai go gr "3 
1.4 1 4-17 64 409 64 
=a te at 5 105574 * 105 


and so on. The solution is 


u 1 9 2 1 4 3 13 9 4 If . 16 5 
y = co + CT + zt Co | x + 3 30 vr + at co} c 5 15 T 


261 4 6 409 64 7 
F pr + 30 la ey WX ve 


7! 105 
4 4. 16 64 
«| + 2x* + 2x Tg? + |+a fe 3° is 105^ + 
ee a E O 
de Tapr Vu V Be Pu gp eee 


27. We identify P(x) = 0 and Q(x) = sinx/x. The Taylor series representation for sinx/x is 
1— 22/31 - z*/5! — --- , for |z| < oo. Thus, Q(z) is analytic at x = 0 and x = 0 is an ordinary 


point of the differential equation. 


28. Since yz is continuous at x = 0, but derivatives of all orders are discontinuous at this point, 


x = 0 is a singular point of the differential equation; not an ordinary point. 


oo 
29. (a) Substituting y — DU Cnx” into the differential equation we have 
n=0 
oo 
y" zy +y =X n(n- Don a24 Y nena" Her 
n=2 


k=n—2 k=n k=n 


= Y (k + 2)(k + 1)ceyor* sot £Y as 


k=0 k=1 k=0 


= (2c2 + co) + > [(k + 2)(k + 1)ck+2 + (k + 1) cy] z^ = 0. 
k=1 
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'Thus 
2C9 + Co = 0 
(k + 2)(k 4-1) + (Æ + Len = 0 
and 
1 
C2 = — 500 Ck+2 "3 k=1,2,3,.... 


Choosing cy = 1 and c, = 0 we find 


C2 CA C6 0 
| 1 2 
Ux dE 
1/ 1\ 1 42 
== (5) 3 
1/4-2 6-4-2 
«-- )= 7 


(b) For yi, $3 = $5 and S5 = S4, so we plot Sa, $4, Sg, Sg, and Sio. 


y y y y 


For ya, $3 = S4 and S5 = Ss, so we plot Sa, S4, Sg, Sg, and Sio. 


y y y y y 


6.2 Solutions About Ordinary Points 371 


The graphs of y; and y2 obtained from a numerical solver are shown. We see that the 
partial sum representations indicate the even and odd natures of the solution, but don’t 
really give a very accurate representation of the true solution. Increasing N to about 20 


gives a much more accurate representation on [-4, 4]. 


(d) From e* = So ck /k! we see that e? /? = >, (=a /2)¥ /kl = y (—1)5z?* /2*k!. From 
k=0 k=0 


k=0 
(5) of Section 3.2 we have 


— [ zx da —x? /2 —a? [2 
€ 49 e gà € B. z2 
n=n f y? dx =e ^ | Sapte =e ^f nm dr =e afe /2 dz 


(xS CD a S 1 2k+1 
= (2 5" 2D 


k=0 k=0 
— 1 2 4 1 6 1 3 1 5 1 7 
=(1 3^ tang" "ang 7 gt. a “Toa T 
p 2,4,42:2,5, 6:4:2 7 ON COUR aeu 
73" *7g m” p? (2k +I) 


30. (a) We have 


y" + (cos z)y = 2c2 + 6c3x + 12c4z? + 20c52? + 30cga* + 42071? +... 


z? Y a 2 3 4 5 
+(1- ]+—-—+" i) (co tau + crl + cgr? + ca + csr? +--+) 
2! 4 6 


1 2 1 3 
= (2c2 + co) + (6c3 + c1)x + | 12c4 + c2 — 30 x + | 20c5 + c3 — ria x 


1 


1 4 1 1 5 
+ (30s + c4 + 770 B Ze) x£“ + c + c5 + 245 — Za) x? + : 
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Then 
ii 1 1 1 
30C6 + c4 + 549 — 202 =0 and 42c7 + c5 + 21^ — 3% = 0; 
which gives cg = —co/80 and c; = —19c,/5040. Thus 
yı(z)=1 je | i muli + 
and 


Lo oe Wo 
— T —— 
6 30 5040 
(b) From part (a) the general solution of the differential equation is y = ciy1 + C2Y2. Then 


y(0) = c1 4-62: 0 = c4 and y'(0) = ei- 0-F c» = cs, so the solution of the initial-value 
problem is 
iL 1 1 1 19 


y=y+Yy=1+x- A A m A 
2 6 12 30 80 5040 
(c) y 


¿MA 


y y y 
4 4L 4 
2 2r 2 


(d) y 
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6.3 Solutions About Singular Points 


1. 


2. 


3. 


10. 


11. 


12. 


Irregular singular point: x — 0 
Regular singular points: x = 0, 


Irregular singular point: x = 3; 


. Irregular singular point: x = 1; 
. Regular singular points: x = 0, 


. Irregular singular point: x = 5; 


. Regular singular points: x = 0, 


. Irregular singular point: x = 0; 


—3 
regular singular point: « = —3 
regular singular point: x = 0 


+2 


regular singular point: x = 0 


. Regular singular points: « = —3, 2 


+1 


regular singular points: x = 2, +5 


Irregular singular point: x = —1; regular singular points: x = 0, 3 


Writing the differential equation in the form 


y! + y + Ln =) 
x—1 rcl 
we see that xy = 1 and rg = —1 are regular singular points. For xy = 1 the differential 
equation can be put in the form 
x(x — 1)? 
1)?y" + 5(z — D)y' + A— ——— y = 0. 
(x —1)y + 5(x — 1)y zl 8 


In this case p(x) = 5 and q(x) = z(x — 1)?/(x +1). For zo = —1 the differential equation can 


be put in the form 


rcl 


(x -- 1y" + 5(x + D emer y t z(x 4 1)y — 0. 


In this case p(x) = (x + 1)/(z — 1) and q(x) = x(x + 1). 


Writing the differential equation in the form 


we see that rg = 0 is a regular singular point. Multiplying by x?, the differential equation 


can be put in the form 


3 
y y + Tay =0 


ay” + xla + 3)y + Try = 0. 


We identify p(x) = x + 3 and q(x) = 72?. 
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13. We identify P(x) = 5/3x + 1 un ais a = e so that pix) e P) = 3 4 x and 


g(2)—s^Qix)- =3. Then ay = 3, bo = , and the indicial equation is 
5 1 2 1 1 
lee ce ae ere M 


The indicial roots are i and —1. Since these do not differ by an integer we expect to find two 


series solutions using the method of Frobenius. 


14. We identify P(x) = 1/z and Q(x) = 10/z, so that p(x) = xP(x) = 1 and g(x) = z?Q(x) = 
10x. Then ay = 1, by = 0, and the indicial equation is 


r(r—1)+r=r7=0. 
The indicial roots are 0 and 0. Since these are equal, we expect the method of Frobenius to 


yield a single series solution. 


oo 
15. Substituting y — Y cnx” t" into the differential equation and collecting terms, we obtain 
n=0 


oo 
22" — y + 2y = (2r? — 3r) cor” ESSI (+ r — 1)(k 4 r)ey — (+ r)eg + 2e 1] i771 
k=1 


=0, 


which implies 
2r? — 3r = r(2r — 3) = 0 
and 


(k +r)(2k + 2r — 3)ck + 2cg-1 = 0. 


The indicial roots are r = 0 and r = 3/2. For r = 0 the recurrence relation is 


2Ck—1 
= —— 21,2,3,.. 
Ck k(2k — 3) , 14,9; , 
and 
4 
€ = 209, C9 = —209, C3 = yo» 
and so on. For r = 3/2 the recurrence relation is 
2Ck-1 
SS See ka ee ee 
ok Ok + 3)k 
and 
2 4 
cy = —-2C€ co = — 00, c3 = ———00, 
1 geo 2 = 350 3 945° 


and so on. The general solution on (0,00) is 


4 2 2 4 
y= 0 (14202074 gates ) + Cae? (1- pe cur E +- ai 
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16. Substituting y = E cy 12” +" into the differential equation and collecting terms, we obtain 
n=0 


2xy" + 5y' + zy = (2r? + 3r) ez" | + (2r? + 7r + 5) eim 


t S [2(k +r)(k +r — Dex + 5(k  r)ex + caja 9777 
= 0, 
which implies 


2r? + 3r = r(2r + 3) = 0, 
(2r? + 7r 5) cı — 0, 


and 
(k + r)(2k + 2r + 3)ck + ex 9 = 0. 
The indicial roots are r = —3/2 and r = 0, so cı = 0. For r = —3/2 the recurrence relation 
is 
Ck —2 
si rae mc 102.9 M aris 
^k = Ok — 3)k 
and 
1 e 1 
ES 390 C3 = U, C4 = 40 9 
and so on. For r — 0 the recurrence relation is 
Ck —2 
= ===, k=2,3,4 , 
Ck k(2k + 3) ' nee 
and 
1 m NE: 
C2 14 C3 = U, C4 = 616 9 


1 1 1 
-— (1 Dg Vs euo CN ERES WOMIT 
dub 2 gr" agp ree Jena Md" tgo > 
oo 
17. Substituting y — > c,,z"^" into the differential equation and collecting terms, we obtain 
n=0 


1 7 < 
anf + Saf +y = (at - br) a= ES» (k 4- r)(k-- r — L)ey + sik r)o + cr- IE hs 
k=1 


=0, 


which implies 
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and i 
3 + r)(8k + 8r — T)ey + cy. = 0. 


The indicial roots are r = 0 and r = 7/8. For r = 0 the recurrence relation is 


205 
Ck = GRO = 1,2,3,..., 
and 
2 4 
ĉi = —260, c2 = 9°: C3 = — F590 
and so on. For r = 7/8 the recurrence relation is 
2Ck— 
ee a A. 
and 
2 4 
eic -Ig ca = 2345090, G= 32.085" 


and so on. The general solution on (0,00) is 


2 4 2 2 4 
=Q (| ta ope = es Cogo | 1 — Lg B una. 
7 if Iry ~ go” * )+ n 15” * 345” 32085  ' 


oo 
18. Substituting y — Y cy 12”*" into the differential equation and collecting terms, we obtain 


n=0 


22?" — zy! + (x? + 1) y= (2r? —3r+ 1) cox” + (2r? + r) cya" tt 
oo 
+ » D +r)(k +r — 1)ey — (k 4- r)ey + ex + ex-2]x t" 
k=2 
= 0, 


which implies 
2r? — 3r Le (2r — 1)(r 1) = 0, 
(2r? + r) cy = 0, 
and 
[(k + r)(2k + 2r — 3) + 1]cx + Cx-2 = 0. 
The indicial roots are r = 1/2 and r = 1, so cı = 0. For r = 1/2 the recurrence relation is 


Sa d ue 


and 
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and so on. For r = 1 the recurrence relation is 


Ck—2 


——., k=2,3,4,... 
k(2k +1)’ Q0» ear | , 


Ck = = 
and 
co = —— 00, c3 = 0, C4 = 52700) 


and so on. The general solution on (0,00) is 


1 1 1 1 
Sig] quud MR A C 1— 72 + gt +... N, 
a 6 aes” * ae io” * 360" + 


oo 
. Substituting y — > ena” +" into the differential equation and collecting terms, we obtain 


n=0 


3xy” + (2— a)y' — y = (3r? — r) cox” } 
+S [3(k +r —1)( + r)ex +2(% 9 r)ex — (k + rep Jar 
k=1 


which implies 
3r? —r=r(3r-1)=0 


and 
(k + r)(83k + 3r — 1)cx — (k + r)ck-1 = 0. 


The indicial roots are r = 0 and r = 1/3. For r = 0 the recurrence relation is 


=a CEU d. NS 
and 
1 1 1 
eq = 9 Ca — 10 C3 = 8o 
and so on. For r — 1/3 the recurrence relation is 
Ck— 
Ck = = k —1,2,3,..., 
and 
1 
Ci = 30, C2 = 180 C3 = 1629 


and so on. The general solution on (0,00) is 


1 1 1 1 41 1 
A eee ee PES NATO UO DENS ONUS T CR 
y (14 gee E )+ i roe Tg” tme 7 
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oo 


20. Substituting y — 2 cnx"*" into the differential equation and collecting terms, we obtain 


k=1 


ee 2 
ey (a) = (2-45) coat Y [06r Dac $a ai] s 
0, 


which implies 


and 
L Er)(k4r—1)4 d Ck — € 1 = 0. 


The indicial roots are r = 2/3 and r = 1/3. For r = 2/3 the recurrence relation is 


3Ck—1 
= k=1,2,3,... 
Ck 3k? +k’ 9499) > 
and 
C] = q C9 = 56 9 C3 = 560 9 
and so on. For r — 1/3 the recurrence relation is 
SCk—1 
= ko123. 
Ck 3k? a k , ? , ? 3 
and 
9 
Cj = 300 C= 20 C3 — 160% 


and so on. The general solution on (0,00) is 


3 9 9 3 9 9 
yaga (1 pasa Ža deca a DELTA (145 lr ae? + ae es). 


56 560 20 160 
oo 
21. Substituting y — PD c,x"*" into the differential equation and collecting terms, we obtain 
n=0 


22" — (3+ 2x)y! + y = (2r? — 5r) cox” | + > [2(k + r)(k--r-— l)e 
k=1 


erre- har e aa ee 


which implies 
2r? — 5r = r(2r —5) = 0 
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and 
(k + r)(2k + 2r — 5)cp — (2k + 2r — 3)cg-1 = 0. 


The indicial roots are r = 0 and r = 5/2. For r = 0 the recurrence relation is 


2k — = 
Ck = M k=1,2,3,..., 
and 
1 1 1 
ĉ& = 3 C2 = => C3 = 60» 
and so on. For r — 5/2 the recurrence relation is 
2(k + 1)cx— 
Ck = Mu k=1,2,3,..., 
and 
4 4 32 
Ci = z^ C2 — 21 °° C3 = 693 9 


and so on. The general solution on (0,00) is 


1 1 1 4 
y-6i (14 zo geh pr) eeu? (14504 ze LL es). 


oo 


22. Substituting y — y cnx"*" into the differential equation and collecting terms, we obtain 


n=0 
4 4 
ay” + cy’ + (# = 5) y= G - 5) cox” + (7 +2r 4 5) q 
> 4 
+ L + r)(k-r-—1)ey + (k+r)cp — g^ + Cho] a 
k=2 
= 0; 
which implies 
> 4 2 N_o 
r===|r+3)[r->)]= 
9 3 3 
5 
(nez 5) cy = 0, 
and 
2 4 
e+- atea t 
9 
The indicial roots are r = —2/3 and r = 2/3, so c1 = 0. For r = —2/3 the recurrence relation 


is 
9ck-2 


A As 
3k(3k — 4)’ 


ey 
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and 
NE. E" _ 9 
65 = ¿> C3 =U, C4 — 128 9 
and so on. For r — 2/3 the recurrence relation is 
9c.» 
Eo A k22:3 4, 
k= Sk(k +4) 
and 
3 9 
C9 = — —— C0, C3 = 0, C4 


and so on. The general solution on (0,00) is 


3 9 3 
y = Cya 28 (1 qe att.) + Cox?’ (que): 


4 128 20 1,280 
oo 
23. Substituting y — » cz" ^* into the differential equation and collecting terms, we obtain 
n=0 


922" + 9z2y' + 2y = (9r? — 9r + 2) cpu” 
oo 


t S [9% e r)(k +r — 1)ex + 26x + 9(k +r — 1)ex i]z 7 
k=1 


= 0, 


which implies 
9r? — 9r + 2 = (3r — 1)(3r — 2) =0 
and 
(kK + r)(k +r — 1) + 2]ex +9(k +r — 1)cx-1 = 0. 


The indicial roots are r = 1/3 and r = 2/3. For r = 1/3 the recurrence relation is 


3k — 2)cp_ 
a = EE k =1,2,3,..., 
and 
1 1 7 
cy = ~ 5» C2 = 50 C3 — ~ 1299 
and so on. For r — 2/3 the recurrence relation is 
3k — 1)ck— 
a = EE k =1,2,3,..., 
and 
1 5 1 
c= ~ 99 = 2980 C3 = THAO 


and so on. The general solution on (0,00) is 


1 1 1 5 1 
y = Cix! (1 ger rures) eot (i-e Bet qt). 
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oo 
24. Substituting y — D» c,z"^" into the differential equation and collecting terms, we obtain 


n=0 


2z?^y" + 3zy' + (2x — 1)y = (2r? +r—1) cox” 


+ ypa +r)(k +r — l)e + 3(k + r)ey — ex + 2e 1]z ^7 
k=1 
= 0, 


which implies 
2r? +r —1= (2r —1)(r +1) =0 


and 
[(k + r)(2k + 2r + 1) — 1]cz + 2cx-1 = 0. 
The indicial roots are r = —1 and r = 1/2. For r = —1 the recurrence relation is 
2Ck. 1 
——————, k=1,2,3,... 
Ck k(2k — 3) , 14,9, > 
and 
4 
ci = 200, co = —2Cp, C3 = 9: 
and so on. For r = 1/2 the recurrence relation is 
2CK—-1 
——————, k= 1,2,3,..., 
Ck 7 (Ok +3) 
and 
2 2 4 
aq = Tg C2 = 359 c3 = ^ 945° 


and so on. The general solution on (0,00) is 


4 2 2 4 
jg (142020? + date) + Coat (1- fet et eda), 


oo 
25. Substituting y — `> Cn£”t" into the differential equation and collecting terms, we obtain 
n=0 


=1 


wy" + 2y! — zy = (r^ +1) oz ^ + (174 3r + 2) cia” 


oo 
+ » 6 +r)(k +r — ley + 2(k + r)eg — ey 3]z^*77! 
k=2 
= 0, 
which implies 
r?+r=r(r+1)=0, 
(r? + 3r +2) C1 = 0, 
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and 
(k+r)(k+r+1)cx — Cx-2 = 0. 
The indicial roots are rı = 0 and rg = —1, so cı = 0. For rı = 0 the recurrence relation is 
Ck —2 
=o k=2 re 
CR KL). l 
and 
Ld i i 1 
C2 = 31 Co = 65 — Gp vss C4 — g C2n (n1) 
For rə = —1 the recurrence relation is 
Ck —2 
k —2,3,4 
^k 7 k(k- 1) 
and 
1 1 1 
C2 jj^ C3 = C5 = C7 0 C4 — jj Cop = Eno" 
The general solution on (0, oc) is 
oo oo 1 
2n —1 2n 
= C 
y 12, Gna Te >, (Qn)! 
=F Doe +O Lom 
x + (2n +1)! + Dr 
1 
= — [Ci sinh x + Ca cosh 2] . 
x 
oo 
26. Substituting y — p» c,z"^" into the differential equation and collecting terms, we obtain 
n=0 
2, Hf 1 2 1 2 1 p 2 3 r+1 
ay +ay + (a -—-)jy=(re——)Jeoor' +|ri+2r4+-]cix 
4 4 4 
o 1 
+ L +r)(k+r-— 1)ck + (k +r)ck— 19 + cepol zT 
k=2 
=0, 
which implies 
1 1 1 
Pi (r-3)(0+3)- o (7 +2r+ 3) 0-0 


and 
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The indicial roots are rı = 1/2 and rə = —1/2, so c1 = 0. For rı = 1/2 the recurrence 
relation is 
Ck—2 
Euer. duesU Rub. e 
ke TED 
and 
m 1 0 u 1 u (—1)" 
C2 = ~ 37 C3 C5 CT idu CA = pro Con = Ennio 
For r2 = —1/2 the recurrence relation is 
Ck-2 
a HA So: 
LN "rm 
and 
1 i 1 (—1)" 
= -— ... = — = C 
C2 0 C3 = C5 = CT C4 ¿10 C2n En)! 0 
The general solution on (0,00) is 
oo oo 
E uta 
= Cig? ( 2n | Ogg 1/2 2n 
y= Cin"? P ri rr) a 
n=0 n=0 
oo oo 
- E iy" 
— (ada ( 2n y Coq 1/2 2n 
OD A P ror 
n=0 n=0 
= a I? [C, sin + Cs cos a]. 
oo 
27. Substituting y = 2. c,z"^* into the differential equation and collecting terms, we obtain 
n=0 


zy" — zy +y = (r? — r) ea") + » 6 +r+1)(k +03)c%31 — (k +1)cx + cx]zF** 20 
which implies 
r?—r=r(r—1)=0 
and 
(k 4- r 4- 1)(K4+r)cpy1 —(kK+r—1)ce, = 0. 


The indicial roots are rı = 1 and rg = 0. For rı = 1 the recurrence relation is 


" u kek 
ht EFF 


and one solution is y4 = cox. A second solution is 


—[-1dz z 1 1 1. 
m== |= E doma | Gda f (rene) 


1 1 1 i» 1 Y. d s. La 
Es Sd ee oue papel oe 4 ope 
z ! £ 


k=0,1,2,..., 


2 12 72 


Nu la l 3 l 4 
=alhnz—-1+ 52 + 55% uz + ; 
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The general solution on (0,00) is 


y = Ciz + Cay (2). 


28. Substituting y — »» c,z"^" into the differential equation and collecting terms, we obtain 
n=0 


y” + “y — 2y = (r? + 2r) cox”? + (r? +4r + 3) aj 


tM k -- r)(k - r — 1)eg + 3(k + r)eg — 2cx-2] gir? 
k=2 


= 0, 
which implies 
r?+%r=r(r+2)=0 
(r? + 4r +3) c, =0 
(k + r)(k +r 4+ 2)ck — 205.9 = 0. 
The indicial roots are rı = 0 and rg = —2, so cı = 0. For rı = 0 the recurrence relation is 
2Ck-2 
p = ——— ae 
Ck, k(k En 2) , 19,3; , 
and 
1 1 1 
Ca — 780 C3 C5 C7 0 C4 x 


The result is 


A second solution is 


J Daaf J dx 
Y =Y | a> ot =Y41) == 
yi 22 (14- 1a? 4 hai) 


/ da: J 1 (1 laa d pid) en -) 3 
= A A A = — — lg? — XI — 76 £ 
HJ (+i oot pp) US 2° ' 48" 576 


| A EN CR 1 H NONAS ANS 
= — — — + — r — 7 z= y |- nz+— — ee 
Vj x3 2x 48. 576 Wa 96^ — 2.304 


— Weg I9 a, 
ZIDE (Y 2.304 


The general solution on (0, oc) is 


y = Ciyi (2) + Coys(x). 
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29. Substituting y = *75..9 cnx"t” into the differential equation and collecting terms, we obtain 


zy" +(1-0)y -y = rege +J h(k +r)(k +r- Dex + (+ ojos — (k +r)0 añ = 0, 
k=1 


which implies r? = 0 and 
(k - r!ey — (k +r)cg-1 = 0. 


The indicial roots are ri = ro = 0 and the recurrence relation is 


ck ———, k=1,2,3,.... 


One solution is 


A second solution is 


— [(1/z—1) de x 1 
man | ae [Pearse [re ae 
€ € x 


1 1 1 1 1 1 
=e f (i-e 58-50 +--) a - e (E 14 5% ae | =) dx 


The general solution on (0,00) is 


oo = n+1 
y= Cie” + Coe” (ne — M ae A E 2 . 


n=1 


oo 
30. Substituting y — > c,x"*" into the differential equation and collecting terms, we obtain 


n=0 


oo 

cy! y +y=r%eon” t + S +r)(k +r — 1)ey + (k + 1)cg + ckil" tt = 0 
k=1 

which implies r? = 0 and 

(k +r)?ck + es. = 0. 


The indicial roots are rı = rg = 0 and the recurrence relation is 


a=. k=1,2,3,.... 


One solution is 


1 2 1 3 1 4 (—1) n 
n=a(1-0+ 52 ~ (37 tuy? = )sa@ Ce A 
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A second solution is 


y y pj da: dz " / dx 
2— 91 ==> = Yi -_ 34342 


288 Y 
1 5 5 24 677 
- 211+2 Za 4 S73 4 TEE 
n fi (itzera a Basg Mata ) ae 
f EEE AL eu d 
J 2°" 9” T288 


5 23 677 
= 1 2 A A v... 
n fine dui typ TT Ino EE 


The general solution on (0,00) is 


y = Ciyi(x) + Coyalz). 


31. Substituting y = 75.9 Cn1”*” into the differential equation and collecting terms, we obtain 


lege: 


ay" + (a — 6)y! — 3y = (r? — Tr)eyz + Y [(k + r)(k +r — Veg + (k +r — Vena 


> 
ll 


1 


—6(k + T)Ck _ 3ci 1] gttr! =0, 


which implies 
r?—Tr=r(r-7)=0 


and 
(k+r)(k+r — T)ck + (k +r — 4)ck- = 0. 


The indicial roots are rı = 7 and rə = 0. For rı = 7 the recurrence relation is 


(k+ 7)ke, +(k+3)cx-1=0, k=1,2,3,..., 


or 
a= -A A k— 152,9 a 
Taking cy 4 0 we obtain 
1 5 1 
c= ~ 900 C2 = 18% C3 = 60» 


and so on. Thus, the indicial root rj = 7 yields a single solution. Now, for ro = 0 the 


recurrence relation is 


k(k — T)cx +(k-—4)cx-1=0, k=1,2,3,.... 


32. 
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Then 
—6c1 = 3C0 =0 —10c2 = 2c1 zx) —12c3 — C2 = 0 
and 
—12c4 + 0c3 = 0 —10c5 + c4 = 0 —ce + 2c5 = 0 Oc7 + 3c6 = 0 
c4 = 0 C5 = C6 — c; is arbitrary 
and 
= k = 8,9,10 
Ch = k(k 7) Ck—1» C € vy My is 


Taking co 4 0 and c; = 0 we obtain 


1 1 1 
cy = — =C EL = =— 
i p" “i e m 120 


Co C4 C5 C6 sgena 0. 


Taking cy = 0 and c; Z 0 we obtain 


C1 Ca C3 C4 C5 C6 0 Cg = 9€ Gg = 
and so on. In this case we obtain the two solutions 


LE 1 5 1 
yı = l — =r + —2* — 2 and yo =x" 25 PIE Lg... 


Substituting y = q Cn1”*” into the differential equation and collecting terms, we obtain 


a(x — 1)y" + 3y' - 2y = (4r — r?) cor" | 
+Y [(k +r- 1k 7-12) 4 — (k + r)(k +r — 1)o 
k=1 
+3(k + r)ey — 2cp—1] xt"! 


which implies 
4r =r? 2 r(A— r) 20 


and 


—(k -- r)(k-F r — 4)ey + |(k +71 — 1)(k +r — 2) — 2]e.; =0. 
The indicial roots are rı = 4 and rg = 0. For rı = 4 the recurrence relation is 
—(k + 4)kep + [(k + 3)(k + 2) - 2]cx-1 = 0 


or 
E41 
b 


C, &=1,2,3,.... 
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Taking cy 4 0 we obtain 
C1 = 2Co C2 = 3C0 C3 = Aco, 


and so on. Thus, the indicial root rı = 4 yields a single solution. For ro = 0 the recurrence 
relation is 


—k(k — 4)ey + k(k — 3)ck-1 20, k—1,2,3,..., 


Or 
—(k — 4)cx + (k — 3)ck-1 = 0, k=1,2,3,.... 
Then 
3c, — 209 = 0 2c9 — c, = 0 €3 + Oca = 0 0c4 + c3 = 0 
c3 = 0 c4 arbitrary 
and 
a = ED S OU NM 


Taking co 4 0 and c4 = 0 we obtain 


2 iL 0 
€1 = 54 C2 = >C C C C sus . 
1 = gu 2 = 30 3 4 5 


Taking co = 0 and c4 Z 0 we obtain 
C] = C2 = C3 = 0 Cs = 2c4 C6 — 3C4 CT = Aca, 
and so on. In this case we obtain the two solutions 


2 1 
y =14+ 32431 and Yo = ot + 225 + Sa + Ami e... 


33. (a) From t = 1/z we have dt/dx = —1/z? = —t?. Then 


dy _ dy dt _ dy 


dr dtdx dt 

and 

dy d (dy d 9 dy y Py dt dy dt 4 Êy 3 dy 

ale) X)-- xcu) up a 
Now A " " 

d“y 1 d“y dy d'y 2 dy 
uir a( qu PE a) +2 qu yg 

becomes 


d'y dy 
fo + Abg = 0, 
dt? P dt TM 
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oo 
(b) Substituting y — > Cnt” ™ into the differential equation and collecting terms, we obtain 
n=0 
t d'y +2 za + Aty = (r? + r)egt" ^! + (r? + 3r + 2)e1t* 
dt? dt 
oo 
+0 [(k +r)(k +r — leg + 2(k + reg + Ac 2]1777 
k—2 
= 0, 
which implies 
r+r=r(r+1)=0, 
(r? + 3r +2) cy =0, 
and 
(k+r)(k+r ++ 1)ck + Ach-2 = 0. 
The indicial roots are r; = 0 and rg = —1, so c1 = 0. For r4 = 0 the recurrence relation 
is A 
Ck —2 
= k = 2,3,4 
Ck k(k ES 1) , , 
and 
À A xP 
C2 = — 300 C3 = 05 =c7 = = 0 C4 = pco Con = ( Ont ) 
For rə = —1 the recurrence relation is 
ÀCk—2 
=— k=2,3,4 
Ck k(k = 1) > y, , 
and 
A d n A” 
C2 = Es C3 C5 CT 0 C4 4| C2n (-1) (2n) 


The general solution on (0, oc) is 


0 on s eA eats Cr S OA 


af ein e (VAn 


= ; [Cy sin Vat + Ca cos VAt | . 


1 
t 


(c) Using t = 1/z, the solution of the original equation is 


y(x) = Cizxsin YA + Cox cos YA à 
x x 
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34. (a) From the boundary conditions y(a) — 0, y(b) — 0 we find 


YA YA 


Cı sin — + C5 cos — = 0 
a a 


. A A 
Ci sin 7 + Ca cos 7 =0. 


Since this is a homogeneous system of linear equations, it will have nontrivial solutions 
for C1 and Ca if 


YA YA 
Ga | VA VA VA. VA 


This will be the case if 


VA $8 — nt Or pa TROU. deo oss 
ab b—a L 


or, if 
" n?n ab? u P,b* 
" BP  EI' 
The critical loads are then P, = n?n? (a/b)? EIg/ L?. Using 
Cz = —C, sin (V A/a)/ cos (V A/a) we have 


= Cix PR = sin (VA/a) tpe 
dE X COS cos(VÀ/a) - x | 
= Car sin cos Y — co Bind 


= Cyesin VA (+ — 3I 
x 


a 


(b) When n = 1, b = 11, and a = 1, we have, 
for C4 = 1, 


1 
yi(x) = x sin 1.17 (1-1). ] 
x 


35. 


36. 


37. 
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Express the differential equation in standard form: 
y" + P(z)y" + Q(x)y + R(z)y = 0. 


Suppose z9 is a singular point of the differential equation. Then we say that zo is a regular 


singular point if (x — zo) P(z), (x — zo)?Q(x), and (x — xo)? R(x) are analytic at x = xo. 


oco 
Substituting y — y Cn 12"+" into the first differential equation and collecting terms, we obtain 


n=0 


oo 
ay” + y = cor" +X [cr + (k +r- 1)(k +r — 2) 1] 2**" = 0. 
rem 


It follows that co = 0 and 


cy = —(k +r -— 1)(k +r — 2)ey 4. 


The only solution we obtain is y(x) = 0. 


oo 
Substituting y — RC into the second differential equation and collecting terms, we 


. n=0 
obtain 


oo 
y" + (3z — 1)y +y = —reo + > [(k+r+ 1e — (k+r + 1)ck+1] g^ = 0, 
k=0 


which implies 


—TCo = 0 


(k+r+ Dc — (k+r + leg =0. 


If co = 0, then the solution of the differential equation is y = 0. Thus, we take r = 0, from 
which we obtain 
gi = (k+ Des k=0, 1, 2,.... 


Letting co = 1 we get cy = 2, ca = 3!, c3 = 4!, and so on. The solution of the differential 
oo 


equation is then y — Nm + 1)!z", which converges only at x = 0. 


n=0 


We write the differential equation in the form z?y" + (b/a)xy' + (c/a)y = 0 and identify 
ay = b/a and bg = c/a as in (14) in the text. Then the indicial equation is 


b 
rr-1+—r+—=0 or ar? + (b — a)r +c=0, 


which is also the auxiliary equation of az?y" + bry’ + cy = 0. 
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1. Since v? = 1/9 the general solution is y = cJ1/3(x) + c2J_1/3(a). 
2. Since 7? = 1 the general solution is y = cı Jı (£) + c2Yi (x). 


3. Since v? = 25/4 the general solution is y = c1 J5/2(1) + c3J 5/2 (£). 


4. Since 7? = 1/16 the general solution is y = c1 Jiya(x) + c2J 34 (x). 

5. Since v? = 0 the general solution is y = ciJo(x) + caYo(x). 

6. Since 7? = 4 the general solution is y = c1J»(x) + c2Y2(z). 

7. We identify a = 3 and v = 2. Then the general solution is y = c1J2(3x) + c3Y2(3z). 

8. We identify a = 6 and v = 4. Then the general solution is y = cy Jy/2(6x) + c2J_1/2(62). 

9. We identify a = 4 and v = 2/3. Then the general solution is y = C11)/3(4x) + c3 K5/5(4x) 
10. We identify a = v2 and v = 8. Then the general solution is y = c,13(y21) + c3 Kg( V2 x). 


11. If y = z- 1? v(z) then 


and 


1 
z^y" + 2ry' + a%a*y = 22) (x) + 2 (x) + (a — po) u(x) = 0. 


Multiplying by z!/? we obtain 
2,11 1 2 2 1 
ao (x) +20 (a) + (a E -i) ux) =0, 


whose solution is v = c1J,/2(02) + c2J_1/2(az). 
Then y — cix 1? J 2 (ox) + ca PI x (om). 


12. 


13. 


14. 


15. 


16. 


17. 


18. 
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If y = yx v(x) then 


y -= ay (ar) ES aa) 


y — zi? (x) + ay (x) = Lax Pola) 
and 
ay" + (e Ee + i) y= y" (x) + ay (ar) — Za va) + c =i? + i) a 2y(a) 
= y (x) + Py (a) + (a?r? — VAM Dux) =0. 


-1/2 


Multiplying by x we obtain 


z?v" (x) + xv (a) + (o?z? — v?)v(x) = 0, 
whose solution is v(x) = c1J,(ox) + cY, (ax). Then y = ez J (ax) + coz Y, (ox). 


Write the differential equation in the form y" + (2/z)y' + (4/x)y = 0. This is the form of (18) 
in the text with a = —$, c = $, b = 4, and p = 1, so, by (19) in the text, the general solution 
is 

y= z Veh (41/2) + oY; (4x17? ]. 


Write the differential equation in the form y” + (3/z)y' + y = 0. This is the form of (18) in 
the text with a = —1, c = 1, b = 1, and p = 1, so, by (19) in the text, the general solution is 


y = x [ei Ji (x) + Yi ()]. 


Write the differential equation in the form y" — (1/x)y’ + y = 0. This is the form of (18) in 
the text with a = 1, c = 1, b = 1, and p = 1, so, by (19) in the text, the general solution is 


y= ze Ji (x) T c2Y1(x)]. 


Write the differential equation in the form y" — (5/x)y' + y = 0. This is the form of (18) in 
the text with a = 3, c = 1, b = 1, and p = 2, so, by (19) in the text, the general solution is 


y = a? [ei Js (x) + c2Y3(x)]. 


Write the differential equation in the form y” + (1 — 2/a?)y = 0. This is the form of (18) in 
the text with a 


> ,c=1,b= 1, and p = 3 , so, by (19) in the text, the general solution is 


y = 1 Ple, Jj (x) + c2¥3/2(x)] = x? [Cy Jay (a) + C2J_3/2(2)]- 


Write the differential equation in the form y” + (4+ 1/4z?)y = 0. This is the form of (18) in 
the text with a 


i ,c= 1, b = 2, and p = 0, so, by (19) in the text, the general solution is 


y= ale Jo (2x) + c2 Yo (2x)]. 
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Write the differential equation in the form y" + (3/2)! + 3?y = 0. This is the form of (18) in 
the text with a = —1, c = 2, b 


> , and p= > , so, by (19) in the text, the general solution is 


1 1 
y= xt lade (37) + C2Y1/2 (34) 
zi l 2 l2 
y=a |Ciy ge |t CaJ_1/2 3t )I- 


Write the differential equation in the form y" + (1/z)y' + (x4 — 4/2?)y = 0. This is the form 
of (18) in the text with a = 0, c = 3, b 3, and p= 2, so, by (19) in the text, the general 


solution is 
ía loa 
y = c1J2/3 qn + c2Y2/3 9* 


1 1 
y= C1J3/3 (s) + C2J_2/3 (s) : 


or 


or 


Using the fact that i? = —1, along with the definition of J, (x) in (7) in the text, we have 
oo . 2n+v 
— (—1)” ix 
dise wages 2 atv Fn) 2 
EX > i=)? j2nmtv-v ()"" 
= nlT(1-F v 4 n) 2 
-Ya eer) 
nIT(1-F v 4 n) 2 
n=0 
5 (y? (5 
E nT(l+v+n)Xx2 
Y I (E 
“E nT(l+v+n)Xx2 


which is a real function. 


(a) The differential equation has the form of (20) in the text with 


1—2a=0 2c—2=2 bc? = -Be =-1 a? — p*c? =0 
1 i 1 i 
773 ^ B—w 2! BM 


Then, by (21) in the text, 


1. 1; 
y= zi? lan (3) + coJ_is4 (ze) : 


In terms of real functions the general solution can be written 


1 1 
y= r? fornya (37) + CoK1/4 (32) A 
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(b) Write the differential equation in the form y” + (1/z)y' — 7x?%y = 0. This is the form of 
(18) in the text with 


] 5594 2c—2=2 re egg =e ep 
1 
a=0 c=2 B=2=V7, b=-vīi p=0. 
Then, by (19) in the text, 
y — c1Jo 5 VT ix + coYo VT ir : 
In terms of real functions the general solution can be written 
1 1 
y = Cilo (3v7) +C Ko (3v7) : 
23. The differential equation has the form of (20) in the text with 
1-24=0 2-2=0 ee = 1 a — pe =0 


a= c=1 b=1 p= 


1 
2 
Then, by (21) in the text, 


2 2 
y= ale hyle) + ¢2J_1/2(x)| = gi? ls | — sin x + cg4/ — cos x 
TL TE 


24. Write the differential equation in the form y” + (4/2)y' + (1 + 2/z?)y = 0. This is the form 
of (20) in the text with 


= Cı sin z + C5 cos x. 


1-2a=4 2c-2=0 be =1 a? — pic? =2 
3 1 
27773 " P739 


Then, by (21), (26), and (27) in the text, 


E = 2. 2 
gea 3/2 [e Jı jo (a) + e2J_1/2(x)] =x 3/2 mE 


1 1 
= C4 5 sinz + C9— cos z. 
x x 


25. Write the differential equation in the form y” + (2/z)y' + (La? — 3/4x2%) y = 0. This is the 
form of (20) in the text with 


1-2 =2 %-2=2 be = 


NI] rR 
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Then, by (21) in the text, 


jl 1 
= Ciz 3? sin (s) + Cora? COS (s). 


26. Write the differential equation in the form y" — (1/z)y' + (4 + 3/A4z?)y = 0. This is the form 


of (20) in the text with 
1— 2a = —1 2c—2=0 ble? =4 
a=1 c=1 b=2 


Then, by (21) in the text, 


DN|R lc 


2, 2 
y=x [ei Jt /2(2x) + caJ_1/2(2x)] =x m ay m 2x + c24/ Taz os : 


= Cyr? sin 2g + Coz? cos2. 


27. (a) The recurrence relation follows from 


oo 


—1Yy £N 2n+u X =1)” 
—vJy(x) + zJy—1(2) 3) tD ( 


n=0 


A (i gyn E 
p EET a ag 


n=0 


(-1)"(v +n) 


_ Y (—1)"(2n + v) ae ia 
2 menm 


nlT(1-F v 4 n) 


n=0 


T 
2 


yer" 


(b) The formula in part (a) is a linear first-order differential equation in Jy (x). An integrating 


factor for this equation is 2”, so 


£ eae D S 


28. Subtracting the formula in part (a) of Problem 27 from the formula in Example 5 we obtain 


0 = 2vJ,(x) — 24, 41(1) — zJ, (x) Or 2uJ (2) = gJdygs(z) dud ar). 


29. Letting v — 1 in (21) in the text we have 


cla) = Les (x)] so a rJo(r)dr —rAr) 


r=x 
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30. From (20) we obtain J¿(x) = —Ji(x), and from (23) we obtain Jj(x) = J_1(2). Thus 
Jo(z) = Jasa) = =J (2). 


(2n + 1)! 
92n lg] 


r(1+3+0) Rs 


1 
31. Using I (: nbus n) = v/v we get the following 


2 


In! 
Gere- ade 
(eri = rts 
(fos) Bh 


From the last result we obtain 


oo _4)nr an 2n-1/2 E 
Lat = SP (Ey (a 


n=0 2 
¡TA 
PE DN p» - y qn 
Te c (2n)! 
The last series is the Maclaurin series for the cosine therefore 


2. == (=P 2 
J_1/2(x) = E c = VŽ cose 


32. From Problem 28, 2v J (1) = xJy41(x) + cJp_i(xz) and so with v = 1/2 we get 


J j2(x) = zJzja(£) + tJ_1/2(2) 
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From the last result and using v — 3/2 we obtain 


3J3/9(@) = zJsjo(x) + 241 /2(12) 


3 
Jsj2(x) = z Jn) — Jya (x) 
3/2 (= ) 2 
= —4/— —cosz | — 4/ — sing 
aVrel m TL 
/ 2 ( 3 ) , — 
=> | i-z m Sie — 
nmz Nc x 


From the last result and using v = 5/2 we obtain 


9Js (x) = zJz/a(x) + xJaya (x) 
5 
Jz jo (x) - z720) = Jaja (x) 


51/29 = 3cos x i ) 2 (= ) 
= —4/— — —sinz|—4/— — cos aq 
x 


LN rx q? TL x 


2 15 6) ,. 15 
=4/— — — — | sing — | — — 1 | cosg 
Viella om q? 


33. (a) To find the spherical Bessel functions jı (x) and ja(x) we use the first formula in (30), 


, | T 
jn(@) = p» Jn-1/2 
with n — 1 and n — 2, 


Ale) =y Eae) md A) = Lalo. 


Then from Problem 32 we have 


Jayo(x) = Vora (= — cos :) so Aix) 


singz  cosm 


q? x 


and 


3si 3 
J5j2(x) = Vrz ( ae aoo a sinz) 
T x 


(b) Using a graphing utility to plot the graphs of 
j1(x) and ja(x), we get the red and blue graphcs 
in the figure to the right. 
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34. (a) To find the spherical Bessel functions yı (x) and y2(x), we use the second formula in (30), 


T 


Yn(x) = m Yn41/2(2) 


with n = 1 and n= 2, 
T T 
yi (2) = DT Y3/2(2) and yo(a) = pm Y5/2(X) ! 


From the formula Y, ,4/5(x) = (—1)**1J. (14/5) (£) we get 
Yaj2(1) = J_3/2(2), and — ¥5/2(%) = —J_5/2(2). 


Then from Problem 32 we have 


2 /(cosx i 
J_3/9(x) = —4/ — (= + sina) SO yi(x) = — 


TX 


and 


2 /3cosx  3sinzx 
— COS E 


J_5/2[x) == - ( 2 


(b) Using a graphing utility to plot the graphs 
of yi(x) and ya(x), we get the red and blue 
graphcs in the figure to the right. 


35. Letting 
s= 2 k e72t/2 
aVm ? 
we have 
E LEE ua. La 
dt ds dt dt |aVm 2 ds m 
and 


Px = d dz = de a k e et/2 + d dx _ k e et? 
dt? t \ dt ds \2Vm dt \ ds Vm 
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'Then 
dx ot ow dx, ma |k _ ¿jo de at 
ge dc o a a 
Multiplying by 22/o?m we have 


2 k afr 2 |k uade, 2 k o 
So N [E usum E urbs een 
"om. d a m^ us um T 


or, since s = (2/a)\/k/me—™/?, 


36. (a) Differentiating y = r? w (¿azi?) with respect to 2ax3/? we obtain 


plead 2 osa | uus + E ut ue 
3 2 3 
and 


y" —áÓ (sos) ax? +ow' (5e) 


Then, after combining terms and simplifying, we have 


3 1 
" 2 _ 3/2, M 4 9, 3/2 _ = 
y + any =a [az w eau (ax paz) «| =0 
Letting t = 2017 2 or ag3/2 = 3t this differential equation becomes 


> - [eure T tw'(t) + (e — 5) w(t) eU. $20 


(b) Using the same substitution y = rw (Zar?! 2) the differential equation is now 
y" — o?xy = 0: 


2 1 2 
y e \ ag!/2 de Ml mp 
3 2 3 
2 1 2 
= 0xw' (so) + ¿o E 
2 2 1 2 1 2 
y" = qzw" (52^) oxi? + aw' (Saz?) + zew (5e?) — qe Pw (52^) 


2 3 2 . 1 Da 
AA E 4 Saw’ (ža) _ qa tw E 


6.4 Special Functions 


Then 


HH 2 2,,3/2, 11 3/2 / 3/2 —3/2 3/2 
y — a ty = a tw E ) + now E ) — ri w (Fo ) 


1 
= o 73/2 uy db eu = (ap + na) w 


=O foxu" + žy = (e + : ) w 


do 3/2 
3, / 3 l4 2 3/2 
- je =i t=? 
a E 2 E gt w ax 
3a | y / 2,1 
=e t = = 
2n | w + tw t+ 9 w 0 


when w is a solution of t?w" + tw’ — (t? + +) w=. 
37. (a) By part (a) of Problem 34, a solution of Airy’s equation is y = (ar), where 
w(t) = c1J1/3(t) + c2J_1/3(t) 


is a solution of Bessel’s equation of order i . Thus, the general solution of Airy's equation 
for x > 0 is 


2 
y= zw E = exi Jy 73 (Fax) + cant Ja (Se) : 
(b) By part (b) of Problem 34, a solution of Airy's equation is y — ya), where 
w(t) = cili j3 (t) + cal _1 /3(t) 
1 


is a solution of modified Bessel's equation of order 3. Thus, the general solution of 


Airy's equation for x > 0 is 
1/2, (2. 3/2 1/2 2 3/2 1/2 2 3/2 
y-rz'^w gu = ers jo dom ("113 an f 
38. The general solution of the differential equation is 
y(x) = e1Jo(az) + c2Yo(az). 


In order to satisfy the conditions that lim y(x) and lim y'(x) are finite we are forced to 
z—0t* z—0* 


define c9 = 0. Thus, y(x) = c1Jo(ax). The second boundary condition, y(2) = 0, implies 
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c1 = 0 or Jo(2a) = 0. In order to have a nontrivial solution we require that Jo(2a) = 0. From 
Table 5.3.1, the first three positive zeros of Jo are found to be 


2o, = 2.4048, 2a9 = 5.5201, 203 = 8.6537 


and so o, = 1.2024, ag = 2.7601, a3 = 4.3269. The eigenfunctions corresponding to the 
eigenvalues Ay = o2, Az = o2, Az = o2 are Jo(1.2024x), Jo(2.7601x), and Jo(4.3269z). 


39. (a) The differential equation y” + (A/x)y = 0 has the form of (20) in the text with 
1—2a-20 2c-2=-1 bc? =A a =p e es) 


a = 


1 1 
5 ES VA p 


Then, by (21) in the text, 


y — xi? ja QV) + cj Yi (2V/Aa)| . 


(b) We first note that y = Jı (t) is a solution of Bessel's equation, t2" + ty’ + (t? — 1)y = 0, 
with y = 1. That is, 


PIO + ti) + (9 — 1)44 (1) — 0, 


or, letting t = 27, 
da J]! (2/2) +2/23] (2/2) + (4x — 1); (2/2) = 0. 


Now, if y = /zJ1(2 zr), we have 


1 1 1 
y = vz Ji (2/z) use be (2/z) = Ji (2/z) + sot (2/z) 
and 
1 1 
y" = en (2/7) + on Ji (2/7) — qe eh (2/z) ; 
'Then 


e i (2x) — an (2/2) + VZJ (2/7) 
=0, 


and y = yz Jı (2/1) is a solution of Airy's differential equation. 


6.4 Special Functions 


40. y y 
— 3/2 = —3/2 
0.5 uou 0.5 Y / 
57 > 4o ^ 5 10 $ 30^ 
-0.5 -0.5 
=j -1 
y y 
: v = 5/2 i v = —5/2 
0.5 0.5 
pe AT "S «| IN" s 40 
=] -1 


41. (a) We identify m = 4, k = 1, and a = 0.1. Then 


a(t) = c1Jo(10e 9995) + c, Yo (10e 70) 
and 
a'(t) = —0.5c1 Jo (10e 999*) — 9. 5e, Yo (10e 9997), 
Now z(0) = 1 and z'(0) = —1/2 imply 
c1Jo(10) + caYo(10) = 1 
ci Jo (10) + c9 Yo (10) = 1. 


Using Cramer's rule we obtain 


Y/(10) — Yo(10) Jo(10) — Jf (10) 
cq = 


Yi AI) E — ? —xG0)Y100) — Jí09) Y, 00)- 


Using Yj = —Y; and Jj = —J, and Table 5.2 we find c; = —4.7860 and c2 = —3.1803. 


'Thus 
x(t) = —4.7860 Jo (10e 999*) — 3.1803Y, (10e 999^), 


(b) 


42. (a) Identifying a = 4 , the general solution of x” + tx = 0 is 


I 1 
x(t) = exi? Jy 73 (52) Jc cox? Jig (32) . 


Solving the system z(0.1) = 1, z/(0.1) = —4 we find cı = —0.809264 and cz = 0.782397. 
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(b) 


43. (a) Letting t = L — x, the boundary-value problem becomes 


d? 2 , 


where o? = óg/ EI. This is Airy's differential equation, so by Problem 35 its solution is 
1/2 2 3/2 1/2 2 3/2 
y = at^ Jis got + cat /^ J_1/3 got = c101(t) + co0a(t). 


(b) Looking at the series forms of 0; and 02 we see that 0{(0) Z 0, while 05(0) = 0. Thus, 
the boundary condition 6’(0) = 0 implies cı = 0, and so 


2 
e(t) = caWtJ_1/3 (ža) . 
From 0(L) = 0 we have 
cov L J 1/3 (Sor?) = 0, 


so either c2 = 0, in which case 0(t) = 0, or J_1/3(Z0L*/?) = 0. The column will just 


start to bend when L is the length corresponding to the smallest positive zero of J_1/3. 


c) Using Mathematica, the first positive root of J_¡/3(x) is x4 œ~ 1.86635. Thus 
/3 
2aL*/? = 1.86635 implies 


3(1.86635) 1/2  [o0EI apum 
L ( on ) 5, (186635) 


ES x 107)7(0.05)* /4 


1/3 
4(0.28)(0.05)? (150035)? & 76.9 in. 


44. (a) Writing the differential equation in the form xy”+(PL/M)y = 0, we identify \ = PL/M. 
From Problem 37 the solution of this differential equation is 


pene da (2 PLa/M ) bs i (2 PLa/M ) 
Now J,(0) = 0, so y(0) = 0 implies c2 = 0 and 


peed (2 PLa/M ) 
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(b) From y(L) = 0 we have y = Jj (2LV PM ) = 0. The first positive zero of Jı is 3.8317 so, 
solving 2L,/P,/M = 3.8317, we find P, = 3.6705M/L?. Therefore, 


3.6705x 3.8317 
yíc)=avVzH ( L eve J ( vi) 4 


VL 


(c) For cı = 1 and L = 1 the graph of 
yı = Vax J4(3.8317 /x ) is shown. 


45. (a) Since l' = v, we integrate to obtain I(t) = vt +c. Now l(0) = lg implies c = lo, so 
I(t) = vt + lo. Using sin 0 = 0 in 1 d?6/dt? + 2l' d0 /dt + g sin0 = 0 gives 
d^0 dé 
SF yo 0, 
(lo + vt) dB + 2v di +9 0 
(b) Dividing by v, the differential equation in part (a) becomes 
lo tut do d0 


g 
2>+%0=0. 
U ie ag 


Letting z = (lg + vt)/v = t + lo/v we have dx /dt = 1, so 
dð d0 dr  d0 


dt dxdt dz 


and 
d9 _ d(d0/dt) | d(d0/da) dx u d9 
d? dti dz dt dx?” 
Thus, the differential equation becomes 
d? do g do 2d g 
A ug page cue EU. rbd res 
IO > i z d ru a 


15g zu a dei pe = 2 -pe =0 


or 
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(d) To simplify calculations, let 


u = 2 at + ut) 22 I 1/2, 
U U 
and at t = 0 let uy = 2V/glo/v. The general solution for 0(t) can then be written 
0 = Cqu Ji (u) + Cou Y (u). 


Before applying the initial conditions, note that 


dó dO du 
dt du dt 
so when d6/dt = 0 at t = 0 we have d0/du = 0 at u = uo. Also, 
do — d. at doi 
du = Ag e I+ Ca q, lu Y 
which, in view of (20) in the text, is the same as 
dé a - 
du = —Ciu 1 Jo(u) = Cou Yz (u). 


Now at t = 0, or u = uo, (1) and (2) give the system 


Ciug H (uo) T Coup Yı (uo) = A 


Ciug | Ja(ug) E d Coup ' Ya(ug) =) 


whose solution is easily obtained using Cramer’s rule: 


up 90 ¥2(uo) 
Jı (uo) Y2(uo) — Jo(uo)¥1 (uo) ' 


—uo 99 J2(uo) 


a> Ti (uo)Ya(uo) — Ja (uo) Yi (uo) ` 


Co = 
In view of the given identity these results simplify to 
um. 7T 2 
Ci = -3 bo Y2(uo) and Co = 3% bo J2(uo). 


The solution is then 


0 = RIT: A E + du) D. a 


Returning to u = (2/v) y g(lo + vt) and ug = (2/v) V glo , we have 


2 
Ji | - lo + vt 
(ty — zo x 2 ; € g(lo 2) 
B U ^v d Vlo + vt 


Vlo + vt 


- (2 ai) Y; E == | 
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(e) When lo = 1 ft, 09 = 5 radian, and v = - ft/s, the above function is 


J,(480/2(1 + t/60)) 


— 2.79381 


Y, (48042 (1 + t/60)) 


/1+t/60 


O(t) 
0.1 


I, 
i’ 


0(t) = —1.69045 JL 78 
The plots of 9(t) on [0,10], [0,30], and [0,60] are 
O(t) O(t) 
ii | .— IÓN 
m A NNI 
n re | 


(f) The graphs indicate that 0(t) decreases as | 
increases. The graph of 0(t) on [0,300] is shown. 


46. (a) From (32) in the text, we have 


-0.1 


0 
0.1 


6-7 4-6-7-9 2-4-6-7-9-11 
where dedos E 
faq; Sa 
€ -(-U' 374:6 > T6 
Thus, 
231 1 
Ps(x) = -2 (1 — 211? + 6327 — a 40) E 1g 2312" — 315z* + 1057? — 5). 


Also, from (26) in the text we have 


6-9 4-6-9-11 2-4-6-9-11-13 
P(x) = cy (s- Spe a eee) 

ns 1-3-5-7 35 

= (-1)? 2 ==, 

a= CY 737.8 16 
Thus 

35 99 429 1 
P;(x) = Bus (« 9x 4 rl =") = 1g 42927 — 6932? + 3152? — 35x). 


(b) Ps(x) satisfies (1 — 2?) y" —2zy'--42y = 0 and P; (x) satisfies (1 


a”) y" —2zy' +56y = 0. 
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47. The recurrence relation can be written 


2k +1 k 
P, = P, — = =2 4 
e+1(2) SET k (x) id kilo), | k—2,3,4, 
3 1 
k=l; P = lg? = 
2 (1) 2 2 
B 5 3,2 H WM TN 
al _7 (5.3 3) 3(3,2 1| 35, 305,3 
k=3: Pala) = Te (308 - 3x) -1 (305) = Se 8 w+ 
9 35 30 3 4/5 3 63 35 15 
k=4: Ps(x) ==al —2*- =r? + 5 ==) = ge — =r? eg 
5 8 8 8 512 2 8 4 8 
11 63 35 15 5 [395 30 3 
k=5: P, = es hdd Ed ae EN Sh NP, = 
(x) Ier + Zo) Tex gt +3 
231 
231, 315 a 105, 5 
16" 16 16 16 
13 231 315 105 9 6 (63 35 15 
ko: B EE 6 4, 102. 9| SF % 5 995, 19 
r(z) Za (Fe uc" “i i e. 2 o 
429 , 693 ; 315 5 35 
= —ue' — — r + — r’ - — 
16 16 16 16 
48. If x = cos0 then 
dy ing 2" 
do dx’ 
d^y 25 PY dy 
m lu MU 2 
qq ^ Sim 6g — CS? 


and 


2y dy 2 
ao E - cos 0 9... (n 4- 1) (sin0)y = sind (1 — cos!) EY — 20050 L + nfn  1)y ext 
z 7r 


d0? dé 
That is, 
dy dy 
(172?) 72 - 22 23 e n(n 4 1)y =0 
49. The only solutions bounded on [—1,1] are y = cP, (x), c a constant and n = 0,1,2,.... By 


(iv) of the properties of the Legendre polynomials, y(0) = 0 or P, (0) = 0 implies n must be 
odd. Thus the first three positive eigenvalues correspond to n = 1, 3, and 5 or Ay = 1-2, 
Ag = 3-4 = 12, and 43 = 5-6 = 30. We can take the eigenfunctions to be yi = Pi(z), 
y2 = P3(x), and ys = Ps(x). 


50. Using a CAS we find 


(32? — 1) 


(35a* — 302? + 3) 
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— 1) = = (632° — 702? + 15x) 


(231x8 — 31527 + 1052? — 5) 


1 
8 
1 
16 
1 
16 


(42917 — 69325 + 3152? — 35x) 


Py) :0 

P(x): Æ 0.57735 

P(x) : 0, +0.77460 

Pa(x) : + 0.33998, +0.86115 

Ps(x) : 0, +0.53847, +0.90618 

P(x): + 0.23862, +0.66121, +0.93247 

P(x): 0, +0.40585, +0.74153 ,+0.94911 

Pyo(x) : +0.14887, +0.43340, +0.67941, +0.86506, +0.097391 


The zeros of any Legendre polynomial are in the interval (—1,1) and are symmetric with 
respect to 0. 


oo 
53. Letting y — > cpa we have 
k=0 
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Then, with appropriate substitutions, we have 


[(k 4- 2)(k + 1)ck42 — 2kcp + 2o ]a^ = 0 
k=0 
This leads to the recurrence relation 
(2a — 2k) 
EE aah RN for k = 0,1,2,3,... 
Ck+2 ESTN or 0, > ,3, 
Thus 
o (2a) u | 2a 
cime x 
= (a-2)  . Me=1) 
“aa " mo 
_ Qa-4) _ 2(o-2) 2a Y | Lala — 2) 
^47 a) ? 4-3 Qa 9177 ur 
" _Qa-6) a — 3) 0-1), _ Z(a - (a -3). 
g (5)4) ° 5.4 gp- o 5! i 
Then two solutions are 
_, 2a 4, aa—-2) , B X (—1)*2"a(a — 2)(a — 4)... (a — (2k — 2)) as 
ye us + 1 gp e =1+ > GE) x 
k=1 
and 
2ü-1 4. 2(v-—1(x-3 
yo(x) = 2 - B x3 ( El ) T5 m 
e^ (-1)2*(a — 1)(a — 3)... (a — (2k = 1)) 2%: 
=1 
oe (2k + 1) i 


and the general solution is y(x) = coyi(x) + c1y2(x). 


54. (a) From Problem 53 we know that 


2o La(a — 2) Lala — 2) (a — 4) 
in(z)e1l- e T gt ai zê 
2(a — 1) 2?(a — 1)(a — 3) 
y) = 2 — 3! Í 5! i 
Therefore we have the following 
Whena=n=0: y(z)= 1- 02?--0z* — 0z9 --... — 1 
4 
Whena=n=2: yi(1) =1- Sa" + Ox" — Oa +... = 1— 2a? 
8 32 4 
Whena=n=4: yla) 2 1— 42^ t pa c Oa esl 
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Also 
Whena=n=1: gí(1)=x-0+0%+...=x 
4 3 5 2 3 
Whena=n=3: y(t) =x- zz + Ox H52 ga 
8 32 4 4 
Whena=n=5: ya(1) =z — qa + =a? + Ox! + lx Be 


Hi(w) = 2! - (x) = 2a 


Ho(x) = —2' - (1 — 257) = Lg? — 2 = 4x? — 2 


2 . 
H(z) = —2? - 3 | x — <a? | = Br? — 22. 3x = 82? — 12x 
3 


4 
Hala) = 2-3 (1- as + at) = 9*g* — 4 - 2? . 3z? +2? -3 = 1624 — 48r? + 12 


4 
Hs(x) = 2.15 (« = 37 + 57) = 98g? — 23. 5. Ag? +23 . 15g = 322? — 1602? + 120x 


oo 
55. Substitute the assumed solution y — y cpa" into the equation to get 
k=0 


(1 — 22). > k(k — 1)eya ^? — x - x kepr"! + o? > cyr" = 0 
k=1 k=0 


From this we get 


(2c2 + oc9) + (6c3 — c + o2e4)z + > [(k + 2)(k + 1)ck42 — k(k — Dex — key + 07 cy] 2* = 0 


k—2 
Therefore we have 
? 2 2 2 
a l-a k? -a 
a 37 ar cj, and  Ck}2 = (e+ e+ a) for k = 2, 3, 4,... 
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Therefore we get 


oo 
k 2 4 
y= J Ck” = Cot Crt + cox + eax? + caz des peer? pe 


k=0 
= c9 d- c1: — Las + — — (Gamma Dm a* + ( — E — a^) cuz? 
. 06- a — a?)o? iut 
— jer 2 ls o?) 4 Q6 ana ees | 


— m 9— 2 1— 2 
+a [o 3 Pus ot A 
= coyi(x) + ciya(x) 
where we take 
2 21.2 2 21.2 
a (4 — ada (16 — a^)(4 — a° ja 
ye) 1-39 ->a - 6! zu 
leu 9 — o?y(1— o? 
vlz) =s + —— a a Ee) 2 E = ) 5 


When o = n is a nonnegative even integer yi(r) terminates at x”, and when a = n is a 
positive odd integer yo(r) terminates at z”. With a = n = 5, y2(x) yields the fifth degree 


polynomial solution y = x — 4x? + £ x. 
56. With R(x) = (ax) 1/2Z(2) the product rule gives: 
Raa? Gs E oz) 
2 
and 


R! = a V2 p 2g" m 1 -3/27 u 1 .-3/271 + 3 EA 
2 2 4 
= me Gad B 13 7! TS pez) 
1 f 
The differential equation then becomes 
aria, (22 a PR nz) dat lios (az n" az) 


+ [o?z? — n(n + 1)] oa Mi (y) = 0 
or 


1 
az +22 + e — G + n+ i) Z — 0. 


Chapter 6 in Review 
This is equivalent to 
z2 z" + rZ + 


1 2 
Dee = 
aT (n+5) 


which is the parametric Bessel equation, so 


Z(1) = CiIn41/2(ar) + C2¥n41/2(02), 
and 


Ra) = oc M? 31/2 (x) eg iy lu [C1Js 41/2 (o) + CY m+1/2(00)| . 


Renaming C, and C» this becomes 


CBE + (aff) E 


TU TU 
C14 / Jaz Jn+1/2(ax) + C24 J poem Y, ay(ox) 


ci jn (oan) + czyn (oc), 


R(x) 


where jn(ax) and y, (ax) are the spherical Bessel functions of the first and second kind defined 


in the text. 
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1. 


False; J¡(1) and J—ı(x) are not linearly independent when v is a positive integer. (In this 


case v = 1). The general solution of z?y" + xy! + (x? — 1)y =0 is y = a Jı (x) + Yi (a). 


. False; y = x is a solution that is analytic at x = 0. 


. £ = —1 is the nearest singular point to the ordinary point x = 0. Theorem 5.1.1 guarantees 
oo 


the existence of two power series solutions y — yar of the differential equation that 


n=1 


converge at least for —1 < x < 1. Since —4 < x < l is properly contained in —1 < x < 1, 
2 2 


both power series must converge for all points contained in -j «rx > : 


. The easiest way to solve the system 


2c9 + 2c, + co = 0 
6c3 + 4c9 +c, = 0 


dl 
12c4 + 6c3 — 30 +o =0 


2 
20c5 + 8c4 — 32 +63 = 0 
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is to choose, in turn, cy Æ 0, cy = 0 and cy = 0, cy # 0. Assuming that cy Æ 0, c1 = 0, we 


have 
E 

C2 = ~ 50 
2 1 

C3 = ^39 = a 
1 1 

C4 987 Tg = =g00 

= ei Se = ay 


5 30 20 60 


whereas the assumption that co = 0, c1 zz 0 implies 


C2 = —C1 
2 1 1 

C3 — ^39 = 6" = 3^1 
1 1 5 

C4 = —368 + g” 12? 36° 
2 1 1 1 

C5 = T d 390? = 20€? = — 360%!" 


five terms of two power series solutions are then 


1 1 1 1 
NA el PEN" P 
yi (x) o| ge eu ze +? + 


and i 
1 5 
_ NIE I ee 
yo(L) = e E a+ 27 ag" — aan” + | . 

5. The interval of convergence is centered at 4. Since the series converges at —2, it converges 
at least on the interval [-2, 10). Since it diverges at 13, it converges at most on the interval 
[—5,13). Thus, at —7 it does not converge, at 0 and 7 it does converge, and at 10 and 11 it 
might converge. 


6. We have 
a 
. — — — s so 3 5 
O O o R 
f(z) cos X 1 zoom Ira Ye 
2 24 


7. The differential equation (1% — z?)y" + y' + y = 0 has a regular singular point at x = 1 and 


an irregular singular point at x = 0. 


8. The differential equation (x — 1)(x + 3)y" + y = 0 has regular singular points at « = 1 and 
L=—3. 
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oo 
9. Substituting y — > c,,z"^" into the differential equation we obtain 
n=0 


oo 
2ay" +y +y = (21? — r) aqu” 14) [2 (k 4- r)(k 4- 7 — 1)eg + (k + r)eg + cpie" t! 20 
k=1 


which implies 
2r? —r=r(2r-1)=0 


and 
(k + r)(2k + 2r — 1)cx + ex, = 0. 


The indicial roots are r = 0 and r = 1/2. For r = 0 the recurrence relation is 


Ck-1 k 


= == = 1 2 di 
Ck k(2k = 1) , 9499) ’ 
so 
1 1 
C] = —Co, C2 — ge C3 — ~ 90°" 
For r = 1/2 the recurrence relation is 
Ck—1 
———— —— , Eu d m 
^7 Ek +1) 
SO 
1 1 1 
C] = —=00, C9 = — 09, C3 = ——— C0. 
1 30 2= 39% 3 630° 
Two linearly independent solutions are 
1 1 
es laos. 
e dE age 
and i 1 
ea iE ED OU 
fee ( 3°" 30" 839^ t ) 
oo 
10. Substituting y — > Cn 1” into the differential equation we have 
n=0 
oo oo oo 
y'— zy —y — » n(n - lene”? — y ^ nena” Y cnt 
n=2 n=1 n=0 
—S 
k=n-2 k=n k=n 
oo 
=> (f 4- 2)(k + 1)ey., 22^ — >» keps" — Y cpr" 
k=0 k=1 k=0 


= 2c2 — Cp + A 4- 2)(k + 1)ex42 — (k + 1)ex]z^ = 0. 
k=1 
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'Thus 
2c2 — Cp = O(k + 2)(k + 1)ck+2 = (k + 1)ck = 0 
and 
1 
Ca = 90 
= — bk—123:1.:. 
Ck+2 k+2* 14% 
Choosing cp = 1 and cı = 0 we find 
1 1 1 
c2=3 €3— 05 =c7 =::: = 0 C4 — C6 = Jg 
and so on. For co = 0 and cı = 1 we obtain 
0 1 1 1 
C C C TA == == == ===; 
E TUM “= Tg = 105 
and so on. Thus, two solutions are 
1 i 1 
RNC EE a M 
and 
clé. lg. lat, 
= g£ + aa? + mar? +a 4e. 
id 3^ TIB” * 105 
oo 
11. Substituting y — »5 c," into the differential equation we obtain 
n=0 


(x — 1)y" + 3y = (-2ca + 3e9) + > O[(k + 1)kepy1 — (k +2)(k + 1)cp42 + 3cg Ja" = 0 
k= 


en 


which implies cz = 3cp/2 and 


(k + Dkck+1 + 3Ck 


uy == PETER ME 
42 + 2)(k +1) 
Choosing cy = 1 and cı = 0 we find 
3 P 1 5 
G == x == =; E = — 
2= > 3=3 4—3 
and so on. For co = 0 and cı = 1 we obtain 
0 i 1 
Co = = = = = 
2 ; C3 2 CA 4 
and so on. Thus, two solutions are 
1 
y =14 mal | 27 ~ pes 


and 


12. 


13. 


Chapter 6 in Review 
oo 


Substituting y — > Cp 1” into the differential equation we obtain 


n=0 


y" — ay! + wy = 2e + (6c3 + coJa + [(k + 3)(k + 2)en43 — (k — 1)ex]z^ = 0 


k=1 
which implies c2 = 0, c3 = —co/6, and 
PE RS. k —1,2,3 
"ee PSI) TUUM e a cet E 
Choosing cy = 1 and cı = 0 we find 
ae 0 0 TE: 
C3 — 6 C4 = C7 = C10 C5 = Cg = C11 C6 90 
and so on. For co = 0 and cy = 1 we obtain 
C3 C6 C9 E 0 C4 C7 C10 Egg 0 C5 Cg C11 OR 0 
and so on. Thus, two solutions are 
1 il 
q =1 ct o5. s and  yo- m. 


oo 
Substituting y — `> c,,z"^" into the differential equation, we obtain 


n=0 


zy" —(x+2)y'+2y = (r?—3r)ega” V 7 [(k -- r)(k--r—3)e — (k - 7 3)ey i]z^ ^71 =0 


k=1 


which implies 
r? — 3r 2 r(r — 3) =0 


and 
(kK+r)(kK+r—3)c, — (k +r — 3)ck-1 = 0. 


The indicial roots are rı = 3 and rg = 0. For rə = 0 the recurrence relation is 


k(k — 3)ey — (k — 3)cx-1 = 0, l4 2.9: 


Then 


cy —Co = 0 2c2 —c, = 0 0c3 — Oca = 0 


Therefore c3 is arbitrary and 
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Taking cy 4 0 and c3 = 0 we obtain 


1 
C] — Co c2 = 300 €3 — C4 — c5 =:::=0. 


Taking cy = 0 and c3 Z 0 we obtain 


1 _ 8 1 6 1 6 
148718 oui Be 966 — 6.5.49 Gl 


€) cy 0c9—0 Cy = 
and so on. In this case we obtain the two solutions 


1 
yi — lc 


and 
6 6 6 1 
nasa patt Babs Bab neo Let Be). 
oo 
14. Substituting y — > Cp 1" into the differential equation we have 
n=0 
(cos x)y” +y = [1— np E: ES as (2c2 + 6c3x + 12c4z? + 205.2? 
a UST 720 ias z i 


oo 
+ 30egz* +--+) +0 ena” 
n=0 


ll 
= E + 6c3x + (12c4 — ca)z? + (20c5 — 3c3)x* + (30s — 6c4 + 5e) gtp ] 


+ [co tex + cox? + ez? + cast +--+] 
1 
= (co + 2c2) + (e + 6c3)x + 12c42? + (20c5 — 2c3)x* + (30s — 5c, + 5) give 
=0. 
Thus 
il 
Co + 2c2 = 0 cı + 6c3 = 0 12c4 = 0 20c5 — 2c3 = 0 30cg — 9c4 + pa =0 
and 
1 i 1 (d 1 


C3 = =C) C8 = == C] C4 = 0 C5 == 
2 6 


Choosing cy = 1 and cı = 0 we find 


a=-5, €3 = 0, c4 = 0, €5 = 0, c= zy 
and so on. For co = 0 and cy = 1 we find 
1 1 
co = 0, B= Be Ca = 0, © = ~ 6G? ce — 0 


and so on. Thus, two solutions are 


1 1 1 1 
nala de pen and Y = 7 — r+. 
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oo 
15. Substituting y — EN Cp 1" into the differential equation we have 
n=0 
oo oo oo 
y" zy +2y= y n(n — 1)e,z^—7 + y ncc" +2 3 yn 
n=2 n=1 n=0 
A A 
k=n-2 k=n k=n 


oo 
= Y (k +2) )(k + Dex+22 y boa +2) a 
k=0 k=1 k=0 


= 202 + 200 + Y [(k + 2)(k + 1)cr+2 + (k + 2)cg]a? = 0. 


k=1 
Thus 
2c2 + 209 = 0 
(k + 2)(k + 1)eg42 + (k + 2)ck — 0 
and 


Ca = —C€0 
= : k=1,2,3 
Ck--2 = Eg — 4, 
Choosing cy = 1 and cı = 0 we find 
1 1 
=-1 sal) = DEN 
C2 c3 = 05 = C7 C4 3 C6 15 
and so on. For co = 0 and cy = 1 we obtain 
0 1 1 1 
C € C aan = — — = — = — — 
2 4 6 C3 2 C5 8 C7 48 
and so on. Thus, the general solution is 
1 1 1 1 1 
gk ee eo, RS C o de A A 
y o did ipe dp IE ilz 5 Td qm 
and i " , 
3 5 
/ 3 5 2 4 6 
= Ga | —2 243 — 2 M Cali a= a NEUE zur it 
y o THT p* * )+ ( 2* + gt ae V ) 


Setting y(0) = 3 and y'(0) = —2 we find cp = 3 and cy = —2. Therefore, the solution of the 


initial-value problem is 


1 1 
y = 3-2 32^ ca? + a! — Fa? — cx rum +. 
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oo 
16. Substituting y — > car" into the differential equation we have 
n=0 
oo 
(z +2)y" +3y = Yon (n — 1)c, a" 112 n (n — 1)c, 2" D» 
n=2 n=2 
k=n-1 k=n-2 k=n 
oo 
- 0b + l)key 4x" + 2 Y (k 4- 2)(k + l)e, oz^ + 2» cy x" 
k=1 k=0 k=0 
oo 
= dep + 300 + X [(k + 1) key. + 2(k +2) (% + 1)c+2 + 3cp]a" = 0. 
k=1 
Thus 
4co + 3c9 = 0 
(k + 1)keg44 + 2(k + 2)(k + 1)eg 42 + 3e = 0 
and 
Co = E 
2270 


k 3 
2 M MT €———— B—1:2:3: 5 
Ck+2 2(k 2) Ck+1 2(k 2)(k 1) Ck, k ; "mr 


Choosing cy = 1 and cı = 0 we find 

Bee B= c= 16 “5 =~ 359 
and so on. For co = 0 and cy = 1 we obtain 

ca =Ù 063—714 ^4 = 16 €5 =U 


and so on. Thus, the general solution is 


i-o i-r 4 Soh ga gre) +61 (s- i5 tu +- ) 
d 3 3 3 9 3 1 
yf = Cy (eg $70 — Qt Ja (1 ite). 
Setting y(0) = 0 and y'(0) = 1 we find co = 0 and cı = 1. Therefore, the solution of the 


initial-value problem is 


A N 
=g — 5r? + 
Y 4 16 


17. The singular point of (1 — 2sin z)y" + zy = 0 closest to x = 0 is 7/6. Hence a lower bound 
is 7/6. 
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18. While we can find two solutions of the form 
y =cColl+---] and y=clx+---], 


the initial conditions at x = 1 give solutions for cy and cı in terms of infinite series. Letting 


t = x — 1 the initial-value problem becomes 


dy 1) 
oo 
Substituting y — y Cnt” into the differential equation, we have 
n=0 
pem n— n Tt TL 
gn Duty n nsi ur us py. pa 
A A AA 
k=n-2 k=n k=n—1 k=n 


= Y (k +2)( + Dc, ot EY hat Y (k + l)e 4t Z5» 


k=0 k=1 k=0 k=0 


= 25 +01 + co + S [(k+2)(k + Lengo + (k + Vegi + (k + 1)ex] t* = 0. 


k=1 
Thus 
2c2 +c, + co = 0 
(K+ 2)(k + 1)ck+2 + (k + 1cesi + (K+ 1)ck = 0 
and 
o Te 
E 2 
Ck+1 F Ck 
= ————— c1. 2:9. 2x 
Ck+2 k+2 > 14,9, 
Choosing cy = 1 and cı = 0 we find 
1 1 1 
= PE 376 CA 12" 
and so on. For co = 0 and cı = 1 we find 
1 1 1 
C == C ua C — n3 
dl 35 6 ^ 6 


and so on. Thus, the general solution is 


1 1 1 1 1 1 
= co |1 — 2t + H tt po c qe ass 
das id: de GENET uo ds diga 
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The initial conditions then imply co = —6 and c4 = 3. Thus the solution of the initial-value 
problem is 
1 1 1 
=-6|1-<=(@- 1)? + =(@- 1)? + =(a@-1)*4+--- 
y- -6[1- Se? + se De Ble) 


19. Writing the differential equation in the form 


and noting that 


1 — cos z x r? x? 


z 23 u' UT 
is analytic at z — 0, we conclude that x — 0 is an ordinary point of the differential equation. 


20. Writing the differential equation in the form 


and noting that 
cz 2 2 QU x 


&—1-z x 3 18 270 
we see that x — 0 is a singular point of the differential equation. Since 


2 x 9 23^ e at 
gre 3 18 270 ' 


we conclude that x = 0 is a regular singular point. 


00 


21. Substituting y = > Cng” into the differential equation we have 
n=0 
oo oo 
y" + z^y + 2ay = 3 ^ n(n— 1)es qn Mena L3 un 
n=2 n=0 
e — 
k=n-2 k=n+1 k=n+1 


oo 
= M (k+2)( )(k + 1)ey. 42x" + — 1)ck— 142 a. ixl 
k=0 k=2 k=1 


= 2c + (6c3 + 2co)x + > [(k + 2)(k + 1)ck+2 + (k + l)e ;]z^ =5-2x+ 1027. 
k=2 


Thus, equating coefficients of like powers of x gives 


2c9 =5 6c3 + 2co = —2 12c4 +3c1 =0 20c5 + 4c2 = 10 
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and 
(k + 2)(k + 1)ck+2 + (k e 1)ck-1 =0, k= 4,5, Boss es 
Therefore 
5 1 1 1 1 1 m! 1/5 -o 
wg LE E x EI x xx iu 
and 
1 
C =- Ck— 
k+2 kad k-1 
Using the recurrence relation, we find 
1 1 ( +1) 1 + 1 
cg = — -63 = ——(a = =—C 
vet gu 3.917 7 3.51 
a 1 u 1 
C7 = 7“ 4.10 
Cg = 011 —014—7:::—0 
ME 1 
AA c2 m 
i... i 
"3d undo 
1 1 pe a 1 
UE 77329 35.417 Bl 
" 1 
seco da memes 


and so on. Thus 


E A A A 
3.27 ar 3647 


1 7 1 10 1 13 
arar? +4-7-10-13° 


A C E A + N 
2 3 32.217 33.3! 3r" MEET f 


{ 
22. (a) From y = —— un we obtain 
u dx 


dy l&u pd du\? 
dr udr? w\dzr 


Then dy/dx = x? + y? becomes 


1 d?u ¿1 (du á 2, 1 (du J 
M Pads =f ae Hide 
ada?" uw \de uz Ade) ” 
Bu, 
er a d an 
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(b) The differential equation u" 4- z?u — 0 has the form (20) in the text with 
1-24=0 2c-2=2 Pe =1 a? — p^? =0 


a= m2 b= 


1 
2 


1 d 
2 P 4 


Then, by (19) in the text, 


1 1 
u= zi? loa (37) + C2J 1/4 e) . 


(c) Letting t = $2? and w(t) = c1 Jij4(t) + c2J 1,4 (t), we have 


ude wlt) dz ^ ui cs gi?w E dd 2 ™ 
gi? E dt i auia © 2rw | dt los 2xw dt TM 


Now 


dw 


d 
4t += At y edat) + 024-1/4(t)] edat) + c24-1/4(t) 


= At lo Uu = aha) + (ato = Ja )| 


+ eit) + c2S_1/4(t) 


1 1 
= 4c1tJ_3/4(t) = Acot Ja j4(t) = 212? J 34 (2) = 2c28? J3 j4 (37) ; 


so 
y = 7d apago”) 7 2er tag) 7e Ja 27) + eda (32) 
2z[eiJi (32?) + 0231/4327) eiJy4A 2) + e2J ia ($2?) 


Letting c = c1/c9 we have 
1 
2 
=m- i XXPI mor 
2 
23. (a) From (10) of Section 6.4, with n = ł, we have 


—J_3/2(2) 


Ysjo(2) = a ~ J_3/2(2). 


Then from the solutions of Problems 28 and 32 in Section 6.4 we have 


2 2 
J_3/2(") == —(—+sinz) so Yajo(2) == “a (ŒE t sinz) 


TX T 
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(b) From (15) of Section 6.4 in the text 


Ijal) =" Jya) and ^ Lyjo(a) = i Jaylin) 


{2 "^ 
p gerti — —. sinh 
iar no oem arm TL cas 
2 
I. TV "esq hz. 
1/2(x T (2n)! Tm cosn X 


(c) Equation (16) of Section 6.4 in the text and part (b) imply 


I. I | 2 | 2 
Kyj2(2) = Be USA ca aa — cosh z — zg Sinh | 
sin o 
. I4 a Ee) JT y 
V2r| 2 2 | WV. * 


SO 


and 


24. (a) Using formula (5) of Section 4.2 in the text, we find that a second solution of 


(1 — z?)y" — 2xy' = 0 is 


$ 2a dx/(1—a?) 
yo(x) = [E B des antem de 


/ dx 1 l+x 
= —— = -lin — ; 
1-2? 2 lx 


where partial fractions was used to obtain the last integral. 


(b) Using formula (5) of Section 4.2 in the text, we find that a second solution of 


(1 — z?)y" — 2xy' + 2y = 0 is 


el 2x dx / (1—22) e7 mn (1-2?) 
ya(x) =o: [ Mass [ ta 


T £ 


f dx 1 l+zx 1 x l+x 
=x | =————=2ze |-In =-|=-—In — 1, 
z?(1— zx?) 2 1-2 x 2 l-z 


where partial fractions was used to obtain the last integral. 


(c) Ya Ya 


E -2 
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1 l+zx x l+zx 
vato) = gi (122) a -1 


25. (a) By the binomial theorem we have 


[1 + (2-20) 


(-1/2)(-3/2) 


2! 


(-1/2)(-3/2)(-5/2) e 


2 2 
(t* — 2zt)* + 3l 


-1-5 (P 228) + 


1 3 5 
= 1 — 4(È — 2rt) gu" qu — 2xt)? +- 
2 xt) a xt) T xt)? + 


1 1 2 
= Late z (3? — 1)? + 5 (52° —30)0 +... = D Pale 


(b) Letting x = 1 in (1— 2at+ ey? we have 


S 1 
(1 — 2t +4”) PS tit P+ 8+ (t| < 1) 
oo 
-5r 
n=0 


From part (a) we have 


oo 


Y BP = (12412) = Yi. 
n=0 


n=0 


Equating the coefficients of corresponding terms in the two series, we see that P,, (1) = 1. 


SImilarly, letting x = —1 we have 
2|-1/2 ed 1 2 3 
(1 +2t ++?) = (114 *= SS tf =3 ye (It] « 1) 
1% 
oo oo 
= Y Fir =f BC, 
n=0 n=0 


so that P,(—1) = (-1)”. 
26. (a) Rewrite the equation as 
25 
z^y" + gy! + (s? = 1) y — 0. 


The new equation has the form of (12) from Section 5.3 with a = 4 and v = >. Thus 


the general solution is given by 


y = C145/2(4x) + c2Y5 j2 (42x) 


<P 


27. 
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(b) This equation has the parametric form of the modified Bessel equation of order v = 3 
with a = 3\/2. Therefore the general solution is 


y = c113(3V2 £) + c2K3(3V2 x) 


Using the Product rule gives 


dT al. s 
T dus + E ar (T Tm) = 0 
T dT 
2 2,2 
— — — T — Tm) = 
dr? TE dr ( y= 
The given boundary-value problem is 
T aT dT 
> (PH) =0; T(1)=160, —| =0 
rum ae VY , (1) "dr 4 


If we change the dependent variable by means of the substitution w(r) = T(r) — 70 the 
differential equation becomes 


This differential equation is the parametric form of the modified Bessel’s equation of order 
v = Q so: 


w(r) = elo(ar) + c Ko(ar) 
T(r) = 70+ w(r) 
T(r) = 70 + cIp(ar) + coKo(ar) 


The derivatives L h(a) = l (x) and £ kola) = — Kı (x) and so the Chain rule gives 
x de 


dc^ dodu „d — d E 
Tr lar) e yum Iolar) a= alj(ar) and g Eler) = —aKı (ar) 


Therefore 
/ d d / 
T(r)=& 3; Ier) +c 3, Ko(ar) or T(r) = cial (ar) — coa Ki(ar) 
r r 
The boundary conditions T(1) = 160 and T’(3) = 0 then give the linear system of equations 


cı lola) + c2Ko(a) = 90 
cı lı (3a) Tt co K1(3a) —. 
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By Cramer's Rule, the solution of the system is 


90 Kola) 
| [0 —Ki(Ba) — 90K: (3a) 
Tha) Kola) | (Ka) + i (3a) Ko(a) ’ 
I,(3a) -—Ki(3a) 
lola) 90 
e I(3a) 0 7 901; (3a) 


Iola) Kola) To(a) Kı (3a) + Iı (3a)Ko(a) ` 


I (3a) -Kı (3a) 


Hence the solution of the boundary-value problem is 


T(r) = 70 + eilo(ar) + c2 Kolar) 


= 70 +2 JORK il a) HT) ot — 
To(@)Ki(Ba) + I (3a)Ko(a) ^ To(a)Ki (3a) + I (3a) Ko(a) 
K1(3a)Io(ar) + 1, (3a) Ko(ar) 

HESS TERMO PASEA 


28. The differential equation is the same as in Problem 27 so the substitution w(r) = T(r) — 70 


again yields 


and so 


w(r) = ci Tolar) + coKo(ar) 
T(r) = 70+ w(r) 
T(r) = 70 + ci Iolar) + c9 Ko(ar) 


The boundary conditions T(1) = 160 and T(3) = 90 then give the linear system of equations 


cilo(a) + c2Ko(a) = 90 
c11p(3a) + c2 Ko(3a) = 20 
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By Cramer’s Rule, the solution of the system is 


90 Kola) 
20 Ko(3a) 
lo(a)  Ko(a) 
Ip(3a) Ko(3a) 


90K (3a) = 20Ko (a) 


a — To(a)Ko(8a) — 1o(8a)Ko(a) ' 


Lola) 90 
oy = LEG _20]___20f9(a) — 90h) 
e ola)  Ko(a)|  lo(a)Ko(3a) — Io(3a)Ko(a) ` 


lo(3a) Ko(3a) 


Hence the solution of the boundary-value problem is 


90K0(3a) = 20Ko(a) 
lo(a)Ko(3a) — Io(3a)Ko(a) 


201p(a) — 9010 (3a) 


T(r) =70+ To(a) Ko(3a) — Io(3a)Ko(a) 


Io(ar) + 


Ko(ar). 
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The Laplace Transform 


7.1 Definition of the Laplace Transform 
1 


1 oo 
1 
1. J£ =/ (=e7*) as f e 9 dp = Tg *| —-e * 
0 1 5 
0 1 
1 1 1 1 
=le- (o-i) =e, s>0 
E E E E 
A a 
—st 4 —st 4 —2s 
2. L{f(t)}} = | 4e ?*dt = ——e — —- (e 1), s>0 
0 S 0 S 
oo 
I oo 1 
3. Zf) Sl te * dt «f pots (- tet — qe) — lg * 
0 1 S S 
0 1 
d 1 _ 1 » 1 B 
= (- Tere 5 (0 =) ;0 € )-ugü0-e "y 
1 1 à 
4. Ff = f (2t + 1)e7* dt = (2e Se 3 — Le) 
0 > 6 
2 2 1 2 1 1 
d x Mia a ae er ea 
5. .Z(f(t)) xi (sint)e ** dt = (- je "sint— ———e * cost) 
0 S 1 S 1 0 
1 1 
= TS m 0 = EM TUS 1 0 
( srl ) ( +1) gi ddp es 
ao oo 
6. Zf) = (cos t)e~* dt = (- E e ** cost + s gt sint) 
n/2 S 1 1 
7/2 
1 1 
e ies T —ms/2\ — —mns/2 5s 
( RE ar pe ) S T S 


10. 


11. 


12. 


13. 


7.1 Definition of the Laplace Transform 


f) 0, 0O<t<1 
le $2 
eue - era (Chen le) tery her, s>0 
i 1 i S s2 i v 32 > 
0, 0<t<1 
ft) = 
20— 2, t>l 
m —st 1 -— 1 gi 2 2 " 
zu -2[ a-ne*a-2(-la-ges- Le) -Àe5 s>0 
1 S s : E 
Lo, t>1 
1 - i 
zuor- f a-octas Porta f a-gc*a 
—s 1 AN 1 - 1 1 
i ge ae : E dc E on 
f(t) 0, 0O<t<a 
t)= 
C, a<t<b 
b b 
SARUM =f id Ü ca de = (e —g. 9) s>0 
vis} = [ tae] eS) qt 
0 0 
7 oo 7 " 
= E dl, en € -£ i 
eue = [ p gre d= e f e Gn 
0 0 
—5 oo _5 
_ € —(s+2)t = e » 
s2 Ü sq 2" 82 2 
LH) = / pe a= f te=) dt 
0 0 
1 1 eS 1 
= (4—s)t = (4—s)t a 
(e Hc ue ), CENE S4 
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14. 


15. 


16. 


17. 


18. 


19. 


21. 


23. 


CHAPTER 7 THE LAPLACE TRANSFORM 


E ANC )- a Pe —2t e s dt = f 1207 (s+2)t dt 


“Gs te ~(s+2)t _ > ate ot a a) 


oo 
=(s +1) A (s+1) 
— sin Gaia cos 
1 1 
— ee, il 


(s+1)?+1 s24+2s+2’ 


zis} = [ e'(cost)e *! a- | (cos t)e (179 qt 
q 0 
1 =g 1 oo 
= | — el-s) — b. itag 
(a ee ae ul 
1-5 s=1 


=-— Z =, s>l 
(1—8) +1 s%—-2s+2 


suu = f ~ t(cost)e-*' dt 


u ( st a^] ) toate" 2 ( t " 2s ) ingen] 
AIN SFE (92 4:1)? s? +1 (s241) ; 


O +=] 0 
TEA S 


So = / ~ f(sintye-** dt 


t 2 t Sed . eel 
= (o E — (cos t)e ** — ( = 7 + — (sin t)e a] 
s?+1 (s2+1) ed. (sel) 0 


2s 
=——,,, s>0 
(s? + 1) 
4! 48 5! 120 
LAY =2 5 = 5 20. AL = == 
10 7 3 
2-10) 4-7 22. Z(7t--3) = 5+ - 
S S S 
2 6 3 8 16 9 
2 — 2 f = | | 
Zt +6t — 3) = uam 24. 1-47 16649] = rdc a 


25. 


26. 


27. 


29. 


31. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


7.1 Definition of the Laplace Transform 


PO +P +t Y= Gt Stats 

£a? - 127 466-1} = 4-5 37i 

Larei 28. YP —e" +5}= 5-42 
Sea eet 4 30. A 
(P — 5sin3t} = S - 374 32. (cos St + sin2t} = z= + 
Hi cosh kt} = Le pe = 3 = z 

0 Eef rns 

-Z {sin 2t cos 2t} = £ { Ssinat} = — 


1.1 1 l s 
SZ [cos? t) = Z 4 — + — cos2£$ = — + = —— 
{cos* t) {5+ 500 } 2s 23314 


From the addition formula for the sine function, sin (4t + 5) = sin 4t cos 5 + cos 4t sin 5 so 


-Z (sin (4t + 5)) = (cos 5) #{sin 4t} + (sin 5) .L (cos 4t} 


E 4cos 5 + (sin5)s 
- bje NN 5 EN enc MN UED cd Rd 
OS?) qq eB args 32416 
From the addition formula for the cosine function, 
T T . . T /3 l. 
COS (t — =) = costcos — + sin tsin — = —cost+—sint 
6 6 6 2 2 


so 
E [10cos (t — =)} = 102 {cos (t — =)} = 10 cost) +10. 5 (sint) 


1 1 
= 5/3 S e V3stl 


s2--1 s241 —— s2+1 


Use integration by parts for a > 0 to get 
eS oo 
+ a] PA dt = oT (a) 
0 


oo 
I(o-41)-— / i%e* dt = -t%e* 
0 
0 
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42. Let u = st so that du = sdt and we get 
oo oo oo 
u Zai uja _ 1 u 1 E E 
ze-[ ce a= f (=) e FL siue “du = ail (a + 1) 


i 
43. gr) - E (-5 " i) i z 
S 


44. g [nh - -i ws ($+) OTG Ore vm 


as. [P] = aat (3+1) B 1) = zat (G) = A 


53/241 35/2 255/2 \ 9 455/2 12] — 455/2 
r ($4 1) r ($4 1) 
46. Z(f(0) 222 (e^) +8L Lue =2 2248. 270 


vr, 8 5,/5\)_ vm, 8 5 3,(3 
£442 s2 2 2) 53/2" 57/2 22 12 
1 


A 


$312" sg 2 2 2 ~ 38/2" 4/7322 


vi , 15yr 


53/2 " 51/2 


47. The relation will be valid when s is greater than the maximum of cı and c2. 


48. Since e! is an increasing function and t? > In M +ct for M > 0 we have ef > gl Met = Met 


for t sufficiently large and for any c. Thus, et” is not of exponential order. 
49. Assuming that (c) of Theorem 7.1.1 is applicable with a complex exponent, we have 


Pi{elarivjey — 1 1 (8—a)Tib _ s—atib 


s—(a--ib (s—a)—ib(s—a)+ib (s-a) +b" 


By Euler's formula, et? = cos 0 + isin 0, so 


e (e(t — Peto = g^ Lett (cos bt + isin bt)} 
= .Z (e*' cos bt] + iL (e^* sin bt} 


u s—a Jå b 
(sa)? +02 (s — a)? +b?" 


Equating real and imaginary parts we get 


s—a 


at ER 
Ag cosbt} = bera 


at s b 
and Le t sin bt} = (s—a) 4 . 


50. 


51. 


52. 


53. 
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We want f(ax + By) = o f(x) + Bf(y) or 
m(az + By) + b = a(ma + b) + B(my + b) = m(oz + By) + (a+ B)b 


for all real numbers «a and f. Taking a = PB = 1 we see that b = 2b, sob = 0. Thus, 
f(x) = mz + b will be a linear transformation when b = 0. 


As written, the function is not defined at x = 5. As should be written, f(x) = 1/(t — 5), 
t > 5, the function f is not bounded on, say, the interval [4,6] because it has an infinite 


discontiunity at x = 5. 


1 00 ¿—st 1 ,—st oo  —st 
sio] 3 a= | E af y dt = h+ h. 
0 0 1 


Then we use the comparison test in three cases: s > 0, s = 0, and s < 0. For s > 0, 


l 4—st 1 
1 
n= | — ae = dt. 
o t o t 


Because [| L dt diverges, the integral i E dt diverges. 
0 f 0 £f 


If s = 0, then the integral /, = i > dt diverges. If s < 0, then 


1 _—st 1 
1 
n-[ tee] za 
o t o t 


Again, because : L dt diverges, the integral : ET dt diverges. 
ot 0 t 


Applying the definition of the Laplace transform gives us 


oo 
E [2 cos e”) B / e7 2te cose” dt 
0 


oo 
ee 2 
+a f e * gine! dt 
" 0 


3 2 
sin el 


Il 
o 


[9.9] 
* == * 2 
=-sin1 +s | e~" sinet di 
0 


The last integral exists for s > 0 since it’s piecewise continuous on (0,oc) and of exponential 


order. Alternatively, for s > 0 


e9 2 ee 1 
/ [e= sine! | dt < 1 | e dt = 2 
0 0 S 


—st 


The absolute convergence of the integral n e~* sine? dt implies the convergence of the 


integral. 
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54. Working backwards we get 


55. 


56. 


57. 


58. 


1.2 


lp (5)- 1 1 E DEE) qe 
0 


a a 


= £{f(at)} 
vie} == ET 
La ATA 
LA RRA RR 
E N AL A E AS 


k (s/k) -A k st4+4k* 544 ak! 


The Inverse Transform and Transforms of Derivatives 


1 48 1 48 4! 
Pt — = = E eye =t—2t* 
E =} E 24 Jj 
2 EN 1 4 3! 1 85 2 1 
PUDEN ud IA T N eee 
16 s3 | { S3 6 st 120 5) 3° * 120 
+1)? 1 "M DE 32,1 
pS ls a NA EA PE 
{ st "22 $3 > si Tees SUB 
4-9)? 1 1 2 
gus li gtr Ehita 
S S S S 
1 1 1 
lata e 
4 6 1 1 14! 1 1 
god de cud qq ce =44 4-09 
TE —; { 4 $ =} +3 d 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


7.2 The Inverse Transform and Transforms of Derivatives 


e uj sus] : 
ela 25 -£ [ex] - 2 sin Tt 
zb — 10 cos 4t 

PU es E: 
PT ul - ga E . zu = > sin 50 


2s — 6 E 3 
=Ï e =Í = i: 
E, {alae [2 aic i sag} = 20083 — 2sin de 


1 2 2 
GF! { fracs + 15? + 2} = Z7! at E = cos Vit + V3 sin 3t 


1 ioc do od ME 
gail 1 (= gall.lol. i ^ i 3 
Giaa E s 3 3) > ONE 


SP 1 


PO 1 


3 
a E =] 7 -v3 EE = cosh V3 t — V3 sinh V3 t 
E af — 3 
1 1 1 1 1 1 1 
A NETS D SLE C REL E NEC NP DNE 
8— 2X TEES E 2 553 3759.9] 3" * "* 
s^-F1 1 1 1 1 1 5 1 
Zu DEY gee i c 
s — 1) SNA E s s—1 3 aa 6 — 
-g-4- et + e” 


PME. E 1 aft t Ls 1 1 
y ———— = y a = y SS as — e t 
jo s(s? +5) Es: 578] ^g Eee 


e 
ICE 
- 
(at 
f 
E 
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1 s 1 2 D. 
7 es LAE. NEN EMT M REN 
IEEE 4 Ula 4 s2-4 4 s+2 


1 1 I 
= 1 cos 2t + 1 sin 2t — Qe 


27. Z! i eru] -£7 Gener] 


4 3 E 3 
== AS e qu oes cde e o E 
{ E Ssh sa} 


= —4 + 3e™% + cost + 3sint 


6/3 s?-3 6/3 2+3 6/3 


28. zo jJ I oh ER v3 | = ignit 


1 1 1 1 1 
29. NN ee, E 
pd |=} Sd E s2+1 3 =} 


1 


6v3 


1 1 1 2 1 1 
xl A } = gent - pono 


3 


“4 6s +3 mI E 1 E 1 
30. Z b nb 2 + 2. —— 


1 
= 2cost + sin t — 2 cos 2t — ; Sin 2t 


31. Since f(t) = e*' sinh bt = ei (e*t — g^) = 5 e(1+5) — 1 e0}, then by linearity and part 


(c) of Theorem 7.1.1 


2 
s241 s41 ~ s2+4 2 zu 


1 1 1 1 1 1 b 
IBS OR o: ——— M CD M 
(3 2 } 2 s— (a+b) 2s—(a—b) ((s—a)—b)((s—a) 
b 
m 


1 1 
—1 te at s 
A — =a zh 5 e” sinh bt 


32. By linearity and part (d) of Theorem 7.1.1: 


a a a 
L {at — sinat] = = — >——3 = = 
t y s? si4b — s?(s?-ra?) 


1 jt 


sin V 3t 


7.2 The Inverse Transform and Transforms of Derivatives 


33. By linearity and part (d) of Theorem 7.1.1: 


b a a?b — ab? 
Z {asin bt — bsin at} = ‘Sa Dae ate ea 


abla) 
~ (s2 + a2) (82 +02) 
P 1 | asin bt — bsinat 
(s2+a2) (s2 +52) $ — ab(a2 — b?) 
34. By linearity and part (e) of Theorem 7.1.1: 
E E s (a? — b?) 


(cos bt — cos at} = —=3 — Sy T4 XA 
{cos Pond s2 +b?  s?-pa? — (s?-pa2)(s? +b?) 


gl E |. cos bt — cos at 
(s? + a?) (s? + b?) a? — b? 


35. The Laplace transform of the differential equation is 
1 
sL iy) - yO) - Ly} = =. 


Solving for .Z'(y) we obtain 
1 1 
Ly} =--+—. 
e T 
Thus 


y=-1+é. 
36. The Laplace transform of the differential equation is 
2sL{y} — 2y(0) + -Z {y} = 0. 


Solving for .Z'(y) we obtain 


—6 —3 
OW Fa I 


Thus 
y= —3e-t/2. 


37. The Laplace transform of the differential equation is 


sy) - y(0) +62 (y) ==. 


Solving for .Z'(y) we obtain 


ies 1 a E d 
V (G-4(6-6 s+6 10 s-4 10 s+6 
'Thus 
1 19 
gpl ee 
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38. The Laplace transform of the differential equation is 


2s 
Ly Ll) = a 
Solving for .Z'(y) we obtain 
2s 1 1 1 E 5 5 


L Z —————— D — Ek o—— — es : 
W= ED DB 3-1 ae +2 


Thus 


m 5t + a 5t 
= 13* jg a ia » 


39. The Laplace transform of the differential equation is 


y 


s? Z (y) — sy(0) — y' (0) + 5[s-Z {y} — v(0)] + 42 (y) = 0. 


Solving for .Z'(y) we obtain 


eo ainia 
Thus E a 
y= ge —ge 
40. The Laplace transform of the differential equation is 
{y} = sy(0) - 0) - 4) - yO) = 3 - — 
Solving for .Z'(y) we obtain 
6 3 s—5 


Ti = (s—3)(s? — 4s)  (s+1)(s? — 4s) T s? — 4s 


5 1 2 3 1 11 1 


Thus 


41. The Laplace transform of the differential equation is 


s? fy} — sy(0) — y'(0) + {y} = 


s2+2' 
Solving for .Z'(y) we obtain 
2 10s 10s 2 2 


p PE. NA z sys, 
w= Gypsy S41 St £341 342 


Thus 
y = 10cost + 2sint — V2sin V2t. 


7.2 The Inverse Transform and Transforms of Derivatives 


42. The Laplace transform of the differential equation is 


43. 


44. 


Solving for .Z'(y) we obtain 


cy) = 


Thus 


PM SA 
(s — 1)(s? 


¿LY +92 y) =. 


1 1 1 1 1 E 


+9) 10 s-1 10 s?+9 10 s2+9' 


'The Laplace transform of the differential equation is 


2 [$9.2 (y) — s?(0) — sy'(0) — y"(0)] +3 [s (y) — sy(0) — y'(0)] — 3[s-Z (y) — y(0)] — 2-Z() 


Solving for .Z'(y) we obtain 


2s --3 
y) = = 


Thus 


1 
s+1' 


1 1 5 1 8 1 1 1 


GXDG-DOsFDGCE) 2311" Bal 9118 9522 


'The Laplace transform of the differential equation is 


s?.Z (y) — s^(0) — sy/(0) — y"(0) + 2 [s"-Z (y) — sy(0) — y'(0)] — [s-Z(y) — y(0)] — 2-Z() 


Solving for {y} we obtain 


3 
s2+9' 


s? 4- 12 


Ly} = 


13 1 


Thus 


(s — 1)(s + 1)(s + 2)(s? + 9) 


13 1 16 1 3 S 1 3 


20s41 39542 ^ 130 $249 655249 


13 16 


3 1 
y = — e — —e™ qq 4 — cos 3t — 65 sin 3t. 


20 39 130 
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45. The Laplace transform of the differential equation is 


s+3 
M Dd M m re 
Solving for .Z(y) we obtain 
s+3 1 1 1 s +1 


AY = RA Ss 


B s+3 2223 ee 
4 stl 4\(s+3)2?+4 (s+3)2+4)' 


Thus 1 1 1 
SE e i cos 2t 4- rill sin 2t. 


Y= 7 


46. The Laplace transform of the differential equation is 
s Lily) —s-1—3-2[s.Z(y) — 1] +5 (y) = (° — 28 +5) H{y} —s—1=0. 


Solving for .Z'(y) we obtain 


s+1 s—1+2 s—1 2 


US PD? (ni Ey 


Thus 
y = el cos 2t + e! sin 2t. 


47. The Laplace transform of the differential equation in the initial-value problem is 


10s 
2 
4) Y (s) = 
(s T ) (s) s2 + 25 
10s 
Y (s) = = 
O= 
with the identifications a? = 4 and b? = 25 or a? — b? = —21 we have from Problem 34: 
P s | cos bt — cos at 
(s?+a2)(s2+62)f a2 — B. 
E cos 5t — cos 2t 
paliz = y j ==, 
y(t) { (s? + 4) (s? + 25) j —21 
10 10 
ult) = z os 2t — 5j os 5t 


48. The Laplace transform of the differential equation in the initial-value problem is 


(s? +2) Y (s) = 3 


7.2 The Inverse Transform and Transforms of Derivatives 


with the identification a? = 2 and a? = 2/2 we have from problem 44: 


1 at — sinat 
1) et ce) RE IARE RUE 
fw) 


_ 1 V2t—sin V2t 
i a ae 


y(t) = 2t — V2 sin V2t. 


49. (a) Differentiating f(t) = te“ we get f'(t) = ate"! +e” so L{ate™ +e%} = s.Z (te"*), where 
we have used f(0) = 0. Writing the equation as 


a [ie (e = a {te} 


and solving for .Z (te**) we get 


£ {te} - —— (et) = 7 =: | 


(b 


a 


Starting with f(t) =tsin kt we have 

f'(t) = kt cos kt + sin kt 

f" (t) = —k?tsin kt + 2k cos kt. 
Then 

L [—k%t sint + 2k cos kt) = s? Z {tsin kt} 
where we have used f(0) = 0 and f'(0) = 0. Writing the above equation as 
—Kk? L {tsin kt} + 2k.Z/ (cos kt} = s? Z {tsin kt} 

and solving for {tsin kt} gives 


2k 2k E 2ks 
324 k2 {cos kt} ete ete (FRF 


L{tsinkt} = 


50. Let fi(t) = 1 and 


Loi5g51 
no - | p 
0, t=1 


Then -2{fi(t)} = -Zf2(t)) = 1/s, but fit) 4 fa(t). 


51. For y" — 4y' = 6e% — 3e^! the transfer function is W (s) = 1/(s?—4s). The zero-input response 


is 
8-5 si ii 5 1 
t= go a ge cL Soe, 
volt) (+) E s 4 L: 4 4 
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and the zero-state response is 


52. From Theorem 7.2.2, if f and f’ are continuous and of exponential order, 
L{f'(t)} = sF(s) — f(0). From Theorem 7.2.3, lim AX F'O} = 0 so 


lim [sF(s) — f(0)] 2 0 and lim F(s) = f (0). 


s—>00 s>00 


For f(t) = cos kt, 


AM 
lim sF(s) = jim sz == (0) 
7.3 Operational Properties I 
10t 1 2. L fte) = g 
1. L {te t= Gripe (s + 6)? 
3! 10! 
. $,-90 — 4. 105-74) — 
3 L {t'e } (s 2j a € } Ga DH 
t ¿28? 2 3t | ¿tt 1 2 1 
. = 2 == ———— — 
5 L {t(c te y) L (te^ + 2te* + te} Goat e * Gre 
6. Z {e(t—1)?} = L {te — 216% + ety = 2 PE 2. 1 
(s-2)3% (s—2)%?  s-2 
to: u 3 —9t u s+2 
7. Z le sin3t} = Cn 8. Z [e " cos4t} = 3 33 +16 


9. Z ((1— e! - 3e) cos 5t] = Z (cos 5t — el cos 5t + 3e~ cos bt] 


EN IN s=1 3(s +4) 
$425 (s-1)2+25 (s +4)? 425 


, t 
10. Z fe (s — 4t 4- 10sin 5) } =f foe" — 4te?% + 10e% sin 5) 


9 4 " 5 
s—3 (s—3? (s—3)?-1/A 


X 1 go li. -2 lx 
md lem Ac ÓN 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. Z 


20. 


21. 


22. 


7.3 Operational Properties | 


25 4-5 Y (s+3) 1 5 
s? + 6s + 34 (s+3)?+5? 5 (s+3)? + 5? 


of E Yoga. 2 ET 
= Uf {some} oi eet 


‘ 1 
= 2e * cos 5t — se sin 5f 


ga P lu ae 


E s+2 1 
——— = g-l EE == = —2t f= 9 -2 
Tij (eum exem) uibs i 


* sint 


+ 
P { 5s =$ (E = 2) + 2) = pl = au 10 } = 5e?t + 10te?! 
S 


(s - 2)? 


+1 
gue used 1 2 1 3 ce tems = 


(s+ 2)4 (s--2? (s+2)3 ° 6 (s+2)4 
The Laplace transform of the differential equation is 
1 


sZ{y} — y(0) +42 (y) = rane 


Solving for .Z'(y) we obtain 
1 2 


d (s+4)? sc4' 


Thus 


—4t —4t 


y=te  --2e 


'The Laplace transform of the differential equation is 
1 
(s= 1)?" 


1 
Lily) Lily) = — + 
Solving for .Z'(y) we obtain 


1 1 1 1 1 
Ly} = tnm 


s(s-1)  (s-—1)8 s s-1 (s—-1)9' 


'Thus 1 
y=—1 +e + yt. 
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25. 
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The Laplace transform of the differential equation is 
s^. ZZ (y) — sy(0) — y(0) + 2 [sZ (y) — y(0)] + Zu) = 0. 


Solving for .Z'(y) we obtain 


s+3 1 2 
Se (s + 1)? “le 


Thus 
— pt -t 
y=e -2t ”. 
'The Laplace transform of the differential equation is 


6 
(s — 2)4 


s? Z (y) — sy(0) — y'(0) — 4[s-Z(y) — y(0)] + 44 {y} = 


Solving for .Z'(y) we obtain 


Thus, y — a; te. 


'The Laplace transform of the differential equation is 


2 (y) — syl0) — (0) — 6[s (y) — v(0)] +92 (y) ==. 


Solving for .Z'(y) we obtain 


14s? 231 11 2- ii 10 q 
Bris A LR Rol a MN LS E 
W=- N: 93 375-3" 9 (s—3y 


anus 2 1 2 10 
FLUE S NEL a 
W—gsTg* gage tte 


'The Laplace transform of the differential equation is 


P Ly} — sy(0) — (0) — 4 [s2 {y} — (0) +42 14) = —- 


Solving for .Z'(y) we obtain 


s?—4s55 46 — 


fw = "ay - 


Thus 


7.3 Operational Properties | 


27. The Laplace transform of the differential equation is 


28. 


29. 


30. 


s? Z (y) — sy(0) — y/(0) — 6 [s L{y} — y(0)] + 132 (y) = 0. 


Solving for .Z'(y) we obtain 


3 3 2 


a E NUN RN 
Ul--x—584i1 26-3942 


Thus 3 
3t 
= —— 2t. 
y 5° sin 


The Laplace transform of the differential equation is 
2 [sz (y) — sy(0)] + 20[s.Z(y) — y(0)] +512 (y) — 0. 


Solving for .Z'(y) we obtain 


4s + 40 2s + 20 2(s +5 10 
Ly} = Cia 


Thus 
y = 207% cos (t/ V2) + 1042 07% sin (t/V2). 


The Laplace transform of the differential equation is 


s? (y) — sy(0) — y'(0) — [s-2 {y} — y(0)] = 


Solving for .Z'(y) we obtain 


1 11 
VA OT o "35 


1 s—1 nm: 1 
2(s—1)?+1 2 (s-1)2+1' 
Thus 

t de € 
=- -e sint. 
y 5 zE COS zE 8 


The Laplace transform of the differential equation is 


s? L (y) — sy(0) — y'(0) — 2 [sy — y(0)] + 5-2 {y} = : " E l 


Solving for {y} we obtain 


Pty} = 4°? +s+1 71 11 , —7s/25+ 109/25 
á ~ g2(s2—28+5) 258 582 s*—25+5 


71 11 7 s=1 ol 2 


ma pa 8 =P. "E (s — 1)? +. 22° 


Thus - 1 7 51 
y= om + ru — apt cos 2t 4- opt sin 2t. 


28 208--81 ira 1/2 (G5) L2 GSP IA 
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31. Taking the Laplace transform of both sides of the differential equation and letting c = y(0) 


we obtain 


L{y"} + L{2y'} + L{y} =0 
s^ (yj — sy(0) — y'(0) + 2sZ [y) — 2y(0) + P{y} =0 
s?7(y) —cs — 2 + 25.Z(y) — 2c + L{y} =0 

(s? -2s-- 1) .Z(y) 2 es - 2c +2 


cs 2c 4- 2 
AAU ea GF 
¡241 1, 2042 
76418 | (s+ 1) 
EE. c+2 
«8-41 (s+1)?" 
Therefore, 
y(t) =e" ] +(e +2) 27! la ce’ + (c -- 2)te * 
sl (s +1)? l 


To find c we let y(1) = 2. Then 2 = ce! + (c --2)e ! =2(c+ 1)e ! and c = e — 1. Thus 
y(t) = (e — De * + (e + 1)te"*. 


32. Taking the Laplace transform of both sides of the differential equation and letting c — y'(0) 


we obtain 

Lly"y L{8y'} + L(20y) = 0 

s^ L {y} — y (0) + 8 (y) + 20L{y} = 0 

s?g(yl —c+8sL{y} + 20.2(y) = 0 

(s? + 8s + 20).Z(y) — c 

c c 
AS ion AE 
Therefore, 
— g-l i Ê Ata =w.< € 
Y= { PEN j 54 sin 2t ig ™ sin 2t. 


To find cı we let y'(1) = 0. Then 0 = y'(7) = c1e^^"* and cy = 0. Thus, y(t) = 0. (Since 
the differential equation is homogeneous and both boundary conditions are 0, we can see 
immediately that y(t) = 0 is a solution. We have shown that it is the only solution.) 


33. Recall from Section 3.8 that mz" = —kx — Bx'. Now B = 7/8, m = W/g = 4/32 = 1/8 slug, 
and 4 = 2k so that k = 2 lb/ft. Thus, the differential equation is x” + 7z' + 16r = 0. The 


34. 


7.3 Operational Properties | 


initial conditions are z(0) = —3/2 and z'(0) = 0. The Laplace transform of the differential 


equation is 


s? Zr) + - TUs£Zx)- = + 16.211) =0. 


Solving for {x} we obtain 


Sx) —3s/2 — 21/2 3 s+7/2 7V15 v 15/2 
E = _—_ A — q 0 re ee  _ — —_—_ OL 
s?+7s +16 2 (s 4- 7/2)? + (15/2)? 10 (s+ 7/2)? + (15/2)? 
Thus 
T= T cos YS — Iis TA sin Yt 


The differential equation is 


dq dq / 
—. + 20— + 2009 = 150, q(0)=0'(0) — 0. 
qu T Og + 2004 q(0) = q'(0) 


The Laplace transform of this equation is 


150 
s? Z(q + 20s L{q} + 200.2(q) = = 
Solving for {q} we obtain 
150 31 3 s -- 10 3 10 


fid = oye = oes 


Thus 


3 3 
e 1% cos 10t — qn sin 10% 


qt)-i-2 


and 


ilt) = q'(t) = 15e * sin 10¢. 
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35. The differential equation is 
dq 
dt? 


E 
+ 2Adgdt + w*q = A q(0) = q'(0) = 0. 
The Laplace transform of this equation is 


Lia} + Ws L{q} o (a) = = 


or 
(s? + 2As + w°) P{g} = — E, 


Solving for #{q} and using partial fractions we obtain 


Bp 1/4 — (1/w%)s + 2A/w? Bg fl _ s +22 
E E s24+2s+w2 )  Lwo?Ns $s2+2s+u)" 


For A > w we write s? + 2As +w? = (s + A)? — (A? — w*), so (recalling that w? = 1/LC) 


Ji BA A 
a ero e 


Thus for A > w, 


q(t) = BoC h —-e%* (cost A2 — wet — antes A JI 


A3 — w2 


For À < w we write s? + 2As +w? = (s +A} + (w? — A?), so 


Thus for A < w, 


q(t) = EoC [ pon (cos w?=2t= = P NONE. JI 


For À = w, s?+2\+w? = (s +A)? and 


£u) - E 1/4? 1/A )-2 (: 1 A 


s(sc-À2 LN s str (s+A)? 


Thus for A = w, 
q(t) = EgC (1 lop ls Me™) : 


36. 


37. 


38. 


39. 


40. 
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The differential equation is 


The Laplace transform of this equation is 


1 
Hed aree gp e 


Solving for .Z'(q) we obtain 


u EgC m Eo/ R 
fu -GTE(RO +1) GE + 1/RO) 


When 1/ RC + k we have by partial fractions 


— Ep (i/ü/RC-k) 1/ü/RC-k)V Eo i 1 1 
sacs PEERS ( ) 


— R 1/RC—k 


s+k s+1/RC 


Thus EO 
— 0 —kt _ ,—t/ RC 
att) = RG (eR). 
When 1/RC = k we have 
E 1 
up R (sock) 


Thus 


E E 
q(t) = m te = E tet EC, 


—S 


L ((t-1)% (1-1) = 


s2 


£(e-v(r-2) =L {eve > 2)) > oad 


L (t4 (t—2)) = LL (€ — 2% (t -— 2) + 2% (t — 2)) = 


Alternatively, (16) of this section could be used: 


LiU deg i2 eg = (= + z) . 


£ (te 19 ( -1) 232 (6-9 ( 1) +4 q) = 4 E 


Alternatively, (16) of this section could be used: 


S 3t + YU (£-1)) = e * Z(3t4- 4) = e € à =) 
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43. 


44. 


45. 


46. 


47. 


48. 


49. 


55. 


56. 


57. 
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se Ts 


L {cos 24% (t — 1)) = .Z (cos2(t — 1) (t — 71)) = SI 
Alternatively, (16) of this section could be used: 


E 
s2 +4 


L {cos 2t4 (t — r)} 2 e "?.Z(cos2(t --n)) = e ™* L{cos 2t} = e75 
e 75/2 


uud dua du ro 


Alternatively, (16) of this section could be used: 


Ei 


L [simt (t — 5)) = EL (sin (t + 5)) =e? c cost) = e775/? SI 


—2s 
ga Us j m E ze) = 56-2) U- 2) 


» 1+ p 7 1 2e-25 e 4$ 
galette ga pus d Seo 
{ s+2 842 "342 342 


= et 49e DY (t — 2) + eI o (t — 4) 


g^ dae] © | gem. qv. A 
} D {= =r 4 (t — 1) - e 7D qr (t — 1) 


—2s 2s 2s 2s 
67 ) uu]. 87 E 
s2(s— 1) E s? s—1 


=U (t — 2) — (t -99 (t — 2) + EU (t — 2) 


(c) 50. (e) 51. (£) 52. (b) TET TQ 
L 12 — 4U (t-3)) = : - = 
enamoras tE E 


LU (t - 1)) =f ([((— 1)? 2t 1] 7 (t— 1)) 


—.£ ([(t— 1)? + 2(t— 1) }ee-N}=(S+ arse 


Alternatively, by (16) of this section, 


2 2 1 
POU (t—1)} = LO +241} = e (= ie > 


58. 


59. 


60. 


61. 


62. 


63. 


64. 


65. 
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—3m5/2 
£ [ne (:- =) = 2 {00s (1-2 x (- 2) VE m 
2 2 2 s2+1 


LAU) Lt (YUI) = FG 


E E 
L (sint — sint (t — 27)) = Z (sint — sin (t — 27% (t — 27)) = : pe 
B —s$-1 s?41 
e 9$ e s 
ZU) = LAU (E 0) - Utd) = => == 
e 3 € 2s € 3s 
LLO) - (6-14 0-224 4-3) E 
ET NE i 
s Tee-? 
'The Laplace transform of the differential equation is 
5 =s. 
ety — y(0) + (yj = ze. 
Solving for .Z'(y) we obtain 
5e ? 1 1 
Liy} = = 5e *|--— 
ty} s(s +1) T E H 
Thus 
y = 5U (t — 1) — 5e D Y (t — 1). 
The Laplace transform of the differential equation is 
0 
sL iy) — y(0) + Lily) == e" 
Solving for {y} we obtain 
1 2e ? 1 1 1 1 
ee =— ; 
s(s+1) s(s+1) s s+1 s s+1 
Thus 
es ee [1 = gw 4v (t — 1). 
'The Laplace transform of the differential equation is 
1 ¿5 +1 
sz yp 110422491 === ==, 
s E 
Solving for .Z'(y) we obtain 
1 s+1 11. 1 1 1 1 11 11 1 
L ———— —B AAA ——— Ss BF = L———— 
ty} s?(s +2) T s?(s + 2) ri ge 4 5+2 EEE 4 5+2 
Thus 
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66. The Laplace transform of the differential equation is 


s? Z {y} — sy(0) — y'(0) + 1Z(y) = : LE 
Solving for .Z'(y) we obtain 
Thus - i - 
jou eer endless rona | Y (t — 1). 
67. The Laplace transform of the differential equation is 
1 


s Z(y) — sy(0) — (0) + AZ(y) = e?"* 


s2--1' 


Solving for .Z'(y) we obtain 


Ly) = re : | 


E 
s2 +4 
Thus i i 
y = cos 2t + ls sin (t — 21) — a sin 2(t — 2) U (t — 27). 
68. The Laplace transform of the differential equation is 


e ? 


s^ ly) — sy(0) — y'(0) — 5[sZ {y} — y(0)] + 6 (y) = —. 


Solving for .Z'(y) we obtain 


L ly) =e s(s—2)(s—3)  (s—2)(s — 3) 
fla 1 d 1 1 1 1 
prora ae 


Thus 
y= 1 u 1 20-i) + 13-1) 4 (t—1)— e 4 et 
6 2 3 ` 


69. The Laplace transform of the differential equation is 


e 7$ —27s 


s? L {y} — sy(0) — y'(0) + L1y) = 


Solving for .Z (y) we obtain 


al S 1 E 1 
Sf a d aprons |= 07 MTM 
ipe | | i E Sa 


Thus 


y = [1 — cos (t — 7)]Z (t — r) — [1 — cos (t — 27)]% (t — 27) + sint. 


70. 


71. 
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The Laplace transform of the differential equation is 


€ € € 


s" (y) — sy(0) — y (0) + [s-L{y} — yO)] +32 (y) = : -—- 


Solving for {y} we obtain 


fül-:i-3:::*8::3 4" 3: 3:1 8:23] 
nes des] en iHd] 
'Thus 
y=5 -e+ e x ls ge gem ee» 
E ; -G-4) 41 dde qr DEF e e| qr(t — 6). 


Recall from Section 3.8 that mz" = —kz + f(t). Now m = W/g = 32/32 = 1 slug, and 
32 = 2k so that k = 16 lb/ft. Thus, the differential equation is x” + 16r = f(t). The initial 


conditions are x(0) = 0, z'(0) = 0. Also, since 


20, 0<t<5 
t)= 
0, t>5 


and 20t = 20(t — 5) + 100 we can write 


f(t) = 20t — 20t2/ (t — 5) = 20t — 20(t — 5)%% (t — 5) — 100% (t — 5). 


The Laplace transform of the differential equation is 


20 20 100 
s? £z) +16.£1x) = Po =e a ud 
Solving for .Z(r) we obtain 
20 20 100 
Ff Sa A A A A 
my s2(s?--16)  s?(s? +16) E s(s? + 16) e 
(5.1 5.4 dq om (2.1 25, 8 Y 
4 s? 16 s?+16 4 s 4 87416 

Thus 

5 5 5 5 25 25 

t) = 2t — —sin4t — |=(t — 5) — — sin4(£ — t—5)— | — -2 cosa(t — t— 

x(t) 15-7 79 52 K 5) j; in ( a] 4 (t — 5) E 7 99 ( a] 4 (t — 5) 

5 


B dc QU ER Ž sin A(t ~5)U(t—5) + Z cos A(t — 5)4 (t — 5). 
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Recall from Section 3.8 that ma” = —kzx + f(t). Now m = W/g = 32/32 = 1 slug, and 
32 = 2k so that k = 16 lb/ft. Thus, the differential equation is x” + 16x = f(t). The initial 


conditions are x(0) = 0, z'(0) = 0. Also, since 


f sint, O<t< 2r 
t) = 
0, t> 2r 


and sint = sin (t — 27) we can write 


f(t) = sint — sin (t — 21)Z (t — 27). 


'The Laplace transform of the differential equation is 


1 1 
2 —278 
Z 16.2 {r} = —— — 
PAET ter s2-1 8241 
Solving for .Z'(r) we obtain 
1 1 
M E —P —2ms 
=D Porn: 
21/15 1/15 [-1/15 1/15] ons 
— 82-16 s2+1  |s+16  s?41 
Thus 
L E s 1. 1. 
x(t) = —— sin 4t + — sint + — sin 4(t — 21) (t — 27) — — sin (t — 2r) Y(t — 27) 


60 15 60 15 
: did int, O<t<2 
—— sin — sin T 
_) 60 T 
0, t > 2m. 
The differential equation is 
d 
2.5 24 4 12.5q = 5% (t — 3). 
dt 
The Laplace transform of this equation is 


2 
sL{q}+5L{q} = P es. 


Solving for .Z'(q) we obtain 


2 21 2 1 
S — A f 2 — A —3s 
{a} s(s +5) I (5 s 5 +) d 


Thus 9 
a(t) = Y (13) - -DU (t — 3). 
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74. The differential equation is 


d 
10 = + 10q = 30€! — 30e! X (t — 1.5). 


'The Laplace transform of this equation is 


1.5 
3 3e _15s 


s2 {q} — qot Lig) = 3 s—1.5 


Solving for {q} we obtain 


3 1 3 1 —2/5 2/5 
L{q} = c = 3) , CT + 5 3 — 3el? ( / de / ) e-l55. 


2 stl s-—1.5 
Thus 
3X 6, 34, 6 187-18) 50-15) 
alt) = dw-3)e Joe +5 (e er ) 4 (t - 15). 
75. (a) The differential equation is 


© +107 = sint + cos (ja (1-5), i(0) — 0. 


The Laplace transform of this equation is 


p wan 1 se 9375/2 
s.Z (i) + 10 i rr 771 
Solving for .Z (i) we obtain 

| 1 ui —3n5/2 
AN = areas ti) GIG IO) © 


1 1 s 1), 1: ( 710 , 10s | 1 om 
EEN | A LI LI € . 
1015-10 s?+1  s241 101 \s+10 s?+1  s2+1 


The maximum value of i(t) is approximately 0.1 at ¢ = 1.7, the minimum is approxi- 
mately —0.1 at 4.7. 
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76. (a) The differential equation is 


Hl oe-ER-1-(t-3) «0)-0 


50 — 
dt 0.01 


Or 


50% + 100g = Eo[Z (t 21) — Y (t—3)]}, q(0) = 0. 


The Laplace transform of this equation is 
50s.Z (q) + 100.2 {q} = Eo (i7 = Le) : 
Solving for .Z'(q) we obtain 
=$ —3s 
20 => => -5 E (i- A uu 


Thus 


The maximum value of q(t) is approximately 1 at t = 3. 
77. The differential equation is 
D = woll — Y (: — 5) 
Taking the Laplace transform of both sides and using y(0) = y'(0) = 0 we obtain 
2 (y) — sy"(0) - y" (0) = B= (107292). 
Letting y”(0) = cı and y” (0) = c2 we have 


0 Ca wo 1 —Ls/2 
fut tke) 


so that 7 
1 5 1 3 1wl|, E L 
=- -= — — — —-—|) Z —— 
yr) = ye + eem + 37 ae 2 773 
To find cı and cg we compute 
1 wo DA” E 
HH 2 
= -— — ==) Y =- 
y (x) cr + Or + 5 x |” (: 3) (: a] 


and 


Then y"(L) = y” (L) = 0 yields the system 
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2 
a+aL+==>xé|L -(5) =0 0 = 
9 EI 2 cie EI 
or 
1 woL 
wo (L a mi 
nat ($) =0 2*3 EI 


78. The differential equation is 


d*y L 2L 


Taking the Laplace transform of both sides and using y(0) = y'(0) = 0 we obtain 


4 aa MK) o a ft _wol —Ls/3 _ ,-2Ls/3 
Ly) — sy (0) - y"(0) = = (e e 


Letting y"(0) = c; and y" (0) = cz we have 


2€, €2 , wo 1 (pays —2Ls/3 
Lara) 


so that 


y(2) = jas + ¿01 + 27 EI 


To find cı and cg we compute 


1 wo 
n = bs 
y (r) =a e2 * y mr 


6-3 «6-3- 6-5) 6-3) 
i Mora (0-5) % (2-5) - (2-7) w (2) 


1 wo 2L 2 L A 1 L? 
(Ney aq =0 A 
dE (=) (5) Gels gpr =o 
or 
wo[2L L 1 wob 
A q | 2 + =0 
E a j 3 EI 
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Solving for c4 and c» we obtain cy = woL?/6EI and co = —woL/3EI. Thus 


The differential equation is 


dy 22wo [L L L 


Taking the Laplace transform of both sides and using y(0) = y'(0) = 0 we obtain 
2wo ]. Ls 
LOA = Ft |= uta. 


Letting y”(0) = cı and y" (0) = cp we have 


C1 E 29 L 1 li nos 
AN io E s que gea 
Uit tu, E go oS 
so that 
zc Es 2 ud A AA A Oa 
y(z)- sew’ + ¿a+ a m am a ME 


i ark. x? + wo 
=> 6 60EIL 


To find cı and cg we compute 


y (a) = e + coz + => 


3 
30Lz? — 202? en(: -3) v(--5) 
2 2 
EN? L 
60Lx — 60x? + 60 o> NY $— : 


Then y"(L) = y"(L) = 0 yields the system 


BOUT 


and 


y" (2) = a 


REDE 


5 5woL? 
L L3 — 2013 s =0 = 
cy + coh + ————— ETL E 0 + | a c1 + c3 L + ABI 0 
È 
I? — 601? + 157? TD =0. 
2+ [60 601? + 15L7] = 0. et 0 
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Solving for c4 and c» we obtain c4 = woL?/24EI and cz = —woL/AEI. Thus 


5L E" p i 


( ) woL? 2 woL 3 Wo 
x)= x* — 
y 48EI 24EI" * GO0EIL 


80. The differential equation is 


Letting y"(0) = cı and y" (0) = c2 we have 


0 Co wo 1 —Ls/2 
“=a tse m) 


so that 
y(x) = sen? + Len” + 5i B zf — (: De (« = j 
To find cı and cp we compute 
1 wo 


y" (a) — c1 cox c 2 EI 


?-(-2 * 6-2) 


Then y(L) = y"(L) = 0 yields the system 


Lo dou. dog [a a 
cob e 4 S = 0 ae ee WO +4 
-aL —col L*=0 
2 6 24 EI 2 zll ar ge + 1D8ET 
or 
3w 
1 wo 2 Ly dba la 5 p 
Bd ga ql) weg 1+ c2 
C1 + C2 *t3 EI (3) SEI 
Solving for c; and cz we obtain cy = — woL?/EI and c2 = TX woL/ EI. Thus 


wo 


y(x) = El 


9 19 1 1 px L 
TAM CU ONKEL A PN RR LM. 
eo ga hg oa v) gos 
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81. (a) The temperature T of the cake inside the oven is modeled by 
dT 


— = k(T — T, 
where Tm is the ambient temperature of the oven. For 0 € t € 4, we have 
300 — 70 
Tm = 70+ “Fo = 70 + 57.5t. 


Hence for t > 0, 


m = 


70-4- 57.5, 0€ t«4 
300, t» 4. 


In terms of the unit step function, 
Tm = (70 + 57.5t)[1 — Y (t — 4)] + 30027 (t — 4) = 70 + 57.5t + (230 — 57.5t)Y (t — 4). 


The initial-value problem is then 
dT 
"im k[T —70— 57.5 — (230 — 57.5) Y (t — 4), — T(0) = 70. 
(b) Let t(s) = .Z(T(t)). Transforming the equation, using 230 — 57.5t = —57.5(t — 4) and 


Theorem 7.3.2, gives 


575 57.5 
st(s) — 70 — k (1) oe +=? = 
s 


2 m 
or 

TERCER E as 
|» $—k s(s—k) s?*s—k)  s?(s—k) l 


After using partial functions, the inverse transform is then 
1 l k 1 l (i4) 
T(t) = 10 + 57.5 ds — 57.5 q Ft Ae 4 (t — 4). 


Of course, the obvious question is: What is k? If the cake is supposed to bake for, say, 
20 minutes, then T(20) — 300. That is, 


1 1 dl 1 
= slip 220 \ eee [16 — 2e% \. 
300 mess (++ 0 xt ) ss (74 6 xt 


But this equation has no physically meaningful solution. This should be no surprise 
since the model predicts the asymptotic behavior T(t) — 300 as t increases. Using 
T (20) = 299 instead, we find, with the help of a CAS, that k ~ —0.3. 


82. In order to apply Theorem 7.3.2 we need the function to have the form f (t — a)W (t — a). To 


accomplish this rewrite the functions given in the forms shown below. 
(a) 2t+1=2(t—-1+1)+1=2(t-1)+3 (b) æ = e5+5 = e5et-5 


(c) cost = — cos(t — 1) (d) 2? — 3t = (t- 2)? + (t-2) -2 
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83. (a) From Theorem 7.3.1 we have {tett} = 1/(s — ki)?. Then, using Euler’s formula, 


Lite) = Lltcos kt + itsin kt} = L{tcos kt} +i L{tsin kt} 


1 (s + ki)? s? — k? dies 2ks 
= —— D Á — ——M 1 b BÀ 4 
(s= ki)? (s2?+k2)2 (s2 + k2)2 (s2 + k2)2 
Equating real and imaginary parts we have 
s2 — k2 2ks 
t kt} = ——— in kt} — 5 - 
-Z (t cos kt) TS and {tsin kt} (+p 


(b) The Laplace transform of the differential equation is 


S 


2 2 = 
St Sie = Paw’ 


Solving for .Z(z) we obtain .Z(x) = s/(s? - w?)?. Thus x = (1/2w)tsin wt. 


7.4 Operational Properties II 


1. £(te-1*) = El : ) =l 2 vie} (ap (=) 5 


s+10 (s + 10)? daB d scel (s - 1 
3. L{tcos 2} = r (=) = TERT 4. L{tsinh 3t} = -< (+3) 2 og 
200 la) 
A =f (de) ed 


ee O o - Du LP. 
7. Z (te^ sin6t) = E ¡E [(s — 2)2 + 36]? 


d 3 3?-9 
8. fte” cos 3t} == (n) = Sted ee 

ds \(s +3)? +9 [(s + 3)? + 9] 
9. The Laplace transform of the differential equation is 


fü) + Lt} = ae 


Solving for “{y} we obtain 


Pig 2s cow. 1 1 1 à S m 1 7 S 
YE GrDST1) 2stl 29241 2241 e+) ($841) 
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Thus 


(t) 2 -zet- Pinte E nia: tito pad 
im dig 2 2 2 


P dria case fee tae 
——— = == —tsint. 
9° 219 2 COS 2 S 


10. The Laplace transform of the differential equation is 


2(s — 1) 


sey — 2} = yu 


Solving for .Z'(y) we obtain 


“t= GaSe 


Thus 
y = el sint — te! cost. 
11. The Laplace transform of the differential equation is 


S 
82-9. 


s? y) — sy(0) — y' (0) - 9.Z(y) = 


Letting y(0) = 2 and y'(0) = 5 and solving for .Z(y) we obtain 


25 +55? + 19s — 45 2s 5 5 


Sy) - A y. 
ty} (s? + 9) $9*359' (949? 


'Thus E i 
y — 2cos3t + jm + poem 


12. The Laplace transform of the differential equation is 


1 
s2+ 1" 


s? (yi — sy(0) — y (0) + L{y} = 


Solving for .Z'(y) we obtain 


3 2 
so —s* +8 E 1 1 
Z RA == Ra === 

ty} (544-19 al Si (+1) 


13. The Laplace transform of the differential equation is 


s? (y — sy(0) — y'(0) + 16.Z(y) = .Z (cos 4t — cos 4tY (t — 11)) 
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or by (16) of Section 7.3 in the text, 


(s? + 16). A{y} =1+ =a — e7* Z {cos A(t + m)) 


16 
- $ ¿TS _ S m" $ —118 
A e 2 {cost} =14 35 S64 . 
'Thus 1 
EE RU Ft Ê oms 
“yt = apiet Ro +1: 
and 


1 1 1 
y= ¿Sind + gi sin 4t — ge — 7) sin 4(t — TY (t — 7). 
14. The Laplace transform of the differential equation is 


s (y) — sy(0) - (0) - t = e [1% (1-2) «sime (1-2) 


or 
2 1 1 —mns/2 —m5/2 A T 
(s +1) Z{y}=s+---e 6 £ [sin (1+2)) 
S s 
1 1 
Eu co ume. ers. Pf cos t} 
S s 
=st l == 1 ¿1/2 MEE 5 e 75/2. 
s 8 s2+1 
Thus 
S 1 1 s 
SF = —rs/2 —rs/2 
DE (+1) s(s?-+ 1)" (s? + 1)? 
= E 1 = el 1 2 e 75/2 $ e 75/2 
s?--1 s s?+1 s s24+1 (s? +1)2 
= 1 _ 1 5 e7Ts/2 8 —mn5/2 
$ We qul (s? +1)? 
and 


pem C BD Dome 8 


-1-(L- sint) (+ 7) - 2 (t- Z) cost (t- 2). 
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17. From (7) of Section 7.2 in the text along with Theorem 7.4.1, 


d d dY 
ty") = -—Lfy"} = -—-[8Y (s) — sy(0) — y'(0)] = —s* — — 2sY + y(0), 
ds ds ds 
so that the transform of the given second-order differential equation is the linear first-order 
differential equation in Y (s): 


4 3 4 
s°Y'+3sY=-—= or Y'+=Y=--. 
Ss Ss Ss 


The solution of the latter equation is Y (s) = 4/s* + c/s?, so 
2 c 


yt) = ZHY (s)} = + a e 
18. From Theorem 7.4.1 in the text 
d d dY 
i, ewes / ELLAS. _ as Sot ee 
y = 24 ly) = - ZY (9) - y(0)] = -s -Y 


so that the transform of the given second-order differential equation is the linear first-order 
differential equation in Y (s): 


3 10 
Y «(2-2)v--—. 
s E 


s? the last equation yields 


NN 2 
== +52 
so s 


Using the integrating factor s?e^ 
Y (s) 


But if Y (s) is the Laplace transform of a piecewise-continuous function of exponential order, 
we must have, in view of Theorem 7.2.3, lim Y (s) = 0. In order to obtain this condition we 
s— oo 


require c = 0. Hence 


y(t) 2.271 {=} = L 


19. Identify f(r) = 47 and g(t — 7) = 3 (t — 7)”. Therefore, 


t t 
1 lod 
fg= | (ar) 3(0 7)? dr = 12 | (^r — 2tr? + 7?) a= (Pex por qa). 
0 0 


4! 24 
Lin =L 0) == 35 
20. Identify f(T) =7 and g(t — T) = e **7. Therefore, 
t t 
pas a | re” dr =e™ (te! — el + 1) =t-1+e* 
0 0 


Then i i i i 
EF =Lft-1+e Hl=2-ilg== ___ _ 
Ug 1 ib: j 2 s s+1  s?(s+1) 


21. 


22. 


23. 


25. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 
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Identify f(T) =e77 and g(t — 7) = et”. Therefore, 


t t 
1 1 1 1 
from f eter dr =et | ee e -e( q | 5) = 28" | 5° 


Life = e -ietie > cae : 


Then 


Identify f(T) = cos 27 and g(t — T) = e& 7. Therefore, 


t t 
1 1 2 
fkg= f (cos 27) e^? dr = e f e cos 2r dr = é (Ez cos 2t + 5 + ao sin 2 
0 


0 


1 21 2, 21 1 t 
== — — — al — 
pm + - sin +5? 


5 
Then 
1 2. 1, 
L{fxg} =f 4 —=cos2t + = sin 2t + =e 
5 5 5 
il S 2 2 1 1 S 
~~ FD te ie = 2 
5s*+4 587+4 5s—1 (s—1)(s2 +4) 
1 3!8* 6 € 2 
3 E M ————— 
A 24. Z {t « te 6-17 
Lfetxe cost} = z= 26. Ll «sint) 2 ÀJ 
(s + 1) [(s — 1)? + 1] (s — 2)(s? +1) 
t l 1 
L [atte = 
i tej G-I 
aff A ia 
Nd T = {cos = 8a) FI 
$ 1 1 1 1 
Z ] emm ae eg ee E 
0 E s (s+1)} +1  s(s?+2s+ 2) 


{ 

| 

| 

| 

[ral nn ám 
| 
| 


S 
(s? +1) 


t t 2 
e 21 sarar} =F} f sinrdr} ===, (ix) potus. 
0 ds 0 ds Ns s*+1 s? (s? +1) 
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t d t afl 1 3s +1 
4. =T = — — E = — — = == === 
3 zt Te ar} ze ll, TE ar} T (5 vm) Hs + 13 
t 
35. LA 1 — pt i/(s—1) = f erai 
s(s— 1) E 0 
= t 
36. Ll - } = ua N= [ e -nar-e-t-i 
s?(s — 1) 0 
1 A(s — 1) d 1 
Taa! 1 s Pe md c EL. 
37. Z (5 | > E d ; 6 rT—l)dr-e 5! t-1 
ll 


38. Using g 


= te", (8) in the text gives 


(s — a)? 


1 y 1 
—1 aT at at 1. 
L — x) = f Te" dr = zZ (ate — e +1) 


39. (a) The result in (4) in the text is ZTH F (s)G(s)} = f * g, so identify 


Bk? 4s 
F(s)= CETE and G(s) = SIE 
Then 
f(t) = sin kt — kt cos kt and g(t) — 4cos kt 
so 


8k? s 
tS 5 ME = =4 ro g(t — 
£^ agg) LOAN - faa f ot- 
t 
= if (sin kr — kr cos kr) cos k(t — T) dr. 
0 
Using a CAS to evaluate the integral we get 


3 
go {a} = tsin kt — kt? cos kt. 
E 


(b) Observe from part (a) that 


8k?s 
(s? + ke 2 


and from Theorem 7.4.1 that Z (tf(t)) = —F'(s). We saw in (5) in the text that 


LZ {t(sin kt — kt cos kt)) = 


-Z (sin kt — kt cos kt) = 2k? /(s? + k?y?, 


SO 
E g. e 8k3s 
A At (sin kt = kt COS kt)} = ds (52 + R22 m CETHE . 
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. The Laplace transform of the differential equation is 


2 u 1 2s 
S L ly) + L ly) = CO (s2 --1) 50 
Thus 1 2 E 
E 5 10 15 
“w= Gray t+ E 


and, using Problem 39 with k = 1, 
1. 3 - A 
y = zint — tcos t) + 1 sint — tó cost). 


. The Laplace transform of the given equation is 


LAS} + LALA) Lith. 


Solving for #{f} we obtain .Z(f) = 


si Thus, f(t) = sint. 
. The Laplace transform of the given equation is 


Jf) = LAA} —AL{sint} LE fh. 


Solving for {f} we obtain 


AN = Gi 553 EIS 
'Thus 
dest A ol 
5 5/5 ` 


. The Laplace transform of the given equation is 
Tp eu [te*) +L LFY. 


Solving for {f} we obtain 


g d 1i 3 1 1 2 1 1 
(s—1)8(s+1) 85-1 


2{f}= 


Thus 


. The Laplace transform of the given equation is 


L{f}+2L{eost}L{f} 2 42 {e™} + {sin t}. 
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46. 


47. 
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Solving for {f} we obtain 


4s? +s+5 4 7 
L{f}= = 5 +4 


(s*18 s+1 (s+1)? 
Thus 

f(E) = 4e™ Tet tae. 
The Laplace transform of the given equation is 
AAT XU --Züa. 


1 
Solving for .Z(f) we obtain .Z(f) = Fumo Thus, f(t) = e™. 


The Laplace transform of the given equation is 
L{f} = L{costh + L {e*} Aff}. 


Solving for .Z'( f) we obtain 
S 1 


Pu IT 


Zif} = 


Thus 
f(t) = cost + sint. 


The Laplace transform of the given equation is 


0 


(s+ 13 


Lif} = LU} gi 2 {Ff (t— rfr) ar} 


1 1 8 1 


A 3 _1,1,16 
ESAS SA 


2 
Solving for .Z( f) we obtain 
1 3 1 1 2 


2 
. s(s+1) 1 
A ss 8312 Ba-23 49244 


Thus 1 3 1 1 
HE = gr + ~ + 1 sin 2t + 5 cos 2t. 


The Laplace transform of the given equation is 
Ll) - 2Z2(f) =L (e —-e t. gf). 


Solving for {f} we obtain 


s^—1 11 1 3! 
A= Sa 33 DA 
Thus i 1 
FE) = zt- 30 


1 S 
252447 
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49. The Laplace transform of the given equation is 


50. 


51. 


s-Ziyj — y0) = Z(1j — P{sint} - 24132 {y}. 


Solving for .Z'(y) we obtain 


Thus 


s—stl 1 1 2s 


LR 


il 
y = sint — oe 


The Laplace transform of the given equation is 


Solving for .Z'(y) we obtain .Z (y) = 


s.Ziy) — y(0) + 6.Z(y) + 9.2(1)-Z(y) = L(1). 


Thus, y = da e 


1 
(s--3) 


The differential equation is 


di 
dt 0.05 
Or 
di 30; 4200 
oo 


where ¿(0) = 0. 


equation is 


sL{i} — y(0) + 30.2(i) + UP - 


04 9 esie E f ide = 100101) - 2r - 3) 
0 


[io dr = 1000 [2 (t — 1) — 2 (t — 2)], 
0 


The Laplace transform of the differential 


1000 


Tz (go eoe). 


Solving for {i} we obtain 


L Ni) = 


Thus 


1000e7* — 1000e~ 78 100 100 — 2s 
p — — (e = €E ). 
s? + 30s + 200 s+10 s+20 


i(t) = 100 (e 100-1) _ ¿=20(t ») U (t — 1) — 100 (e 100-2) _ ¿—20( d 4r (t — 2). 
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52. The differential equation is 


di 1 f 2} 
0.005 = +i+ 50) i(r) dr = 100 [t — (t — 1)% (t — 1)] 
1.5 
or 
di : 1 
x 10,000 / i(r) dr = 20,000 [t — (t — DY (t — 1), 
: 0.5 
where ¿(0) = 0. The Laplace transform of the differential 
equation is 05 1 is »' 
10,000 1 1 
s.Z(i) + 200.2 (i) + (i) = 20,000 (= = Ze) l 
s 
Solving for {i} we obtain 
20,000 2 2 200 
Fli = — (1 — EE Sa, mA a Re iL sy 
t= 41002 8? E s+100 (s+ — te 


Thus 


i(t) = 2— 2e7 10t — 90955100 — 24 01.1) pe AH (.— 1) 4-200(£ — T)g- Oy (t—1). 


" 1 a ET 7 2a M" B (1 — easy? B 1—e-45 
53. ES ital = = cas n € dt l e de = s(1— e-As) = (1 4e) 


u 1 pet u 1 


55. Using integration by parts, 


L{f (t)} cal pie dt = (a) 


1 l= e 
56. ZF} 2 — te dt " 2-1)e dt] = ==== 
Ut) he [f t f e-neta| = aL 
1 T 1 ms/2 + e-75/2 1 TS 
z. — —5tain f dt = ————.——————————--—— Ei 
57. .Z(f(t)) Io / e * sint dt ae ar) wc coth 3 


1 1 
s2--1 1-—e-7s 


1 T 
58. Lf (t) = =| ge? sin t dt = 


59. The differential equation is L di/dt + Ri = E(t), where i(0) = 0. The Laplace transform of 
the equation is 


LsL{i} + RL{i} = .Z(E(t)). 
From Problem 53 we have .Z(E(t)) = (1—e7*)/s(1+e7*). Thus 


1—e6 ^5 


(Ls + R).Z(i) = alte) 
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and 
LORD CIAT 
-4 (4-7) (l-e“\(l-e*+e%-e et...) 
zG- 2e * + 2e 7* — 2e 9* + 2e ^5 ) 
Therefore 
it) =z (1 x 2 (1 -R(t nit 4r (t — 1) 


a Z (1 = gaa) M(t — 2) — , (1 z a U(t—3) p 


60. The differential equation is L di/dt + Ri = E(t), where i(0) = 0. The Laplace transform of 
the equation is 


Ls L{i} + RL{i} = HEW}. 


From Problem 55 we have 


s es—-1 s2 sel 
Thus i pou 
S se$—1 
and 
1 1 1 1 EN 
(ij ——————————-————— 


1/1 L1 L 1 1/1 1 CS ) 
=- NP mI O | | e a 
Ris Rs Rs+R/L RAs s+R/L 
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Therefore 
i(t) = 3 (« - Z + aem) = (1 = gmane] (t — 1) 
= E (1 - purse q(t-2)-— (1 Fm) qr (t—3)— 
-i (: ee Hu : 25 (1 RL) ar — n). 


The graph of i(t) with L = 1 and R = 1 is shown below. 


61. The differential equation is z” + 2x’ + 10x = 20f(t), where f(t) is the meander function in 
Problem 53 with a = m. Using the initial conditions z(0) = z'(0) = 0 and taking the Laplace 


transform we obtain 


20 1 
: z 
3 10.2 t a hd MSN 77 ol 
(s? + 2s + 10).Z (z(£)) m € hes 
0 —TS TS 278 3TS 
FM JU +e p e) 
20 
y gprs gehe _ grs y...) 
20 40 = n_—nTs 
==+= > (0e li 
n=1 
Then 
m 40 > 
z ; a _ e EEUU af Ue MTS 
{x(t)} rer ear ye 
2 2s 4-4 a py 4 saul [Oe 
2 2544 — = ES ol 
s s24+2s+10 La dE i. 
2. 2(s+1)+2 = : a 
A ae 1 (s+D+1 pu y 
s (51249 s  (s+1)?+9 
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and 


1 
alt =2 (: — e * cos 3t — 35 sin 2 


+ 45 (-1)* | — e) cos 3(t — nT) — ze oom sin3(t — nr)| W(t — nn). 
n=1 


The graph of x(t) is shown below. 


62. The differential equation is x” +2x'+x = 5f(t), where f(t) is the square wave function with 
a — Tr. Using the initial conditions z(0) = z'(0) = 0 and taking the Laplace transform, we 


obtain 
2 5 1 5 TS 27s 3TS ATs 
O ae ag = Le e et ee) 
3 S ( p —nms 
8 c 
'Then 


ens — 1 1 —nmus 
"ptores up 3G e rar 


and 


t)=5 > ("1-0 ise Y (t — nr). 


The graph of x(t) is shown below. 
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2x 4m t 
sl 
Poo fd asi d 1 
. t)==- — il —3)-1 1 ——- ————— 
63. f(t) 72 {+ ine 3) — In(s + 1] TA = — 
1 
==, (e*t u et) 
64. The transform of Bessel’s equation is 
d d 


=r YG) sy(0) — y'(0)] + sY (s) — y(0) Y(s) -0 


ds 
or, after simplifying and using the initial condition, (s? + 1)Y' + sY = 0. This equation is 
both separable and linear. Solving gives Y (s) = c/vs?* +1. Now Y (s) = L(Jpo(t)), where 
Jo has a derivative that is continuous and of exponential order, implies by Problem 46 of 
Exercises 7.2 that 
; : E 
1=-J(0) = Jim sY (s) = en eae =¢ 


1 1 
or Liht) = , 
821 MoO} = EE 


so c= 1 and 


Y(s) — 
65. (a) Using Theorem 7.4.1, the Laplace transform of the differential equation is 


=— [9Y — sy(0) — y (0)] +sY — y(0) + Ud 


au [sY — y(0)] + nY 


d d 
SE [s*Y] +sY + T [sY] + nY 


Y Y 
= —3? (=) -2Y es es (Ge) +Y+nY 
s 


= (s — s?) (=) +(l+n-—s)Y =0. 


Separating variables, we find 
dY 1+n-s n l+n 
— = ——_ ds = — d 
Y 2s 6 -1 E ) ° 


nY =nIn(s-1)- (1+n)Ins+c 


(s - 1)" 


Y = C1 EC E 
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Since the differential equation is homogeneous, any constant multiple of a solution will 
still be a solution, so for convenience we take c} = 1. The following polynomials are 


solutions of Laguerre’s differential equation: 


| 
| | 
n=2: 102 2 {EN gt eie That 
iy 


s3 s s 
— 1)’ Lb 3.3 1 3 1 
=3: Lat) = 27! is = Zll E EA, A A A 
É a(t) st E REC st +3 6 


2 jl 
= 1 — 4t + pu qu. 
i 3*3 


(b) Letting f(t) = t”e™ we note that f? (0) = 0 for k —0, 1, 2, ..., n— 1 and f? (0) = n!. 
Now, by the first translation theorem, 


t qn 1 1 
Y E mre = AEP} = GLUED) 


s—s—1 
= [retire e metre -e- FO] 
1 
pre, 
Es n! _ de 1" _ 
on! Í (s + 1999 m Nr s 
where Y = #{L,(t)}. Thus 
M utm u 
a ern Ji n 0, 1, 2, 
66. Let .Z a = F(s) then 
Ll y + L (y) fe} 
s?Y (s) + Y (s) = F(s) 
Y() = a FG) 
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Now take the inverse transform and use the inverse form of the convolution theorem to get 


1 2 É 2 
t) = Lf -F =sintxe " = f ] E q 
y(t) rr (s)} sint * e ] sinT e T 


Or 
1 


$11 


y(t) 2.27! (ro) } =e «sint = / PEUT (t — 7) dr 


67. Take the transform of both sides of the equation to get 
t 
A TDI tet TX fe . 1 fire * ar} 
0 


1 


F(s) = — + [2 {fe} 2 Q0], s 

Pls) = ——  [£ (061... FF ese 

P(e) = fractis -1+ P6 + Dass 5] 
(s) = — + F(s) — 


68. (a) E(t) = $ (DAY (t — k) 2 V(t) - (t - 1) + (t 2) - 9 (t - 3) --- 


n=0 
1, 0<t<1 
0, 1<t<2 
~ Vi, 2<t<3 
geometric series with r=—e7* 
i a. mu loue A c LUN 
(b) .Z(E(t)) ==- 2e? -2e?s5—-e 3 2 -(1—e5-e?5 —e 35 p...) 
S s E E 
(d 1 .. 8 
os |l-(=e8)| s(l+e7*) 
69. We know that 4 i i 
# [tsin4t| 2 —— | >z] = — 
ds NV s^ 4- 16 (s2 + 16) 
and so for s > 0, 
B —st .: 8s 
F(s) = te~™ sin 4t dt = ———,. 
0 (s? + 16) 
Therefore "m - T i 
F(2) -f te?! sin 4t dt = — = ===> 
0 (22+16)° 400 25 
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oo T S 
= — — arctan — = arctan — 
a S 


in at we 1 
70. (a) vie Mf ge ducas arctan T 
t s u +a a als 
2 (1 — cos kt) a 2u oo 
e) z pem) ue] mo essen. 
2 ay 1 u? i 
= [2mu — m (u xe = fin — 
s? s? + k? 
AE a 


71. (a) Using the definition of the Laplace transform and integration by parts, 


Lt) = f & *Intdt-e*(tlut-i) +s/ e * (tInt — t) dt 
0 


0 0 
— sf {tint} — sf {t} = s {tnt} — - 


(b) Letting Y (s) = .Z (Int) we have 


by Theorem 7.4.1. That is, 


dY 1 
eo. qu rice cut 
S 
d 
-——[sYle-c 
z; LY] 
sY =-—Ins+c 
Y= list 
E 


-f e™lntdt = —y. Thus 
0 


s=1 


(c) Now Y (1) = # {Int} 
=y=Y(1)=c-Inl=c 


and i 
Y= Z {nt} = scc ju 
s s 


72. The output for the first three lines of the program are 


9y[t] + 6y'[t] + y" [t] == t sinfe] 
1— 2s +9Y +s*Y +6(—2+ sY) == E ae 
(1 + s?)? 


11 — 4s — 9957 — Ag? — 115* — 25° 
Yo- 
(1 + s?)?(9 + 6s + 5?) 
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74. 


7.5 


CHAPTER 7 THE LAPLACE TRANSFORM 


The fourth line is the same as the third line with Y — removed. The final line of output 


shows a solution involving complex coefficients of e* and e^". To get the solution in more 


standard form write the last line as two lines: 


euler=(E” (It)—>Cos|t] + I Sin[t], E^(-It) — Cos[t] - I Sin[t]} 
InverseLaplaceTransform|Y, s, t]/.euler//Expand 


We see that the solution is 


487 247 1 
y(t) = (= + m) grub 250 (13 cos t — 15t cost — 9sin t + 20tsint). 


The solution is 


The solution is 


q(t) = 1— cost + (6+ 6 cos t) Z (t — 37) — (4 + Acost)Z (t — r). 


The Dirac Delta Function 


. The Laplace transform of the differential equation yields 


1 —2s 
LS 


so that 
y = et-24 (t — 2). 


. The Laplace transform of the differential equation yields 


2 e ? 
s+1 s+1 


Lty} = 


so that 
y =2e* +e" VY (t — 1). 


7.5 The Dirac Delta Function 


. The Laplace transform of the differential equation yields 


By = (1 + e 7$) 


s?41 
so that 
y = sint + sintZ/ (t — 27). 


. The Laplace transform of the differential equation yields 


so that i i 
T= sin 4(t — 27) Y (t — 21) = 1 sin 4tZ (t — 27). 


. The Laplace transform of the differential equation yields 


1 - (79/2 + e=37s/2) 


s2 + 


Ly} = 


so that 


y=sin (1 5) (r- 2) sm (+ mw (1-5) 


T 37 
= —costY 6 — z) + cos tZ (: — =) : 


. The Laplace transform of the differential equation yields 


1 


S —2rs —4ms 
gol 


iy) = 


so that 
y = cost + sint[Z (t — 27) + Y (t — 47)]. 


. The Laplace transform of the differential equation yields 


1 11 1 1| 
=== yo |> 7s 1 —s 
uj S3 US) PE is ve) 
so that i id 
i io2-3,]|i UD) | gr(g..1 
y-i-ie el] ; | (t—1) 


. The Laplace transform of the differential equation yields 


$41 Lo 2x d d “Sh 3 3 E 1 a E 
€ 


CI ANGE WE Ae 49 22 


so that 
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9. The Laplace transform of the differential equation yields 


— 1 —2rs 
Aut ET 


so that 
y = e 2-27) sin tY (t — 2r). 


10. The Laplace transform of the differential equation yields 


1 
Ziy} = ei 


so that 
y = (t — De 79 z (t — 1). 


11. The Laplace transform of the differential equation yields 


44-5 e 7$ + e785 
ee a 
Wa” an 
= 2 3 s+2 1 3 —T78 —3ms 
3 (s +2)? +3? Y (s +2)? +3? E (s +2)? + 32 ee) 
so that 
2 2t -at l o-r) 
yexe sin3t + e cos 3t + ze sin 3(t — x) (t — 7) 
1 
+ n sin 3(t — 3x) (t — 37). 


12. The Laplace transform of the differential equation yields 


—2s —As 
€ +e 
Ziy} = 
u= u—yG-6'(6-DG-6 
ai ii 1 1 i d 6 Xx qoe. 
~~ 35s-1 5(s-1y 255-6 EI Te 
so that 
lo dogy Lg lega, let) l 4 , 1 6-4) 
-—— ee pets c 22 - 4 (t—2)4 |-- Es Y (t — 4). 
y 35^ te oet + p tze ( + pé Es ( ) 


13. The Laplace transform of the differential equation yields 
Z(y" + (y) =D L 16 (t— kr)} 
k=1 
(s? +1)¥(s)=1+ » kg 5e 
1 œ _—krs 


€ 
Y = — — 
(s) T Dre 


7.5 The Dirac Delta Function 


so that 


y(t) =sint+ Y sin (t — km) Y (t — km) 
k=1 


= sint sint) (- U (t— kr) — — sin(t — kr) = (—1)* sint 


= sint — sintZ/ (t — 1) + sint (t — 21) — sint (t — 31) + sint (t — 4n) — 


sint, O<t<7 


0, T<t<27 
smt, 27 <t< 3r " 
0, 3m <t<4r 
1 
—2sint, 4n <t< 5r 
0, 5r <t < 67 
i » t 
sint, 6r €Xt«'m zm 2n 3n án 57 6n 711 8m 
0, Tr<t<8r 


The graph of y(t) given on the right is the half-wave rectification of sint. Also, see Figure 
7.4.11 in Exercises 7.4. 


14. The Laplace transform of the differential equation yields 


Z^ + L ly) - L {5 (t — 2k) 


k=1 
oo 
(s° +1) ¥(s)=1+ 5 > e? 


e 2krs 


Y — 
2 u— Dus 
so that 


y(t) = sint + > sin (t — 2kn) (t — 2kn) 
k=1 


— sint 4 sint » (t — 2kr) ——  sin(t— 2k) — sint 


= sint+sintY (t — 27) + sint (t — 41) + sint (t — 67) + sint (t — 81) + 
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sint, 0O<t<rT 
2sint, 27 <t<d4r 
—23sint, 4r<t< br 


4sint, 67 <t< 8r 


The graph of y(t) is given on the right. 


15. Take the transform of the equation y? = E (: = 5) and solve for Y(s) to get 
s°¥(s) — s*y(0) — s*y/0) — sy"(0) - y"(0) = Z5 eH 
s*Y (s) — sy" (0) — y" (0) = = e(-L/2)s 
Y (s) = 5 v'(0) + qu") + 2 es 


1 1 nx L 
The inverse transform is then y(x) = 5 y" (0)z? + 6 y" (0)? + SEI (« — z) U (« — 3) 


Using the conditions y”(L) = y” (L) = 0 to find y"(0) and y"(0) we get 


m 1 woL 2 1 Wo 3 Wo L 3 L 
yoo) =5 (Ser) « 2 25 m eee 
We could also write the solution as 


wal 2 (=) 3 L 
SS aye ee o 0< = 
(2) CEI)” > SO 


3 
woL 2 (=) 3 wo L Le E 
En —LHI EUN PT. a L 
(2): emp" 1 2)? Q5 


1 1 ! L\* L 
16. From Problem 15 we have y(x) = 5 y (O)a" +5 y" (0). 77 (« — 5) Y (« — 5) Using 


the conditions y(L) = y'(L) = 0 to find y"(0) and y”(0) we get the system of equations 


w 3 

(24120) + (8L3)y"(0) = — 
woL? 
(8L)v'(0) + (422)y"(0) = - 995 


Solving the system leads to the solution 


1 /wL\ ə 1 ( wo ) 3 wo px L 
M juu Rd cd. n Ji] Wim 
y) = 3 (sr) t$ 2EI/"^ "GEI 2 773 
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We could also write the solution as 


wL X > ( wo ) 3 L 
m < = 
EE BEI” ” toren 
3 
woL X » ( wo ) 3, p L L 
= = == —<r< 
(m) DEI|" tegi 2| 25*$b 


17. You should disagree. Although formal manipulations of the Laplace transform lead to 


y(t) = iet sin 3t in both cases, this function does not satisfy the initial condition y'(0) = 0 
of the second initial-value problem. 


y(x) = 


18. From (7) in (i) of the Remarks it follows with the identifications f(t) = ee-** = e(1-9* and 
to = 1 that 


esoo) ("ra dt = f(1) = ets =ee”". 
0 


Using the initial conditions y(0) = 0 and y'(0) = 2 we then have 
L (y) +42 (y) +32 {y} = {e'6 (t - 1)) 


(s+ 1) (s+3) Y (s) 22-4 ee * 


vide 2 de ee ? 
"E Uter Gn 
1 1 efi A eee 
= = = — —— l e 
s+1 s+3 2ļs+1 s+3 


y(t) = edu 5 (ee — em YU (t —1). 


The graph of y(t) is given on the right. 


7.6 Systems of Linear Differential Equations 


1. Taking the Laplace transform of the system gives 


sf{r} = -L{x}+ L{y} 
sL{y} -—1=227 {x} 
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so that i i i3 
Al ITIN 33-1 32:3 

ane 1 2 2 1 Li 1 
A CERIS 391 32222 

me l, l y $ —2t 
iiic c and y= =e +e. 


. Taking the Laplace transform of the system gives 


sZíz)-1222(y] + — 


sZ ly) -1=8L1xj — = 


so that 
s8+7s?-s+1 11 8&8 1 173 1 
an. A" 16s 155-1’ 965-4. 
and 1 8 13,4 _ 53 as 
rr eo” 
Then 1, 1 1 1 173 ET 53 a 
im - or gt Ge ee E * 390° l 


. Taking the Laplace transform of the system gives 


s.Ziz) 41-2.Zí(x) - 22 1y) 
sL (y) -2=52[x)- L{y} 


so that E "s 
—s-— E 
SF = = — — =—— — 
Uer s?--9 s?+9 352-49 
and E 
x = — cos 3t — — sin gt. 
3 
Then i i " 
y= ga 37 = 2cos 3t — gina 


4. Taking the Laplace transform of the system gives 


yA : 


(s— 2) + (s 1)209) = —À 


53 1 


160 s+4 
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so that ae i i i 
TAM OXGCIP Ba 32-1 30-0 

dd 1-28 11 1 1 1 1 
VU)—3-1773s 35-1 36-17 

Tus 1 1, 1, bod. 4 
mb dc pri and YS og ree + uie. 


. Taking the Laplace transform of the system gives 


(25-2) (2) + s¥{y} = — 
(s 362) (6-3) 2 (y) = = 
E s—3 11 5 1 2 
SEEN s(s 2)5—3) 2s 256—8 s-8 
xs 3s— 1 Id 5 1 8 1 
TUIS SUCHE e. 20d 6 a8" 
me 1 9 a 3t 1 9 ot 8 3 
== mot — 2e and ye aa Pes 


. Taking the Laplace transform of the system gives 


(s +1)2(1) — (s - 1-Z(yj — 1 
ax pw Els 2) 9 ty = 1 


so that 


0841/2 — s+1/2 
ZU = 31.117 41/2? + (3/3 
and 
2o BN Jg MBR 
S T eres * 61/2? e (V8): 
Then 


y=e 


3 3 
um — and a=-v43e 2? sin Ea, 
. Taking the Laplace transform of the system gives 


(+12 1x) — L{y} = —2 
— (xz) + (s? + )L{y} =1 


so that 
Us eT 11 3 1 
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and i 3 
x= —-t — —- sin V2t. 


2 2/2 


Then à 3 
y =x" +r =t + 373 sin V2t. 


"o 


. Taking the Laplace transform of the system gives 


(s - 1).Z(x) -.Z(y) = 1 
Ag [x — (e+ 11g F-—1 


RE s+2 s+1 1 2 
ENS AR AR 
m -s +3 s+1 2 
NS 
Then 


1 
x = e™* cos 2t + sin 2t and y = —e™ cos 2t + 2e™ sin 2t. 


. Adding the equations and then subtracting them gives 


dr 1 


— = H2 
Ta T 
dy 1 2 
== 
dt? 2 


Taking the Laplace transform of the system gives 


1 14 1 3! 
ARE on aa 
e 14 13 
ZU a 
so that la l 14 la 
ey n Tos and y — zt E 
Taking the Laplace transform of the system gives 
(s- 4) (2) 4+ y) = 2 
g++] 
(s +2) 1x) — 25° L{y} = 0 
ve 4 41 4 5 8 1 
“Na Gam Sea S 


11. 


12. 
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and 
2s+4 1 2 2 1 1 6 s 8 1 
2G = = 2 >= —--= = : 
ty} s8(s—2)(s?+1) s s? "a cu Dmm ee 
Then 
2 t E agis * ant 
qe => 
5 5 5 
and 


1 6 8 
y=1-2t 2t + ze” O eae, 


Taking the Laplace transform of the system gives 


s? x) + 3(s +1) {y} =2 


1 
2 
a 3: = 
¿ADAL = cs 
os 2s+1 1 il 1 2 IN 
E 
S = ——— = — — —— — —_, 
i s?(s +1) 2 Os s+1 
Then 
ls —t 
and i , i 
=i C a 


Taking the Laplace transform of the system gives 


(s 4) {2} +2 1y) = E 


=$ 


-32 (0) + (+Z) 


so that 
—1 2 
iF = === ——— 
“Sn... Gone oD 
i E NS eee 
|» 8—1 s-2 T 3 scq s-2 
and 
||  s/2-—2 s 2/s+1 
0 a.) Glez 
_ 3 1 1 1 Hess 1 3 1 " 1 
2-1 23-9 |g "sel —3 
Then 
a =et— et 4 | gg a 2926-1] 4 (t — 1) 
and 
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13. The system is 


a = —3a + 2(22 — 21) 
95 = —2(z» = zı) 
xı(0)=0 xi(0)=1 zə(0)=1 gO) = 0: 


Taking the Laplace transform of the system gives 


(s? 4+5)L1x1) - 22 1x2) =1 
—2.L {r1} + (s? +2)£ 1x9) = s 


so that 
s?-+2s+2 2 s 1 1 2 s 4 6 
lS =a ee a ee 2 oe 2 
s¢+7s2?+6 552-1 5s57+1 557+6 5y6s:+6 
and " s 
+5s +2 4 s 2 1 1 s 2 6 
Llar = = 5 2 Hi joie orm acum POS 
(s?+1)(s?+6) 5s2+1 5s824+1 55-46 5/6 57+6 
Then " i T j 
aja RE A EV 
Tu 4 2 1 2 
xa = 2 cost + sint + 2 cos V6t — sin V6 t. 


5 5 5 5/6 


14. In this system xı and x2 represent displacements of masses mı and ma from their equilibrium 


positions. Since the net forces acting on mı and ma are 


kızı | ka (xo 51) and ko (22 11) k329, 
respectively, Newton’s second law of motion gives 


mix} = —k,%1 + ko (x2 — 21) 


mgt = —kə(x2 — 11) — kaz2. 


Using ky = kp = k3 = 1, mı = ma = 1, z1(0) = 0, z1(0) = —1, z2(0) = 0, and x5(0) = 1, and 
taking the Laplace transform of the system, we obtain 

(2+ 8°) {21} - (25) = —1 

Z2zib- (2+ s?).Z (x51 ==] 
so that 


1 1 
A d GF = : 
sag + tm) = 3 +3 


Lia) = 


Then 


1 1 
gigni and Ta = sin Vat. 
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15. (a) By Kirchhoff's first law we have 44 = ¿2 +13. By Kirchhoff's second law, on each loop 


we have E(t) = Ri; + Lii? and E(t) = Ri, + Loi, or Lyi, + Rig + Ria = E(t) and 
Doty + Rig + Riz = E(t). 


(b) Taking the Laplace transform of the system 


0.014, + 5ig + 5i3 = 100 


0.012525 + 5í2 + 5i3 = 100 
gives 
10,000 
(s + 500) {ig} + 500.2 (i) = — 
8,000 
400.2 {i2} + (s + 400). (i3) = ——— 
S 
so that bane sr Ge 
“isk = Sy 9008  95- 9 5190 
Then 
80 80 _ ! , . 100 100 | 
B= y oe 900t and i2 = 20 — 0.002573 — i3 = i 900t 
(c) i; = ig + ig = 20 — 20e 900 


16. (a) Taking the Laplace transform of the system 


ih +13 + 10i2 = 120 — 120% (t — 2) 
—10i5 + 51% + 543 = 0 


gives 
120 
(s + 10).Z (i3) + sL{iz} = Es (1— e?) 
—10s.Z {iz} + 5(s + 1).Z (i3) — 0 
so that 
120(s 4- 1) E 48 60 12 —2s 
a Gs 11571075 | e ) DÀ Ae E ) 
d 
an TE 240 (1-67 = 240 240 (1 — e72) 
1 3952-11-10* © ^" |s+5/38 s+2 bs 
Then 


iz = 12 + 48e 5/8 — 60e7% — [12 448e 94-9009. 690262)! Y (t — 2) 
and 


ig = 240e75t/3 — 240072 — [2406-56-95 n 2400 20-2] U(t- 2). 
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17. 


18. 
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(b) i, = i + ig = 12 + 288e 9/3 — 300e-2 — [12 +9880 "4-08 300 2") | Y(t = 2) 
Taking the Laplace transform of the system 


ih + lliz + 6í3 = 50sin t 


i, + Gin + Gig = 50sint 


gives 
piece" 
i i3} = ——— 
d 3 5I mS 
SEG bap m 
2 3 — s2 mm 1 
so that 
Zi } 50s 20 1 4 375 1 4 145 S à: 85 1 
VA = —— Z SÁ — — — 2 
Š (s + 2)(s + 15)(s? + 1) 13s+2  14695-15 113 s2+1 113 52-1 
Then 
20, 379 A 
=== = == —— sin 
op 1469" ma 
and 
25 ny oda, 30 a 290 ar 280, A 
A9 EX. PU A E. uid —— sint. 
Bg c A 3^ 1469 ma 
Taking the Laplace transform of the system 


0.54 + 50i2 = 60 
0.00575 + ig — i, = 0 


gives 
120 
—200.2 (i4) + (s + 200) L {i2} = 0 
so that 
Pin} = 24,000 61 8 s +100 6 100 
125 = G(s? + 200s + 20,000) 5s 5(s+100)2+1002 5 (s+ 100)? + 1002 ` 
Then a : 
ig = 8 _ 8.100€ cos 100¢ — 4271008 sin 100t 

5 5 5 

and 


6 6 
ij = 0.0051) + i2 = = pem cos 100t. 
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19. Taking the Laplace transform of the system 


2i, + 50i = 60 
0.00545 + ig — i4 = 0 


gives 
l 60 
25L (i1) + 50.Z (i9) = = 
—200.2 {i1} + (s + 200).Z {iz} = 0 
so that 
6,000 
Plita — + NNNM 
{ta} = LC 3005-4 5,000) 
61 6 s+ 100 | 62 50/2 
55s 5(s--1002 —(50/2)? 5 (s+100)2 — (50/2)2 ` 
Then a 
lo = = ze 100€ cosh 50V2 t — : e- 0t sinh 50/21 
and 


6 9 
i= 0.00525 +ig = = ze O cosh 50V2t — = e- 100t sinh 5042 t. 


20. (a) Using Kirchhoff's first law we write i; = i2 +13. Since i2 = dq/dt we have i4 — i3 = dq/dt. 


Using Kirchhoff's second law and summing the voltage drops across the shorter loop 


gives 
. 1 
E(t) - ifs + 50, (1) 
so that " i 
= — E(t m 
«0-20 
Then 
dq . 1 (t) M ; 
a m [T ” 
and m 
— = Ae 
Ry E 4 Ag+ Riis = E(t) 


Summing the voltage drops across the longer loop gives 


dia 
E(t) = ii Rı L— 


di + Roiz. 


Combining this with (1) we obtain 


1 
+ Roig = t1 Rı + 


diz 
Ry + L — ql 


dt 


or di 1 
LESER =0. 
dr Ra 
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(b) Using L = Ri = Rp = C = 1, E(t) = 50 *Y (t — 1) = 50 le Dg (t — 1), 
q(0) = i3(0) = 0, and taking the Laplace transform of the system we obtain 

50e! 

s+1 

(s +1) 2413) — Za) =0, 


=8 


(s+12(q) + 2413) = 


so that 
50e-le-$ 


fub uim 


and 
q(t) = 50e-1e- t7 sin (t — 1)2/ (t — 1) = 50e™ sin (t — 1) Y(t — 1). 


21. (a) Taking the Laplace transform of the system 


401 + 05 + 80, =0 
1 +65 + 262 =0 


gives 
4 (s? + 2) L101) + s? (05) = 3s 
522 (01) + (s? +2) .Z(05) =0 
so that 
(35? + 4) (s? + 4) .Z(05) = —3s? 
Or i 3 
E s 
m 2 8244/3 252447 
Then 
1 2 3 n UA 
LUE uM M and 01 = —05 — 202 
so that 
01 = a 2 t+ ? udi 
AE A EZ i 
(b) 
6, 6, 
02 02 


01 
— | > 
37 6r t 3 6 t 
exl -1 


my) 2 


7.6 Systems of Linear Differential Equations 


Mass ma has extreme displacements of greater magnitude. Mass mı first passes through 
its equilibrium position at about t = 0.87, and mass ma first passes through its equi- 
librium position at about t = 0.66. The motion of the pendulums is not periodic since 
cos (2t/4/3) has period v37, cos2t has period v, and the ratio of these periods is v3, 


which is not a rational number. 


(c) 


(d) 


wv 00-10 ta FWN Ke 


= 
o 


— 7 


(e) Using a CAS to solve 0,(t) = 02(t) we see that 6; = 02 (so 
that the double pendulum is straight out) when t is about 0.75 


seconds. 


tz 0.75 
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(f) To make a movie of the pendulum it is necessary to locate the mass in the plane as a 


function of time. Suppose that the upper arm is attached to the origin and that the 


equilibrium position lies along the negative y-axis. Then mass m; is at (x, (t), y1(t)) and 


mass ma is at (x2(t), yo(t)), where 


x1(t) = 16sin 04(t) and 


and 


xo(t) = xı (t) + 16sin 62(t) and 


0.1 seconds. 


Chapter 7 in Review 


1. 


2. 


10. 


11. 


12. 


13. 


14. 


1 
S T = f ig dt + f (2 = the dt = E — we 


oo 
1 


4 
AA = f g dps - (72 — 48) 


. False; consider f(t) = t71. 


. False, since f(t) = (e)? = el, 


. False; consider f(t) = 1 and g(t) = 1. 


afa gif lS) ls 
d Us DET 6 só E 


Ks 1 — f=! 1 1 = lys 
ied 3s-1/3] 3 


yi(t) 


ya(t) = yi(t) — 16 cos 0(t). 


A reasonable movie can be constructed by letting t range from 0 to 10 in increments of 


2 


. True, since lim, jo; F(s) = 10. (See Theorem 7.2.3 in the text.) 


1 
e. 
T cm = FEX: 
1 
Y — 
- Z {te = CES, 
: 2 
«2 dmn) = Su 
AMI ane — — 
(s +3)? +4 
g d 2 4s 
Z{tsin2t} = E ES — (824-49 
{sin NY (t — 2)) = £ (sim At mL (11) = oe 
s^ +4 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24 


25. 


26. 


27. 


28. 


29. 


30. 


Le u e^ f(r) ar} = TAGO = 
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Z- 1 


a eed E ep F xj pe 


SY 1 


i: j£ sr aR EIS bee ge 
W5st+V5 2v5 s-v5 2/5 2/5 
l EM a == st T 
dl E Foes} = d (> 2.2 2-5) z= CONAN ll 


1 
LO 2€ 


Mm 


ie ne (t— 5)% (t — 5) 


SY 1 


> O 
= cos z(t — 1)2 (t — 1) + sinr(t — 1)2 (t — 1) 
1 L nr/L 1 nm 
fOlmreas] a E 
Eg exists for s » —5. 
£ {te F()} =-Flo—8) 


se" f(t KYU (E k)) = e e(t fE} = ettet Y [ent f()} = eos — a) 
F(s— 


, whereas 


zl f) ar} = al f(r) ar} P 
FOUE- to) 

f(t) — SOV- to) 

f(t — to) (t — to) 

F(t) — fG)4( — to) + FUE ty) 

f(t) =t-(-1)+1]% (4-1) + Y (t- 1) - U(t-4) =t-(¢-1)V(t-1) - W(t —4) 
SUO) = 4 - uet- ce 


32 


, 1 1 
Oa con ^ eg 


s>s-—0a 


FE = sintZ (t — 1) — sintZ (t — 31) = — sin (t — 1)'Z (t — 1) + sin (t — 31) (t — 37) 


1 —TS —3TS 
Ure TRI : 


t -— 1 ot 1 nta 
lief (nip si’ S DESI 
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31. 


32. 


33. 
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f(t) =2- 2% (t — 2) + [(t — 2) + 21% (t — 2) = 2 + (t - 2)% (t — 2) 


fU) == + Ge 


£(éfO)-.— + Gaye 


f(t) =t-tY(t—-1)+(2-t)Y (t-1)—(2—t)27(t—2) =t-2(t-1)% (t-1) + (t—2) 2 (t—2) 


1 2 1 
LifH}= a at + ae 
1 A MEUS 
A Te um 6-13 7 =D pu (s 19 2nd) 


The graph of 


f(t) = -14232 C9" (1h) = 142% (11) - 24 (1-2) 4.24 (03) — 
k=1 


y 
A 
1 c-— — c-— 
1 2 3 4 5 eo 
—]— CA: m 


One way of proceeding to find the Laplace transform is to take the transform term-by-term 


of the series: 


1... 2 2 Di. a 
LIFA} =H Ee E eT? g 7-6 3* —... «— geometric series 
s s 
For s > 0, 
1 2 1 2 e? 
GIfüpe--q-[g *—g Wt 9*—-——-. 
Ut) E si | s E 

NE uu 

~ s(l+e73) 


Alternatively, since f is a periodic functions it can also be defined by 


MENTI E 
fes 1 e where f (t 4- 2) = f(t). 


34. 


35. 
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By Theorem 7.4.3 with p = 2 we get 


L {F(t} = — (f (-1)e dt + J (1) e*t at) 


» 1 1 —8 1 =2s y —8 =A (1 — 9e +e gj 
1-e s^ S s s «X s(1—e725) 
A ey 
-© s(1—e7?8) 
Using 1 — e? = (1 + e^5) (1 — e^5) and algebra the last expression is the same as 
e *—1 
X ———— . 
00) = Ar us 
'The graph of 
= M (2k +1- t) [X (t— 2k) — Y (t — 2k — 1)] 
k=0 


Since f is a periodic function it can also be defined by 
1-t, O<t<l 


=h era where f(t 4-2) = f(t). 


By Theorem 7.4.3 with p = 2 we get 


1 j e WP l|DoxXt.d 2 d 
ZL {f(t)} = —=(/ (1—t)e as f O-e a) (+ ze +23 


s=1l+e* 
si (1 — e725) ` 


Taking the Laplace transform of the differential equation we obtain 


5 1 2 
Ti = pte I 
so that 


1 
y = 5te! + xt 
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36. Taking the Laplace transform of the differential equation we obtain 


i 
p ——— 
Ut = 5-12 — Bs 420) 
6 1 1 1 6 ¿all 5 2 
————Á—— 


~ 169s—1 13(s—1  169(s—4 422 338 (s— 42 +2 


so that n i å E 
t t At At s 
m bu E. 2t + — 2t. 
dab HE ST age 


37. Taking the Laplace transform of the given differential equation we obtain 


3 2 
+6 1 1 2 
rr ee Hur s NL E M 
s2(s+1)(s+5) s?(s+1)(s +5) s(s+1)(s +5) 
HELD E 13 1 
Oe s dos 2 adl 50 s+5 
6 E! k od 1 1 1 m 
5 s 5 s 4 sil 100 s45/° 
21 1 1 jr cx m 
T" uU apa T — i e € 
D: -S 2 s+1 10 s+5 
so that 
1 3 13 4 1 
=—— + t+ et -— Że Y (t-2) — =(t— 2% (t - 2 
Y=- 35 | - 5 a ee) eee) 
9 
Ket Dy (t 2) — — e 5-9 (4 2 
+-e (t — 2) 100 * (t — 2) 


38. Taking the Laplace transform of the differential equation we obtain 


3 2 

s" +2 2+2s+8 
J === a LT 
ty} s3(s — 5) s3(s — 5) i 


2 1 2-1 EX E. l 37 1 12 1 T 2 3T 
125 s 25s 553 1255—5 


1 


Bs 202 a8 Dsi 


[^ 


so that 
2 2 l5, 127 g 37 12 1 2, 37 5¢-1) 
auibus E ee nd =(t-1) e i1). 
i 125 25 5 T 125 125 25 ) 5l ) 125° a ) 
39. The function in Figure 7.R.10 is 
0, 0<t<1 


40. 


41. 
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or 


f(t) = (t- 1)g (t — 1) - 2(t— 2) V(t — 2) + (t- 3)2 (t — 3). 


'The transform of the differential equation is 


e 2e 2s € 3s 
sY (s) — 1--2Y(s)— uou tp 
d 1 1 2 1 
Y = =s — —2s —3s 
(s) +2 X S(st2)- sS(st2) , 
and 
y(t) = e” + | +5(t-1)+ e| Y (t — 1) 
E LAY 2) 
1 —2(t—3) 
brace age Y (t — 3) 
'The tranform of the differential equation is 
; oo pe’ 
s?Y (s) — 3 + 5sY (s) + AY (s) = 12) ^ (-1) v 
k=0 
So 
oo ks 
(s? +5s +4) Y (s) 2 3-12) (141 
E 
k=0 
and 
7 3 a i 12 ET 
(s) 315514 * 2. s (s2 + 5s +4) B 
Thus 
1 1 = Pale: 4 1 ] sss 
Y = = = S c 
(s) E a ) E 84-1 — 
and 
utt) tg 4 251 1)* (3 de (Uk) y E 4 (t — k) 
k=0 


Taking the Laplace transform of the integral equation we obtain 


A 
s 2 83 


Sty} =—+ 


so that , 
y(t) - 1 t 5€. 
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42. 


43. 


44. 


45. 
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Taking the Laplace transform of the integral equation we obtain 


(fU -6.— o 2) =46 3 
so that f(t) = +6t. 
Taking the Laplace transform of the system gives 
sP{2} + iy) = E +1 
AP{r}+sL{y} =2 
E s?—2s41 11 1 1 9 1 
"OPUS 3G» e 84-2 BTE 
'Then 
ge = + ze + se and y—-z'tt- q E ¿e dg 


Taking the Laplace transform of the system gives 


SD + Ly) = — 


2s? (0) + Ly) = -— 


2 
so that A TM " 
d = ==-=-=2 
“eS. 0s 221 3 
and 
s—2 31 11 3 1 1 
BA = —————- = +- — - ——_.,.. 
ty} s?(s — 2)? 4s 25% 4s—2 (s—2) 
'Then 
1 3 1 3 
T= 57 S6 +te~ and y= m 5! + q ate, 
The integral equation is 
t 
10i + of i(r) dr = 2t? + 2t. 
0 
'Taking the Laplace transform we obtain 
4 2 E s+2 9 2 45 9g 2 
KA j| — — — —— > — — L — ===, == 
1 (= +3) 10s+2  s?(5s +2) a 2 5s+1 s 32 
Thus 


i(t) 2 —9 + 2t + 9e7*/5. 


9 
s+1/5' 
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46. The differential equation is 


1 dq dq 
= — + 10— + 1009 = 10 — 10% (t — 5). 
2 di? me dt SPESE ( ) 


Taking the Laplace transform we obtain 


20 
BoA = S(T —5s 
{a} = 33} 20s 200 ges 
11 1 s+10 1 10 " 
- Hu IPLIGERHUS uses 0-67) 
10s 10 (s+10)? +10? 10 (s +10)? + 10? 
so that 
i! 1 1 
q(t) = To m cos 10t — a M sin 10¢ 
ME J q-100-5) cos 10(t — 5) — 1l (100-5) sin 10(t — 5)| Y (t — 5). 
10 10 10 


47. Taking the Laplace transform of the given differential equation we obtain 


2wo L 4! 1 5! 1 5! =al C1 2! C2 3! 
EPG ue A A ee Lee uc ee NEL 
U = prr, (= $5 120 s6 120 s 2 83 6 sf 
so that 
LN a MN UL ELA MUI RR ES m NNI 
Y= EIL 48^ 1207 * 129^ 2 E P TT 


where y"(0) = cı and y" (0) = c2. Using y"(L) = 0 and y"(L) = 0 we find 


c; = woL^/24EI, | cg = —woL/AEI. 


Hence 


Y= EIL 


Le doy. Ia Dai [n L 
-2a54 Éa -r ar 2] UF] 
Qu gm o me 2 x 2 


48. (a) In this case the boundary conditions are y(0) = 0, y"(0) = 0, y(z) = 0, and y” (r) = 0. 


go) AZ (y) = £i) 


4 Lcd wo 
(s^ +4) Y (s) 2e&s^ + c2 + SEI 
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Thus 
s? 1 wo/ EI 
Y LIS. E 
6Sa pd ra s (st +4) 
s? " 1 " wo/ EI 
C Co —MMÀ + — 
19444" 7541.4 s(s2—2s+2) (82 + 25 4- 2) 
s? " 1 wo [2 s=1 s+1 
C ——— P e (e TI 
"34.4 PFA SEI|s sS-2s42 5242842 
EN 252 co 4 wo 2 s—l s+1 
25144 4544 8EI|s (s—1?41 (s+D?+ 


Using the table in Appendix III the inverse transform is 


y(x) E (sin x cosh x + cos x sinh x) + " 
[2 — e” cosa — e * cos q] 


> (sin z cosh x + cos x sinh x) + 2 


The remaining conditions y(7) = 0 and y” 


(sin z cosh z — cos x sinh x) 


Wo 


— inh wo 
(sin x cosh z — cos x sin 2)+ 351 


(0) = 0 then give 


| 


1 


[1 — cos x cosh 2] 


[1 — cos z cosh z] 


C= a (1+ cosh7)cscha, and c= -35 (1 + cosh 7) csch 7 
Therefore, 
y(x) = 3ET (1 + cosh 7) csch 7 (sin x cosh x + cos z sinh x) 

= ani (1 + cosh 7) csch 7 (sin z cosh z — cos z sinh x) + E 


(b) In this case the boundary conditions are y(0) = y'(0) = 0 and y(r) = y'(x) = 0. If we 


let cy = y"(0) and cg = y"(0) then 


2,4 


s* ZZ (y) — sy(0) — s?y'(0) — s*y 


and 
2s 


st +4 


C2 


4 


Ly) --2 


From the table of transforms we get 


(Bye 


4 
si4 4 


Wo 4 
AEI s4+4 


—sn/2 


Cp : C2, . : 
ye sin z sinh x + q (sin z cosh x — cos x sinh x) 


met 
AEI sin | £ 


Using y(7) = 0 and y’(7) = 0 we find 


2 


* T 
_ wo sinh 5 
EI sinha’ 


Ci 


z) cosh (z — 5) — COS (« — z) sinh (z — 5 


wo cosh 5 
EI sinhr ` 


C9 = 


y" (0) +42 (y) = n gyfa (z == 


x) 
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Hence 
wo sinhd , f wo cosh, , . 
= —— sin x sinh x — —— sin x cosh x — cos z sinh x 
y 2EI sinha AEI sinha ( ) 


+ [sin (@ - 5) cosh (x — 5) — cos (x - Z) sinh (z - 2)| % (1-35). 


49. (a) With w? = g/l and K = k/m the system of differential equations is 


0 +w? = —K (01 — b2) 
05 + wba = K (04 nei 02). 


Denoting the Laplace transform of 0(t) by O(s) we have that the Laplace transform of 
the system is 

(s? + w?)O1(s) = — KO1(s) + KO»(s) + so 

(s? +4202(s) = KO4(s) — KO»(s) + sto. 


If we add the two equations, we get 


O1(s) + O»(s) = (0o + vol m 


which implies 
01 (t) + ba(t) = (0o + Wo) cos wt. 


This enables us to solve for first, say, 01(t) and then find 62(t) from 
ba(t) = —0 (t) + (0o + vo) cos wt. 
Now solving 


(s? +w? + K)01(s) — KO»(s) = sbo 
—kO,(s) + (s? a w + K)O»(s) = spo 


gives 
[(s? +w? + K}? — K?]Oi(s) = s(s? +w? + K)0 + Ksyo. 


Factoring the difference of two squares and using partial fractions we get 


od fece los Bote. So s 0o — Yo s 
SS (s? + w?)(s? +w? + 2K) 2 82w? 2 s*+w2+2K’ 
so ; r 
s “om cos wt + Y te cos Vw? + 2K t. 
Then from 62(t) = —0,(t) + (00 + v9) cos wt we get 
0 bo — 
ba(t) = fo + Vo cos wt — Y de cos y ww? + 2K t. 
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(b) With the initial conditions 61(0) = 69, 05 (0) = 0, 62(0) = 69, 65(0) = 0 we have 


01(t) = Oo cos wt, 05(t) = 09 cos wt. 


Physically this means that both pendulums swing in the same direction as if they were 


free since the spring exerts no influence on the motion (0,(t) and 62(t) are free of K). 


With the initial conditions 0,(0) = 8o, 01 (0) = 0, 62(0) = —6o, 05(0) = 0 we have 
bilt) = 09 cos Vw? + 2K t, ba(t) = —Bp cos yw? + 2K t. 


Physically this means that both pendulums swing in the opposite directions, stretching 
and compressing the spring. The amplitude of both displacements is |09|. Moreover, 
01(t) = 09 and 05(t) = —@ at precisely the same times. At these times the spring is 


stretched to its maximum. 


50. (a) We will find the first two times for which z'(t) = 0 and then ontain the rest of the times 


using periodicity of z'(t). The solution of 


(t) i ld ‘(t) 5) (-wsinwt) 

M = — — — = = — = " 
vg — 3) coswt t 73 so x zo- 3 w Sin w 

The latter equation is 0 when t = m/w. The next initial-value problem is then 


2F 
a" ur = —F, z (=) == - a0, a (=) = ; 
w w 


where m/w = T/2. From the solution of this problem, 


3F F 
x(t) = | zo — — | coswt — —, 
w w 


we see from 5 
z'(t)— (x - =) (—w sinwt) = 0 
that t = 27/w = T. Since z'(t) has period T = 27/w we can see that z'(t) = 0 at the 


times 


2 2 2pi 
Tct and ELI for k = 0,1,2,... 
Ww Ww w wW 
which are — E. 
44 or 0, jd om 
QU Uu w 2 2 


(b) There is no motin unless the intial displacement is such that the force of the spring is 


greater than the force due to friction. That is, 


k o 
k|xo| > fe or —|xo| > fr or w*|r9| > F. 
m m 
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(c) From part (b), an intial displacement z(0) = zo for which |zo| > F/w? will result in 
motion. On the other hand, an initial displacement zo for which |rog| € F/w? will be 


insufficient to overcome the force of friction and the system will be *dead". 


(d) The system can be described by the initial-value problem 
a" +wx = g(t), z(0)-— xo, 2'(0)=0, 


where g is a version of the meander function shown in Figure 7.4.6 in the text. In this 
case the amplitude of the function is F instead of 1, and the length of each line segment 
is T/2 rather than a. Then 


L la") +w%0 {z} =a {9}, 
s? X (s) — szo +w? X (s) = G(s), 
and 
| 820 + 1 
sq so? 
Now, using Problem 49 in Section 7.4 with F instead of 1 and a = T/2, we have 


X(s) G(s). 


Peg F = 
= QE UE = * ly ere -sT — 9,—3sT/2 e] 
Z (g(0) = Os) = 7 1— m [1 2e75T/2 4 2e 2e Jsl 
Then 
E Zw —sTJ/2 —sT —3sT/2 
X959. ad our cu [i-e Puppe a 
u S F |1 S —sT/2 —sT —3sT/2 
maa Oi £I [1 - 2e "Am guo e. pg xe 
and 
F 2F T T T 
x(t) = zo cosut + — (1 — coswt) — J a (+-5) -exw(t- r)a (1-5) 
2F 
+ zz [X (t- T) — cosw (t - D (t - T)] 
2F 3T 2T 3T 
- v (rm) em (1 E) ( -Z+ 
or 
F 
zo cos wt + — (1 — cos wt), 0<t<T/2 
w 
F 2F T 
so coswt + Ez (1 cost) - Ez 1 = ese (1 2)]. T2512 7 
wW wW 2 


= F 2F TẸ 
io ro cos wt + — (1 — coswt) — — 1 cosw (t- =) | 
wW w 


2F 
+= [1 — cosw(t-T)], T < t< 3T/2 
w 
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(e) The solutions from Problem 28 in Chapter 5 in Review are 


(i 45cost+1, 0<t<T 
t)= 
2.5cost —l, m €t«2m. 


On the interval [0, 27) the solution is 


F 
zo cos wt + — (1 — cos wt), 0<t<T/2 
w 
x(t) = 


F 2F T 
zo cos ut + — (1 — coswt) — — h — cos w (+ 5) n ZST T: 
w w 


We let m = 1, k = 1, fy = 1, and zo = 5.5. Then, when T = 27, the foregoing becomes 


5.5cost + (1 — cost) — 2[1—cos(t—7)], m <t< 2r. 


MM (1 — cost), VAt<a 


Simplifying this we get 


4.5cost+1, 0O<t<T 
TES = 
2.5cost—l, m € t2m. 


(f) At t = T/2, x(T/2) =—20+2F/w?. At t=T, 
4F 2F 2F T 2F 
== (a-t) - 3 (3)-3 


At t = 37/2, x(3T/2) = —20 + 6F/w? = —x(T) + 2F/w?. We see in general that each 


successive oscillation is 2F/w? shorter than the preceding one. 


(g) The system will stay in motion until the oscillations bring the mass with the “dead zone” 


at which time the motion will cease. 


51. (a) Rewriting the system as 


dy 7 
dt? | 


'Then, taking the Laplace of each equation, we have 
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Using z(0) = 0, 2'(0) = vo cost, y(0) = 0, y'(0) = vo sin 0 where vo = |vo|, we have 


1 
s? X (s) = vo cos 8 X (s) = (vo cos 0) 2 
2 : q BE 
Y (s) = 0—-— f g 
s^Y (s) = vo sin A Cree) 5-4 
Then 
x(t) = (vo cos 6) t 


1 
y(t) = (vo sin ð) t — ¿qe 


(b) Substituting t = = j into the equation for y(t) yields 


Ug COS 


1 x x 1 g 
y(x) zI — + (vo sin 0) (57) ( 5 (a I z + tan ) x 


The projectile hits the ground when y = 0. This occurs when x = 0, which is the initial 
condition, or 
=g 


0 = — = x + tanl 
2% cos? 0 


_ (tan 6) 2vg cos? @ vô sin 20 


g g 


which is the horizontal range. 


(c) When 0 « 0 < 7/2 the complementary angle of 0 is 7/2 — 0. Substituting this into the 


result of part (b) we have 


R e 7 0) 7 ve sin 2 (4 — 0) | vésin(m —20) vg (sin cos 20 — cos 7 sin 20) 
g g g 
v sin 20 _ 
g 
(d) When g = 32, 0 = 38° and vp = 300 w ehave from part (b) that 


2 


0 
3 sin 76° = 2729 ft. 


R(0). 


Solving 
x(t) = (300 cos 38" y = 2729 


for t, we see that the projectile hits the ground after about 11.54 sec. 
(e) For 0 = 38° the curve is shown in blue, while Ion 


for 0 — 52? the curve is shown in red. 


500 


DM e esc iiid 
0 500 1000 1500 2000 2500 
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52. (a) Taking the Laplace transform of the first equation, we obtain 
m (s?. {x(t)} — vo cos 0) = —8sZ (x(t)) , 
so that 


|.  vocosÜ ss mug cos l 1 
PD = EBHm) OB f mm) 


and 


a(t) = mut (1 — ePm) 


Taking the Laplace transform of the second equation, we obtain 


m (8 Z {x(t)} — vo cos0) = —8s.Z {x(t)}, 


so that 
Dia AE — — 
= s(s-FB/m)  s?(s? + B/m) 
| mugsin0 (1 1 mg 1  m?gl | mg 1 
Add n 
and 


mug sind | m?g —Bt/m mg meg _ m 


= 2 (cosine +22) (1 - eA) - 35 


(b) To find when the projectile hits the ground, we use a CAS to solve y(0) = 0. This gives 
to = 10.18 sec. The range is then approximately x(to) = 1646 ft. 


(c) Solving y(t) = 0 when 0 = 52? gives tı = 12.67, so the range in this case is x(t1) = 1470.0 
ft, which is considerably less than the range of 1646 ft when 0 = 38°. 
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(d) For 0 = 38° the curve is shown in blue, while 
for 0 = 52? the curve is shown in red. We see 500 
that the larger angle of elevation results in a 


smalled range for the projectile. Also, while 


the curves look at first glance like parabolas, 0 


% A 0 500 1000 1500 
a closer examination shows that they are not 


parabolas (at least not with vertical axes). 


Chapter 8 


Systems of Linear First-Order Differential Equations 


8.1 Preliminary Theory — Linear Systems 


10. 


x —3 4 -9 
Let X = | y |. Then X’ = 6 -1 O|X. 
z 10 4 3 
x 1 -1 0 
Let X = | y |. Then X’ = I d 21x 
z -1 0 1 
x 1 -1 1 0 
Let X = | y |. Thn X= |2 T=. PX | or | 
z 1 1 1 i 
x —3 4 0 e ! sin 2t 
.LeX-2|y]|.ThenX/'2| 5 0 9] X+ | 4e*cos2t 
z 0 1 6 et 
d d 
"IM IP EE A e 
d d d 
“E = Te + 5y — 92-807; T de tyt zt 20; ^ 
d d 
T seyt dete — 3t; T = bt Ay +z + 2e +t: 
d d 
= = Be — Ty +4sint + (t — 4e Tp Cry Ssint 
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= —2y + 3z + e” — da? 


d 
Z = deb 5y +62 4207! t 


(2t + 1)e* 
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11. Since 


we see that 


12. Since 
j öcost— ösint\ , —2 5 dcost—ossint\ , 
X = . e and X= . € 
2cost — Asint —2 4 2cost — Asint 


we see that 


13. Since 


we see that 


we see that 


15. Since 
1 2 1 0 
Xx =|0 and 6 —1 0| X2]|0 
-1 -2 -1 0 
we see that 
1 2 1 
xX’ = 6 —1 0|X 
—] -2 -1 
16. Since 
cost 1 0 1 cost 
x= > sint — 3 cost and 11 0| X= > sint— $ cost 
— cost — sin t —2 0 -1 — cost — sin t 
we see that 
1 0 1 
X = 1 1 0| X. 
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17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 
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Yes, since W (X1, X3) = —2e7% Æ 0 the set X4, X» is linearly independent on the interval 


(—00, 00). 


Yes, since W(X4, X3) = 8e% 4 0 the set X4, X» is linearly independent on the interval 


(—oo, oo). 


No, since W(X4, X5, X3) = 0 the set X4, X», X3 is linearly dependent on the interval 


(—oo, 00). 


Yes, since W (X1, X2, X3) = —84e ^! 4 0 the set X4, X5, X3 is linearly independent on the 


interval (—oo, 00). 


Since 


we see that 


Since 


we see that 


we see that 


Since 
3 cos 3t 12 3 —1 
X, = 0 and —4 2 0|X,+ 4 | sin 3t = 
—3 sin 3t —6 1 0 3 
we see that 
1 2 3 —1 
x, =|-4 2 0] X,+ 4 | sin3t. 


—6 1 0 3 


8.2 Homogeneous Linear Systems 


25. Let 
6 -3 2 06 0 
Xi=|-1|e*? Xo=| 1le% X3=]1]e%, and A=ļ|1 0 1 
=5 1 1 110 
Then 
—6 6 6 
Xi =| 11=AX,, X} = | -2 | e” = AX,, X} = | 3 | e = AX, 
5 = 3 


and W (X1, X», X3) = 20 4 0 so that X4, X2, and X3 form a fundamental set for X' = AX 


on the interval (—oo, oo). 


26. Let 


and 
-1 -1 
A= : 
Then 
2 
x - v2 | t= AX, 
and ec 
-v2 
x= ve NES es RK, 
—2 4/2 


«Qe Q0. 


and W(X1,X2) = 2/2 # 0 so that X, is a particular solution and X, and X» form a 


fundamental set on the interval (—oo, oc). 


8.2 Homogeneous Linear Systems 


1. The system is 
j I. 2 
X = X 
4 3 


and det(A — AI) = (A — 5)(A 4-1) = 0. For A1 = 5 we obtain 


0 1 -$|0 1 
— so that Kı = : 
0 0 0| 0 2 
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0 1 1| 0 —1 
— so that K» = : 
0 0 0| 0 1 


For Ay = —1 we obtain 


2 2 
4 4 


Then 


2. The system is 
( 3 
xX = X 
1 3 
and det(A — AI) = (A — 1)(A — 4) = 0. For A¡ = 1 we obtain 


1 2| 0 1 2| 0 —2 
— so that Ky, = ; 
1 2] 0 0 0) 0 1 


For A2 = 4 we obtain 
0 —1 1| 0 1 
— so that Ko = ; 
0 0 0| 0 1 


Then 
3. The system is 
—4 2 
x= E X 
= 2 
and det(A — AI) = (A — 1)(A 4-3) = 0. For À1 = 1 we obtain 
—5 2| 0 —5 2] 0 2 
5 —À so that Ky, = . 
-$ 1| 0 0.0/0 5 
0 2 
so that 0) 
0 1 


2 2 
X= t —3t 
C1 G) e+c H e 


Then 


8.2 Homogeneous Linear Systems 517 


(1) 


and det(A — AI) = $(A + 1)(2\ + 7) = 0. For 4, = —7/2 we obtain 


1 2| 0 1210 —2 
" — so that Kı = . 
j 3 0 0 O} O 1 


For Ap = —1 we obtain 


: 


. The system is 


Blow poor 


loo poles 
l 
m 


Then 


. The system is 
and det(A — AT) = (A — 8)(A + 10) = 0. For A; = 8 we obtain 
2 -5| 0 1 -$|0 5 
—À so that Kı = . 
8 —20| 0 0 0/0 2 


For A9 = —10 we obtain 
0 ME. 
— 4 
0 0 0 


20 —5 
8 —2 


Then 


. The system is 


(=e 2 
X' = x 
-3 1 


and det(A — AI) = A(A + 5) = 0. For Ay = 0 we obtain 
-6 2| 0 1 —4| 0 1 
— so that Ky, = . 
—3 1| 0 0 0] 0 3 


For A2 = —5 we obtain 
0 2 
so that Ky = : 
0 1 


-1 2 
—3 6 
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Then 


7. The system is 


l i. =t 
X'=|02 O0O|X 
0 1 —1 


and det(A — AI) = (A — 1)(2 — A)(A + 1) = 0. For A1 = 1, A2 = 2, and Az = —1 we obtain 


1 2 1 
Kı =/0 3 Ko = 3 5 and K3 = | 0 3 
0 1 2 
so that 
1 2 1 
X=al0l|eté+c13 e” + c3 Ole. 
0 1 2 
8. The system is 
2 -7 0 
X=|5 10 4|X 
0 5 2 


and det(A — AD) = (2 — A)(A — 5)(A — 7) = 0. For 44 = 2, Ap = 5, and Az = 7 we obtain 


4 —7 -T 
Kı = 0 5 Ko = 3 5 and K3 = 5 3 
—5 5 
so that 
4 -T —7 
X =cC1 0| etc 3 | e5 + C3 5| e™. 
—5 5 5 


9. We have det(A — AI) = —(A + DA — 3)(A 4-2) = 0. For àı = —1, 42 = 3, and Az = —2 we 


obtain 
—1 1 1 
Ky = 0 ; Ko = 4 ; and K; = —1 ; 
1 3 3 
so that 
—1 1 1 


X=c OLe*+te44 et y cs "rus 
1 3 3 
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10. We have det(A — AT) = —A(A — 1)(A — 2) = 0. For Ay = 0, A2 = 1, and Az = 2 we obtain 


1 0 1 
Kı = 0|], Ka=|1|, and Ks=]0], 
—1 1 
so that 
1 0 1 
X=cq | O] te] 1)ete3] 0] e”. 
—1 0 l 


11. We have det(A — AT) = —(A + DIA + 1/2)(A + 3/2) = 0. For Ay = —1, A2 = —1/2, and 
A3 = —3/2 we obtain 


4 —12 4 
Ky = 0 5 Ko m 6 ; and K, 2 ; 
—1 9 —1 
so that 
—12 
0|e*- e 6| e? + C3 2 | e732, 
—1 5 —1 
12. We have det(A — AI) \(A+5)(6— à) = 0. For Ay = 3, A2 = —5, and Az = 6 we obtain 
2 
Ki, = 1 , Koa = -1 , and K, = =2 , 
0 0 11 
so that 
1 1 2 
X eum [d le" +o | d les c3 | —2 go 
0 0 11 


13. We have det(A — AI) = (A+ 1/2)(A — 1/2) = 0. For 4; = —1/2 and A» = 1/2 we obtain 


so that 


If 


then c4 = 2 and cp = 3. The solutions is 


0 1 
X=2 ( A +3 () et. 
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14. We have det(A — AI) = (2— A)(A — 3)(A4- 1) 2 0. For Ay = 2, 49 = 3, and Az = —1 we obtain 


9 2 —2 
Ki; = —3 $ Ko = | 0 P and K3 = 0 , 
2 il 1 
so that 
5 2 —2 
X= ĉj Sle? te |0] e+ C3 Ole? 
2 1 1 
If 
1 
x(üje 13 
0 
then cı = —1, cg = 5/2, and c3 = —1/2. The solutions is 
9 2 —2 
x--1i|-3|&«3 |o| &&- 1| ole 
2 2 ` 
2 ib 
15. (a) From the discussion in Section 2.9 we get the system 
dai 3 gt 1 r > " 
—— = 1+ 2 
dt 100 100 100 100 
Thus X= | b 7) x 
C NN E 50 -š 


dt 50 50 


(b) The eigenvalues and eigenvectors of the coefficient matrix are found by solving 
det(A — AI) = 0 to get 


'The general solution is then 
Ait Aat =I —t/25 1 —t/100 
X(t) = cu Kye" + coKe = Cj 1 € + Ca 2 € 


Using the initial conditions, we get 


35 25 35 50 
a(t) = en t/25 4 29 e—t/100 sd x(t) = 2: 12 + ias 
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(c) 


20 


(d) Set xı(t) = z2(t) and, using a scientific calculator, we find that t ~ 34.3277 min. 


16. (a) The system to solve is 


dx; 1 

== = ===] 
1 

dt 50 -5 0 0 

dax» 1 2 Ea 1 2 

dt = 591 — 752 Thus X = 50 å Ox 
0 ¿de al 

dz3 2 1 75 25 


Xu 45 35 


The eigenvalues and eigenvectors of the coefficient matrix are found by solving 


det(A — AI) = 0 to get 


i 0 i 1 
ML =- sO Kı = 0 5 ^2 = -z5 SO Ky = 3 ; 
1 4 
0 
2 
and Az = =% so K3=|1 
2 
The general solution is then 
0 1 0 
Xt) =61 | 0 ge? ee | 3 | e5 +e | 1 gs. 
1 4 2 
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Using the initial conditions, we get 


0 1 0 Ca 15 
X(0) =c,|0} +c ]3]+c3]/1] = 3C9 + C3 = | 10 
1 4 2 cy + 4co + 2c3 5 


cq=15, co—15, and cs = —35 


0 1 0 
X()-15|0]|4 954-15 | 3 [0-35] 1 [24% 
1 4 2 


Therefore, 


xilt) = 15e™/50 and g(t) = 45e 1/90 — 359 -2t/75 


and  23(t) = 15e~*/ + gQe 1/50 — 7002/75 


(b) All three solutions tend to zero as t + oo which means eventually the tanks will contain 


pure water. 
0.382175 0.405188 —0.923562 
17. X = c | 0851161 | e99999* + cə | —0.676043 [e + e | —0.132174 | 4700465525 
0.359815 0.615458 0.35995 
0.0312209 —0.280232 0.262219 
0.949058 —0.836611 —0.162664 
18. X =c | 0.239535 |e? ww | —0.275304 | E La] 9826918 | 28802 
0.195825 0.176045 —0.346439 
0.0508861 0.338775 0.31957 
0.313235 —0.301294 
0.64181 0.466599 
+c4 | 0.31754 o | 0.222136 | e70155338 
0.173787 0.0534311 
—0.599108 —0.799567 


19. (a) 


20. 


21. 


22. 
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(b) Letting c; = 1 and co = 0 we get x = 5e%, y = 2e%. Eliminating the parameter we find 
y= 2x, x > 0. When c, = —1 and cz = 0 we find y = 2m, x <0. Letting cı = 0 and 
c9 = 1 we get x =e 1%, y = 4e1%. Eliminating the parameter we find y = Az, x > 0. 


Letting cı = 0 and co = —1 we find y = 42, x < 0. 


(c) The eigenvectors Kı = (5,2) and Kə = (1,4) are shown in the figure in part (A). 


In Problem 2, letting c4 = 1 and co = 0 we get z = —2et, 
y = el. Eliminating the parameter we find y = —ir, x «Q0. 
When c, = —1 and cz = 0 we find y = —iz, x 0. Letting 


c1 = 0 and cp = 1 we get x = e*, y = e*t. Eliminating the 
parameter we find y = z, x > 0. When cy = 0 and c; = -1 
we find y = x, x < 0. 


In Problem 4, letting c; = 1 and cy = 0 we get x = —2e-7*/2, 
y = et, Eliminating the parameter we find y = — $x, 
x «0. When cy = —1 and cz = 0 we find y = —32, x > 0. 


Ac, y = Be“, 


1 we get r = 
Eliminating the parameter we find y = m, x > 0. When 


Letting cy = 0 and ca = 


cı = 0 and cz = —1 we find y = 32, x < 0. 


We have det(A — AI) = à? = 0. For Àj = 0 we obtain 


A solution of (A — A I)P = K is 


SOROR 


We have det(A — AT) = (A + 1)? = 0. For A = —1 we obtain 


so that 


A solution of (A — A I)P = K is 


so that 
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23. We have det(A — AI) = (A — 2)? = 0. For A, = 2 we obtain 


A solution of (A — AI)P = K is 


so that 


24. We have det(A — AI) = (A — 6)? = 0. For A, = 6 we obtain 


A solution of (A — A1D)P = K is 


so that 


1 
X=c 2 Caan C2 à tet + 2 |e]. 
2 2 0 


25. We have det(A — AI) = (1 — AJA — 2)? = 0. For A = 1 we obtain 


K,i=)]1 


For A9 = 2 we obtain 


Kp = | 0 and K3= 


Then 
1 1 


1 
X=alilté+clo ette it fie”, 
1 1 0 
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26. We have det(A — AT) = (A — 8)(A +1)? = 0. For A1 = 8 we obtain 


2 
K;= |1 
2 
For Ap = —1 we obtain 
0 1 
Ky = | -2 and K= | -2 
1 0 
Then 
2 0 1 
X=c, | 1 e% + co —2 e tr eg Sf me 
2 1 0 


27. We have det(A — AI) = —A(5 — A)? = 0. For A = 0 we obtain 


—4 
Ky = | —5 
2 
For A9 = 5 we obtain 
—2 
K = 0 
A solution of (A — A1D)P = K is 
3 
pe 
0 
so that ; 
—4 —2 —2 2 
X=cal|-5|+0c 0 | e +c O| te" + > e? 
2 1 1 0 


28. We have det(A — AI) = (1 — \)(A — 2)? = 0. For A = 1 we obtain 


1 
K, = | 0 
0 
For A9 = 2 we obtain 
0 
K-|-1 


29. 


30. 
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A solution of (A — A2I)P = K is 


0 
P=|-1 
0 
so that 
1 0 0 0 
X=al0l|eté+< 1 e” + gs 1 | te” + 1| e% 


(= 
= 
E 
© 


Solutions of (A — A,I)P = K and (A — AiI)Q =P are 


0 3 
Pell and Q=|0 
0 0 
so that 
0 | 0 0 à 
X-al1le-ce lite ite) a 1 SE 1 | te + 
1 1 0 


We have det(A — AI) = (A — 4)? = 0. For A1 = 4 we obtain 
1 
kK = | 0 
0 
Solutions of (A — A,I)P = K and (A — 11DQ = P are 


0 0 
P=|1 and Q=|0 
1 


so that 


1 1 Lee 0 


0 
t 
X=c, | 0 ec + co 0 [3e | 1 | e + c3 0 ge t 1 ide" +10 
0 


0 0 0 0 


O O Nie 


0 


1 


e 


At 


8.2 Homogeneous Linear Systems 


31. We have det(A — AI) = (A — 4)? = 0. For A41 = 4 we obtain 


so that 


If 


then cı = —7 and cp = 13. The solutions is 


2 2t+1 
X=-—7 e*t 4-13 et. 
1 t+1 


32. We have det(A — AI) = —(A4- 1)(A — 1)? = 0. For 4; = —1 we obtain 


For A9 = 1 we obtain 


A 
bo 
Il 
= o e 
£5 
B 
a 
A 
w 
Il 
E 


so that 


If 
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33. In this case det(A — AI) = (2 — A)?, and A1 = 2 is an eigenvalue of multiplicity 5. Linearly 


independent eigenvectors are 


K = 


^ 
Il 
ococod 
Songo 
v 
5 
a 
m 
| 
oh.ooo 


34. In Problem 22 letting c; = 1 and cp = 0 we get x = e, y = e. Eliminating the parameter we 
find y= xz, x > 0. When cy = —1 and co = 0 we find y= x, x < 0. 


In Problem 23 letting c; = 1 and c2 = 0 we get z = e”, y = e”. Eliminating the parameter 


we find y= 2, x > 0. When c, = —1 and co = 0 we find y = x, x < 0. 


Phase portarit for Problem 20 Phase portarit for Problem 21 


In Problems 35-46 the form of the answer will vary according to the choice of eigenvector. For 


cost\ 4, sint\ y 
X = Gij : e Are . e^ 
2 cos t + sint 2sint — cost 


35. We have det(A — AI) = A? — 8A + 17 = 0. For À1 = 4 + i we obtain 


2-Fi 
5 
X, = 2+1 KT 2 cost — sint gibus cost + 2sint oat 
5 5 cost 5sinf 


2 cost — sint cost + 2sint 
X=c ea + C2 . et. 
5cost 5sint 


il 
example, in Problem 35, if Ky is chosen to be ( ) the solution has the form 


so that 


Then 


8.2 Homogeneous Linear Systems 


36. We have det(A — AI) = M +1 = 0. For 1 =i we obtain 


k= —1-4i4 
d a2 
==. sint — cost _f—cost—sint 
Xi = e” = +: . : 
2 2 cost 2sint 
X sint — cost n" — cost — sin t 
=G c ] 
: 2 cost : 2sint 
37. We have det(A — AI) = A? — 8A + 17 = 0. For À1 = 4+ we obtain 
K = —1-i 
DUAL a2 
X = —l-1 etit — sint — cost Aba Seine tee oat. 
2 2cost 2sint 


sint—cost\ 4 —sinté—cost\ 4, 
X-—o0 e +3 . en, 
2cost 2sint 


38. We have det(A — AI) = A? — 10A + 34 = 0. For Ay = 5 + 3i we obtain 


( A " 
Kı = 
2 


X, = 1-3 (5430) cos 3t + 3 sin 3t et seca E 
2 2 cos 3t 2 sin 3t 


cos 3t + 3 sin 3t sin 3t — 3 cos 3t 
xa | E 


so that 


Then 


so that 


Then 


so that 


Then 


2 cos 3t 2 sin 3t 


39. We have det(A — AI) = A? +9 = 0. For A1 = 3i we obtain 


4+ 3i 
5 
4+ 3i : 4 3t — 3sin 3t 4sin 3t + 3 3t 
X, = 1 ¿Bit COS sin n sin cos 
5 5 cos 3t 5 sin 3t 


( cos 3t — 3 sin " ( sin 3t + 3 cos " 
X=c) + Ca E 


so that 


Then 


5 cos 3t 5 sin 3t 
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40. We have det(A — AI) = A? --2A +5 = 0. For \; = —1 + 2i we obtain 


2+ 2i 
1 
so that 
X, = 2+2 eC) — 2 cos 2t — 2 sin 2t pi aha E ee e^t. 
1 cos 2t sin 2t 


2cos 2t —2sin2t| _, 2cos2t+2sin2t\ _, 
X=c e +c e”. 


Then 


cos 2t sin 2t 


41. We have det(A — AI) = —A (A? +1) = 0. For 4, = 0 we obtain 


1 
K, = | 0 
0 
For A9 = 7 we obtain 
—i 
Ks = 1 
1 
so that 
—1 sin t — cost 
Xə = i|e* = | -sint | +i cost 
1 cost sin t 
Then , 
sin t — cost 


X=c,|0}]+co]—sint | +c cost 


cost sint 


42. We have det(A — AI) = —(A +3)(A? — 24 +5) = 0. For Àj = —3 we obtain 


0 
K; = | -2 
1 
For Ag = 1 + 2i we obtain 
—2-1 
Kə = —31 
2 
so that 
— 2 cos 2t + sin 2t — cos 2t — 2 sin 2t 
Xə = 3sin 2t e —3 cos 2t el. 


2 cos 2t 2 sin 2t 


43. 


44. 
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Then 
0 —2 cos 2t + sin 2t — cos 2t — 2 sin 2t 
X=c, | —2 g^? + C2 3sin 2t e + C3 —3 cos 2t el. 
1 2 cos 2t 2 sin 2t 


We have det(A — AI) = (1 — A)? — 2A + 2) = 0. For Ay = 1 we obtain 


0 
K, = | 2 
1 
For Ay = 1 +1 we obtain 
1 
Ko = 1 
i 
so that 
1 cost sint 
X= | 1 ett — | —sint | eb +i | cost | e. 
1 —sint cost 
Then 
0 cos t sin t 
X=c, | 2) é+ |-sint]| e + c3 | cost et. 
1 — sint cost 


We have det(A — ATI) = —(A — 6) — 8A + 20) = 0. For A1 = 6 we obtain 


0 
K, =] 1 
0 
For Aa = 4 + 2i we obtain 
—i 
Ky = 0 
2 
so that 
—1 sin 2t — cos 2t 
X;-| o[|e**?*—-| o | e+: 0 a, 
2 2 cos 2t 2 sin 2t 
Then 
0 sin 2t — cos 2t 
X=cq [1] &+eQ 0 g + C3 0 gu. 


0 2 cos 2t 2 sin 2t 
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We have det(A — AI) = (2 — A)(A? + 4A + 13) = 0. For A, = 2 we obtain 


28 
K, =] -5 
25 
For A9 = —2 + 32 we obtain 
4+ 3i 
K» = —5 
0 
so that 
4+ 32 4 cos 3t — 3sin 3t 4 sin 3t + 3 cos 3t 
X» = —5 gh 2906 — —5 cos 3t 877 4g —5 sin 3t g^ 
0 0 0 
Then 
28 4 cos 3t — 3sin 3t 4 sin 3t + 3 cos 3t 
X=c, | —5 g^ ae C2 —5 cos 3t g^ a C3 —5 sin 3t g^", 
25 0 0 


We have det(A — AI) = —(A + 2)(A? + 4) = 0. For A1 = —2 we obtain 


0 
K, =|-1 
1 
For A9 = 2i we obtain 
—2 — 24 
Kə = 1 
1 
so that 
—2 — 21 —2 cos 2t + 2sin 2t —2 cos 2t — 2 sin 2t 
Xə = 1 et — cos 2t +i sin 2t 
1 cos 2t sin 2t 
Then 
0 —2 cos 2t + 2 sin 2t —2 cos 2t — 2 sin 2t 
X-a[|-1|e ce cos 2t + C3 sin 2t 
1 cos 2t sin 2t 


47. 


48. 


8.2 Homogeneous Linear Systems 


We have det(A — AI) = (1 — A)(A? + 25) = 0. For A1 = 1 we obtain 


25 
K, = | -7 
6 
For A9 = 5i we obtain 
1+ 52 
Kə = 1 
1 
so that 
1+ 52 cos öt — 5sin öt sin 5t + 5 cos 5t 
Xo = 1 et = cos 5t +i sin 5t 
1 cos 5t sin 5t 
Then 
25 cos 5t — 5sin 5t sin 5t + 5 cos 5t 
X=c|-7| e+e cos 5t | + C3 sin 5t 
6 cos 5t sin 5t 
If 
4 
X(0) = 6 
—7 
then cy = c? = —1 and c3 = 6. The solution is 
25 cos 5t — 5 sin 5t sin 5t + 5 cos 5t 
X--r| erbe cos 5t +6 sin 5t 
6 cos 5t sin 5t 
We have det(A — AI) = A? — 10A + 29 = 0. For A1 = 5 + 2i we obtain 


K, = 1 
MESES 
X = iL | O12) _ cos 2t | E sal sin 2t e. 
1-2 cos 2t + 2 sin 2t sin 2t — 2 cos 2t 


cos 2t 5t sin 2t 5t 
X =C1 . € cto. e”, 
cos 2t + 2 sin 2t sin 2t — 2 cos 2t 


—2 
If X(0) = | J then cı = —2 and cz = —5. The solution is 


cos 2t 5t sin 2t 5t 
X = -9 : en” = 5 . en. 
cos 2t + 2 sin 2t sin 2t — 2 cos 2t 


so that 


and 
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49. (a) The system to solve is 


dai 1 + 

— = -— T1 + —2 

dt 0° T0” =i 0 d 

da» 1 1 / 1 1 

2 = 29^! — 292 'Thus X = 20 2% 0|X 

1 1 

dez 1 1 Ü 2 —1 

== 


dt 20 10 


(b) The eigenvalues and eigenvectors of the coefficient 
det(A — AI) = 0 to get 


2 1 í —1-4 
A=0 so K¡=|2], À2 — -1g +2 so K= i , 
1 1 
=1+1 
d Az = : 2 K; = j 
d dam c m : 


The general solution is then 


2 — cos at + sin Ht — COS aut — sin 5t 
X(t) =c, | 2] +e —sin aut g t + c3 cos yt gm 
1 COS Ht sin aut 
Using the initial conditions, we get 
2 -1 —1 30 
X(0) =c |/2)]4+c 0 + C3 1 = | 20 
1 1 0 5 
cq —1l, co— —6, and cz, = —2 
2 — cos got + sin yit — cos ait — sin yit 
X(t)=11] 2] -6 —sin Lt et _ 9 cos dct ee 
1 cos ait sin t 
50. (a) From Problem 49, 
2 — cos at + sin yit COS at — sin at 
X(t) =11] 2] -6 — sin at g UmML L g — cos at eu 
1 cos aut sin Ht 


8.2 Homogeneous Linear Systems 
The sum of the three individual solutions is 


20 20 0 20 


1 1 
E + (s sin x!) g te + (2 cos nt) a + 
| —t/10 i.d —t/10 
11+ | —6 cos 29! € + | —2sin 20! € = 55 


1 1 1 1 
E + (s cos —t — 6sin x) e t/10 + (-2 cos 29! + 2sin x!) E + 


This shows that the total amount of salt in the system remains constant over time. The 


fact that the sum x(t) + xa(t) + z3(t) is a constant can also be seen from the fact that 


dx, da» dr3 — d 
u “a a qe vad-uS) 0. 


(b) From the last three equation in part (b) of Problem 49 we see that | x(t) | > 
x3(t) 


as t — oo. These are steady state solutions and represent the fact that regardless of the 
initial amount of salt in each tank (see note below) the salt attains a uniform distribution 
in the system over time, that is, 22/55 or 4096 of salt in each of the tanks A and B and 


11/55 or 20% in tank C. 


(Note: Regardless of intial conditions note that from the equations in part (b) of Problem 


49, 
x1(t) 2c3 
xa(t) | ^ | 2c3 | ast= oo 
za (t) C3 


Moreover, x(t) 4- z2(t) + z3(t) = 5c3. So over time there is 2c3/5c3 = 0.4 or 40% in tank 


A, 2c + 3/5c3 = 0.4 or 40% in tank B, and c3/5c3 = 0.2 or 20% in tank C.) 


51. d 


Phase portrait for Problem 38 Phase portrait for Problem 39 Phase portrait for Problem 40 


52. Letting xı = y1, 1, = ya, Ta = ya, and x, = ya we have 


y4 = 19 = 4a — 4x2 = 4y1 — 4ys. 


535 


536 CHAPTER 8 SYSTEMS OF LINEAR FIRST-ORDER DIFFERENTIAL EQUATIONS 


The corresponding linear system is 


yi yo 


y, = —10y1 + 4y3 


Us — Ya 
y4 = 4y1 — 4y3 
or 
0 1 0 0 
y [3100 40 
r= 0 0 0 1 Y. 
4 0 —4 0 


Using a CAS, we find eigenvalues +y2i and +2\/3i with corresponding eigenvectors 


TV2i/A 0 TV2/A 
1/2 [1/2 " 0 
Fy2i/2| | 0 ' xJ2/2 
1 1 0 
and 
+3 i/3 0 +V/3/3 
=9 —2 0 


8.2 Homogeneous Linear Systems 


Thus 
0 —2/4 
1/2 0 
Y esu / cos V2t — sin V2t 
0 —y2/2 
iE 0 
(s Ld 
0 1/2 
+ Ca | cos V2t + / sin V2t| 
— 2/2 0 
o i 
0 /3/3 
—2 0 
+ c3 cos 2/3 t — sin2V3t 
0 —3/6 
1 0 
V3/3 0 
0 —2 
+ c4 cos 2V/3t + sin2V3t 
—.3/6 0 
0 1 


The initial conditions y1(0) = 0, y2(0) = 1, y3(0) = 0, and y4(0) = —1 imply cı = -2 To 
C3 = —3, and c4 = 0. Thus, 
2 3 
zıt) = y(t) = EL sin V2t + of sin 2V3t 


pot) = yet) = me sin V2t — = sin 2V3t. 


53. (a) From det(A — AI) = A(A — 2) = 0 we get Ay = 0 and A9 = 2. For A1 = 0 we obtain 


1 1| 0 1 1| 0 —1 
— so that Kı = , 
1 1| 0 0 0| 0 1 


For Ag = 2 we obtain 
0 —] 1] 0 1 
— so that Ko = : 
0 0 0| 0 1 


Then 
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The line y = —z is not a trajectory of the system. 
Trajectories are xy = —c, + Ce”, Yy = c F coe2 or 


y = x +2cı. This is a family of lines perpendicular to 


the line y = —z. All of the constant solutions of the 


system do, however, lie on the line y = —z. 


(b) From det(A — AI) = M = 0 we get A; = 0 and 


K= E) 


A solution of (A — A1D)P = K is 


ONE 


so that 


All trajectories are parallel to y = —x, but y = —zx is 
not a trajectory. There are constant solutions of the 
system, however, that do lie on the line y = —x. 
EN 


54. The system of differential equations is 


xi = 211 + T2 
Lo = 2x92 
z$ = 223 
T4 = 214 +25 


r; = A 


2t 


We see immediately that x2 = c2e%, £3 = c3e%, and z5 = cge?*. Then 


zi = 2x1 + coe” SO r= cate?! + ce", 


and 


zh = 244+ cpe” SO Za = cate? + cae”. 
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The general solution of the system is 


cote” + ce” 1 ll 0 
cae?! 0 0 1 
X= cae?! =c, | 0 giu Ca 0 | te* + |0| e” 
este?! + eye? 0 0 0 
cpe” 0 | 0 0 | 
0 0 0 0 | 
0 0 0 0 
+3 | 1 gr c4 | 0 gi. C5 0 | te + |0| e% 
0 1 1 0 
0 0 | 0 1 | 


| 


= a4 Kje? + c | Kite” + e” | + c3 Ke% + c4K3e% + c5 | Kate?! + 


| | | 


There are three solutions of the form X = Ke?!, where K is an eigenvector, and two solutions 
of the form X = Kte” + Pe”. See (12) in the text. From (13) and (14) in the text 


O o oOo Ff o 
= O O O C 
m 
N 
+ 


(A — 2DK; =0 


and 


(A — 2DP, = Kj. 


This implies 


01000 P1 1 
00000 P2 0 
00000 p|=|0], 
000 0 1 pa 0 
0 00 0 0 ps5 0 


so pg = 1 and ps = 0, while pi, ps, and p4 are arbitrary. Choosing pı = p3 = pa = 0 we have 


Pı = 


S Cc Cz © 
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Therefore a solution is 


1 0 
0 1 
X=|0| te*+]0] e? 
0 0 
0 0 
Repeating for K3 we find 
0 
0 
P>=|0], 
0 
il 
so another solution is 
0 0 
0 0 
X= 10 | te? +04 e” 
1 0 
0 1 


55. From x = 2cos2t — 2sin 2t, y = — cos 2t we find x + 2y = —2sin 2t. Then 
(a + 2y)? = Asin? 2t = 4(1 — cos? 2t) = 4 — 4cos? 2t = 4 — 4y? 


and 
2? + 4xy + Ay? = 4 — 4? or a? + day + 8y? = 4. 


This is a rotated conic section and, from the discriminant b? — 4ac = 16 — 32 < 0, we see that 


the curve is an ellipse. 


56. Suppose the eigenvalues are œ + iĝ, B > 0. In Problem 38 the eigenvalues are 5 + 3i, in 


Problem 39 they are +32, and in Problem 40 they are —1 + 2i. From Problem 51 we deduce 
that the phase portrait will consist of a family of closed curves when a = 0 and spirals when 


a #0. The origin will be a repellor when a > 0, and an attractor when a < 0. 


8.3 Nonhomogeneous Linear Systems 


1. Solving 
2—A 3 


det(A — AI) = d Jaj 


=)°-1=(A-1)\(à+1)=0 


we obtain eigenvalues À1 = —1 and Ag = 1. Corresponding eigenvectors are 


(2) wt n - (3). 


8.3 Nonhomogeneous Linear Systems 


Thus 


Substituting 


into the system yields 


2a, + 3b, =7 
== 2b = —5, 
from which we obtain a, = —1 and bı = 3. Then 
—1 =: zd 
X(t) =c1 | i stal Jj e + | Jj 
. Solving 
5—A 9 


det(A — AI) = = M — 16+ 64 = (A— 8? = 0 


—1 11-A 


we obtain the eigenvalue A = 8. A corresponding eigenvector is 


Thus 


Substituting 


into the system yields 


5a, + 9b; = —2 
—aj +11b; = —6, 


from which we obtain a; = 1/2 and b, = —1/2. Then 


3 2 
i ga C E 
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3. Solving 
1—A 3 2 
det(A — AI) = = A —2\—8 = (A-4)(A4 2) =0 
3 1—A 
we obtain eigenvalues A; = —2 and A» = 4. Corresponding eigenvectors are 
K i d K : 
= n = s 
hey s F 
Thus 
1 
Xe = —2t At 
C1 (2 € + Ca () e 
Substituting 


into the system yields 


a3 + 303 = 2 ag + 3b9 = 2a3 a, + 3b1 = as 
3a3 + b3 = 0 3a2 + b2 + 1 = 2b3 3a, +6, +5 = bə 


from which we obtain a3 = —1/4, bs = 3/4, az = 1/4, bg = —1/4, a, = —2, and b, = 3/4. 


Then 
1 iT -i n =, 
X(f) ee eya gu go t+ ; 
zx 1 3 =l 3 
4 4 4 
4. Solving 
det(A. wel. 7 (21-21 +17=0 
° f4 i- 7 


we obtain eigenvalues A; = 1 + 4i and A9 = 1 — 4i. Corresponding eigenvectors are 


E a n (1). 


Thus 
x : re a hn: =i aec] lmala 
— 1n = 1n 
c=C1 i COS D S €" + 0 COS i S € 
7 — sin 4t fa. — cos 4t " 
"UM cos 4t uM sin 4t E 
Substituting 


8.3 Nonhomogeneous Linear Systems 


into the system yields 


ü3 — 4b3 = —4 ag — Abo = a3 —541 = 4b, —-—9 


4a3 + b3 = 1 das + ba = b3 4a, — 5b; = —1 


from which we obtain a3 = 0, b3 = 1, a2 = 4/17, b = 1/17, a1 = 1, and bı = 1. Then 
— sin 4t — cos 4t 0 5 1 
Xu el + cz ef + t+ + gos, 
cos 4t — sin 4t 1 — 1 


1 
3 
9 6-—à 


. Solving 


det(A — AI) — = A—10A + 21 = (A — 3)(A — 7) 20 


we obtain the eigenvalues A; = 3 and A» = 7. Corresponding eigenvectors are 


TEETE 


Thus 


Substituting 


into the system yields 
3a, + is =3 
ee i MEE 
17 391 
9a1 + 5b, — —10 


from which we obtain a, = 55/36 and bı = —19/4. Then 


1 1 5 

xo -a( Jara.) je 
—3 9 — 18 
4 


. Solving 


we obtain the eigenvalues A, = 27 and Ay = —2i. Corresponding eigenvectors are 


5 5 
Kı = l and K= a} 
14+ 21 1-2 


543 


544 


CHAPTER 8 SYSTEMS OF LINEAR FIRST-ORDER DIFFERENTIAL EQUATIONS 


5 cos 2t 5sin 2t 
X.=C1 . + C2 y . 
cos 2t — 2 sin 2t 2 cos 2t + sin 2t 


Thus 


Substituting 


into the system yields 


—à3 + 5b9— a, = 0 

ag + bg — bı —2=0 
—aı + 5b) +a2 +1=0 
—a, +b; + b2 =0 


from which we obtain a9 = —3, b2 = —2/3, a; = —1/3, and bı = 1/3. Then 


X(t) 5 cos 2t " 5sin 2t " —3 kd -i - 
=cC c cos sint. 
! cos 2t — 2sin 2t ? 2 cos2t + sin 2t -2 1 


. Solving 


det(A-AD=| 0 2-A 3 |2ü-2)2-2)6-2)20 
0 0 5—A 


we obtain the eigenvalues A, = 1, Ag = 2, and Az = 5. Corresponding eigenvectors are 


1 1 1 
K,=]0], Ko-|1 and K3= | 2 
0 0 2 
Thus 
1 1 1 
Xe =C | 0] +C [1] e*+C3 | 2] e5 
0 0 2 
Substituting 
a1 
Xp, = | dy en 
C1 
into the system yields 
3a, +b1+c1=-—1 
—2b, +3c1 =1 


cy = —2 


8.3 Nonhomogeneous Linear Systems 


from which we obtain cı = —2, bı = —7/2, and a, = —3/2. Then 


3 
1 1 1 2 
X(t) =C |0| +C] 1| e*+C |2| e+ -i e. 
0 0 2 —9 
. Solving 
=A 0 5 
det(A-AD=|0 5-A O}] =-(A—5)?(A+5) =0 
5 0 =A 
we obtain the eigenvalues Ay = 5, Ag = 5, and A3 = —5. Corresponding eigenvectors are 
1 1 
Ki = 0 , Kə = 1 and K3 = 0 
0 1 — 
Thus 
1 1 
X.=C1]|0 ga +Cəļ| 1 eñt + C3 Ole 
1 1 —1 
Substituting 
ay 
Ag | $1 
C1 
into the system yields 
9C1 =-5 
5b; = 10 
541 = —40 
from which we obtain c; = —1, bı = 2, and a, = —8. Then 
1 1 1 —8 
X0 [0|e6--0,]1]le +c.) O0|e*-I.9 
1 1 —1 —1 


The eigenvalues and eigenvectors of the coefficient matrix are found by solving det(A — AI) = 0 


to get 


1 2 
A171 so x= ) and à2—2 so x= ( ; 
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The complementary solution is then 


1 2 
x)= c4 Kie^! + cKoe9! = c | ) eb 4 co | ; e” 


a 
Based on the form of F(t), guess X, = (5) and force it into the original system to get 
1 


—9 
Xp = ( j . The general solution is then 


Ly JA) ous —9 
X=X.+X, =C1 zi € + 23 e^ + 6 


Next use the initial condition to solve for cı and ca: 


X(0) =a (a) re (5) i (o) = (z) 


€; —13 and c= —4 


x-a Jea (] 


10. First solve the associated homogeneous system 
p Jr =l 
X= X 
1 3 
The eigenvalues of the coefficient matrix are found by solving det(A — AI) = 0 to get A; = 
—1 EN 
Kı = Thus X; = e 
1 1 
TE -1 2t 1 2t 
A second solution is found to be Xə = 1 te“! + ü e”, and so we have 


X(t) — a E) el + © te” + () B 


aot + ai 
bat + by 


A2 = 2 so we get 


Based on the form of F(t), guess X, = | and force it into the original system to 


—t—1 
get X, = | 0 . The general solution is then 


8.3 Nonhomogeneous Linear Systems 547 


Next use the initial condition to solve for c4 and co: 


(e GAE 


11. (a) From the discussion in Section 2.9 we get the system 


dai 3 
= =p 3289 


—— 3 1 
dt 100 100 — 100 100 0 
3 Thus X’ = ( E iH X + ( 
1 iL 1 _l 
T2 = — zı ——r2 +1 50 25 


dt 50 25 


(b) First solve the associated homogeneous system 


_3 d. 
100 100 
X’ = | X 
4 d 
25 


The eigenvalues and eigenvectors of the coefficient matrix are found by solving det(A — 
AI) — 0 to get 


s kel d. ge Kal 
1==>2) so 1= 9 an 2— 750 SO 2= 1 


'The complementary solution is then 


agl- 


si 1 
X(t) = ei Kiet + c9Koe*! = e | ) e iP + es () pum 


a 
Based on the form of F(t), guess X, = G and force it into the original system to get 
1 


10 
Xp = " . The general solution is then 


—1 1 10 
X=X.+X,=01 3 e-t/20 y Co () e7t/50 4 " 


Next use the initial condition to solve for c4 and c»: 
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10 
(c) The solution X(t) > auf 5 t — oo. Over a long period of time the total amount of 


salt in the system of tanks approaches 40 Ib. 


(d) 


60 


12. (a) Let X — H so that 


13 


um gn a 2\ tio EE 
= an = C e C € š 
-2 —5 60 ETE o ? i9 


0 
For X(0) — (o we find c, = —12 and cp = —6. 


(b) i(t) = ig(t) + i3(¢) = —12e7* — 18e-9* + 30. 


13. From 


we obtain 


: 
. | 


14. 


15. 
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so that 


and 


The solution is 


From 
xe xe 
OMS eg 4 
we obtain 
X, = t by 1 t 
c — C1 1 € C2 3 € 
Then 24 - 
to et še™ —se- 
} = , ; and dote] : 
e 3 cig Let 
so that 
E! —2te t 2te™t + De 
U = o F dt => f t dt = t i 
2te 2te’ — 2e 
and 


The solution is 


From 
4 =1 —1 
we obtain 
10 2 
Q5 | ; e? + e, E et? 
Then 


10e3/2  Qet/2 : ze 3t/2 e 9? 
o = o = 
ae quum a 3 o—t/2 5 ¿—t/2 
4 2 


549 


550 CHAPTER 8 SYSTEMS OF LINEAR FIRST-ORDER DIFFERENTIAL EQUATIONS 


so that 


and 


16. From 
j —1 sin 2t 
xX = X + 
4 2 2 cos 2t 
we obtain 
— sin 2f cos 2t 
X =$ 2t 2 
BU ms dix Bes r 
Then 
- DE e? cos2t a —e sin2t ie? cos2t 
2e” cos2t 2e% sin 2t e ^! cos 2t i e 7 sin 2t 
so that 
cos 4t n sin 4t 
U= f era - | dt — 
sin 4t — n cos 4t 
and 


— ; sin 2t sin 4t — 1 cos 2t cos ) 
e”. 


Xp = PU = 
> cos 2t sin 4t — > sin 2t cos 4t 


The solution is 


s 1 
— sin 2t cos 2t — 3 sin 2t sin 4t — 7 cos 2t cos 4t 
x-x xa Jaro Je+( 4 4 e% 


2 cos 2t 2 sin 2t i cos 2t sin 4t — i sin 2t cos 4t 
17. From 
x! 0 2 Xa 131 
= € 
-1 3 —1 
we obtain 
2 1 

X.=C1 H e + C2 B e” 

Then 


18. 


19. 
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so that 


and 


The solution is 


2|, lo 4 t 3) 1 
X=X.+X, =C1 i]9 091. pers Pate 


From 
x-(| ?^?|x + ^ 
Co ee. 3 e 3 
we obtain 
2 1 
X.=C1 H eg C2 () e” 
Then 
det ett - et gt 
f= d ai and $ = _e A 969-3t 
so that 
U= | "Fat =/ "Wr 
2e + 2e e72t — 2e-5t 
and 


The solution is 


From 
x-[! ?|x + Hj, 
CAS xs 12 
we obtain 
4 —2 
X.—048 (i) e Ca | J ew 
Then 
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20. 


21. 
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E 6te t —9te- 3 EN 2e 7! 
U-j[e'rd- [| .) d= "nh 
2te — 3€ 
4 
—12 =3 
— nel 
3 
4| s =2N a -12 3 
X=X.+X, =C1 1 e 4 co 1 e+ 0 t— | 
3 


so that 


and 


The solution is 


From 
x dl 8 Xa ect 
EI tet 
we obtain 
4 —2 
X.—0 () ga C2 | 3 ga 
ane 1,-3t 1,-3t 
3 =3 le- lg^ 
o = a e and @® t= : a 
E 3t 3t n 1.30  2,3t 
€ € — 6€ 3€ 
so that 
1,—4t | 1,45—2t | 15-40. l} —2t_ 1 ,—2t 
s fora -f je Ct te a 27€ ¿te Be 
-iet n 2 pelt Let + ltet u dett 
and 


The solution is 


t d. 
4 -2 te” + ze 
K=X,+X,=a(_|e+e a : 
1 1 lety le 


From 
x! 3 2 X4 2i 4 
= € 
—2 -1 1 
we obtain 
1|, 1 t 0 t 
X.=C1 € + te + e |. 
—1 1 l 
2 
Then 


e! — 2te* 
2e^t 


—2te^t 
Ze? 


22. 


23. 
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= 26795 Gte jet + Ste" 
U= / 9 Fdt= Get dt — Sga 


so that 


and 


The solution is 


ps 

Il 

p 

o 

+ 

p 

8 

Il 

[ey 

RS 
A, 
A 

a 

+ 

Q 

bo 
AOS 
TS 
+ 
c 
SS 

a 

+ 
SS 
Ms tol 
NL 

B 


From 
X' = : : X + : 
"Aem c 1 
we obtain 
X= c e + c3 te + e|. 
—1 = 1 
2 
Then 
et tet E e '—2te* —2te t 
o = o da i and DH ^— E E" 
—e se’ —te 2e 2e 
so that 
sj p — dip Be + dip 
U= | + Fdt— dt = 
2e^t Ya? 
and 


The solution is 


From 
x 0 —1 Xa sect 
|» 41 0 0 
we obtain 
cost sin t 
sint — cost 
Then 


cost sint E cost sint 
$-—|. and $ =| 
sint — cost sint — cost 
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24. 


25. 
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-/ m -| 1 E t 
U= | + Fdt= dt = 
tant — In | cos ż| 


tcost — sint In| cos ¢| 
X, =6U = ; 


so that 


and 


tsin t + cost ln | cost] 


The solution is 


cos t sint t cost — sin t ln | cos t| 
ce a1 bs tl. 
sint — cost tsin t + cost ln | cos t| 


From 
x! 1 -1 Xa 3|, 
= e 
1 1 3 
we obtain 
( sin ) t P j t 
X.—0 et+cl|. e”. 
cost sint 
Then 
—sint cost) , 4 —siné cost| _, 
$ = . e and $ = . € 
cost sint cost sint 
so that 
—3sint + 3cost 3cost+ 3sint 
u= fara- f . dt = , 
3cost+ 3sint 3sint — 3cost 
and 


—3 " 
X,-eU-| Je: 


The solution is 


From 
, 1 -1 cost) , 
X = X-c|. € 
1 T sin t 
we obtain 
Then 


cost sint 


— sint cost 
o = ; 
cost sint 


—sint cost 
e” and e )e 


26. 


27. 
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U= ora | (‘) dt = ( 


so that 


and 


The solution is 


From 
—2 14 1 
X’ = X+ =g% 
(o)! 
we obtain 
1 5 
xS ( Pigs | tie H = 
2. 
Then , 
1 t+5 —4t—-1 Spa] 
o = ñ e? and @ t= e” 
2 2+4 4 —2 
so that 
2+2/t 2t 4- 21nt 
U = e Fa] an 
—2/t —2Int 
and 


2t + Int — 2tlnt a” 
ái Bing — seine} © 


x, =u- ( 


The solution is 


1 
1 5T! 2t -- In t — 2t1nt 
X=X,+Xp= cy g dco - ee. gd 
2 I 2t At + 31nt — 4tlnt 


From 
j 0 1 0 
X = X+ 
—] 0 sect tant 
we obtain 
cost sin t 
X. =c | ! + Ca ( : 
—sint cost 
Then 


cost sint = cost —sint 
$ = ? t and B*=| | 
—sint cost sint cost 
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28. 


29. 
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— tan? t t— tant 
u= f era - | dt = 
tant — In| cost] 
cos t —sint sin t 
X, = pU = t+. = In | cos t]. 
— sint sinttant cost 
The solution is 


cost sin t cost — sint sint 
X =X.+X, =C1 . + ca + . t+ {. — In | cos t| 
— sint cost — sint sin ttan t cost 


so that 


and 


From 
X’ = E X+ | 
"Ai 0 cot t 
we obtain 
cost sin t 
— sint cost 
Then 
cost sint 4 cost —sint 
$ = : and $^"-[. 
—sint cost sin t cost 
so that 
E 0 0 
U= | > Fdt-— dt = 
csc t In | csc t — cot t| 
and 


sin tln | cesc t — cot t| 
X, =U = 
cos tln | csc t — cot t| 


The solution is 


cost sint sin tln | csc t — cot t| 
X—-X.-X,—oa "EL * 
— sint cos t cos tln | csc t — cot t| 


From 
; 12 csct\ y 
X = X + 
—1l | sect 
2 
we obtain 
2sint\ , 2cost\ , 
X.=C1 e +c : 

cost — sint 

Then 


. qs 
2sint 2cost\ , -i zsint cost T 
$ = : e and ® = € 
cost —sint e — sint 


2 
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3 
5t 
u= |era- f dt = i 
i cot t — tant iln|sint| + In | cos t| 


3sint i cos t A 2cost t 
X,=8U=(, te+| | e"In|sint| + , e” In | cos t|. 
5 cost —3sint — sint 


The solution is 


2sint| , 2cost| , 3sin t : 
X=X,+Xp= cy e +0 : e+ te 
cost —sint 3 cost 
cost\ , : 2cost\ , 
F| a eln |sint| + , e” In| cos t| 
—35sint — sint 


so that 


tolo 


and 


30. From 
x 1 -2 x4 tant 
Ado =i 1 
we obtain 
cost — sint cost + sint 
X, = (1 + Ca . z 
cost sint 
Then 
cost—sint cost+sint — sint cost+sint 
= . and $!- 
cost sint cost sint — cost 
so that 


4 2 cost + sint — sect 2sint — cost — In | sect + tan t| 
U= | &'Fadt = | dt — i 
2sint — cost —2cost — sint 


and 


X, = 6U = pe i 


—1 — cost In [sect + tan t| 


The solution is 


cost — sin t cos t + sin t 
X=X.+X,=C1 + Ca i 
cos t sin t 


" 5 — cos tln [sect + tan t| + sin ż ln [sect + E 


—1 — cost In [sect + tan t| 


31. From 
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we obtain 
1 1 0 
X.=a|-1|+c09 1 e% +c3 | 0 e. 
0 0 1 
Then : ; 
1 e 0 2 23 0 
b=|-1 e 0 and $ != le 2t le 2 9 
0 0 ext 0 0 e 3 
so that 
lg 1g Let digi 
U- [err dt = f tpi des ee 
t 142 
and 


12t 14,,2t 
— qe + zte 


X, = PU = —e 4 ie + ste! 
142 ¢3t 
The solution is 
1,2t , 1,,2t 
1 1 0 —3€" + ste 
X—X.-X,—cl-1l-cocl1 ge ou 0 | e + —el + jet + ite” 
0 0 iL 12638 
32. From 
3 —1 -1 0 
x’ = 1 —_1|X+]| € 
i =) d 2e! 
we obtain 
1 1 1 
X.=al1leé+cl1 e Ls 0 ea" 
1 0 1 
Then 
at gu 2 eo! get et 
$—|c e 0 and @® != | e? 0 ag 
et 0 et e t —e- t 0 
so that 
te t9 —ie * — et + 9t 


33. 


34. 


35. 
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and 


The solution is 


1 


1 1 => =3 2 2 
X=X.+X,=c1 | 1 e+ co 1 ee (P ac lil] tt | S|] Bi ee al 
1 0 1 


—3 0 2 
4 


From 


we obtain 


and 


d 0 =2 +t — 1 
X= es-'(0)x() +6 | sees (ew È. T 
0 


From 
welt \x, fr 
Nee -= 1/t 
we obtain 
_ (i tte a -t 1+t | 
1 t 1 —1 
and 


xb -11 3 a 100sin t 
7 3 c3 0 


and 
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ae 1,2 3,2 
t t 
= e- gent "- he de 
A -e-J i Belt _ 1 p12 ? 
10 10 
Li 10e% sint 2e% (2 sin t — cost) 
U= $ F dt = 12t dt = . E 
30e sint $e" (12sint — cost) 
and 
— sin t — = cost 
x = = 
ais 216 sint — 228 cost 
29 29 
so that 


0 
If X(0) = " then cı = 2 and cz = >. 


The solutions is 


x (emu h uomo s (uuu s (89) uu, 
_ E aaa — in t. 
3]* 29 | 1] © 29 \ 42) °°" * 29 189] ^ 


36. Write the differential equation as a system 


y =v y 7 0 1 y 0 
v ——Quyu— Pv 4 f pS 90] \-Q =P) lu = f) 


From (9) in the text of this section, a particular solution is then Xp = ®(x) f & !(z)F(z) dx 


where 
u 
(x) = P and Xp = ae 
V Ya u2 
Then 
E 1 V) —Y2 
O | "5 ! 
yy — Y2Y1 \ -Y1 Ui 
SO 


and W = y1y5 — yay;. Thus 


uj -[2 mas and t2 - {a dx, 


which are the antiderivative forms of the equations in (5) of Section 4.6 in the text. 
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37. (a) The eigenvalues are 0, 1, 3, and 4, with corresponding eigenvectors 


—6 2 3 —1 
—4 1 1 1 
i]? of? als E 0 
2 0 1 0 
1 2 
—6 2et 3e3t et 0 0 3 3 
1 ,-t 1 .—t =t B f 
4 et et elt qe ze —2e 3€ 
= zc 
we 0 2 0 |? = E e a ee 
e 0 0 3€ 73€ 
2- 0. et 10 
2 et 2g 0 lg 
2. 1,2 
373€ 
1,-2t , 8,-t t,1 
26 428—254 eat 
(c) 27(1)F() = j als 
-i e 3 4 ig 
Zg + lg 1 42-38 
-i ett + 2t 
ce $e 2e + 1? 
[tore dt = , 
Let Ze 
grise dg Hae Let 1 £e-3t 


—6c1 + 2cge! + 3cge% — c4 e*t 
—4c4 + coe’ + cae + cet 
c+ 2c3 0% 
2c, + cze% 
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—6c1 + 2coef + 3c3e%* — cet 
—4c] + coe + cge% + cae” 
c1 + 2c3e% 
2c, + cae?! 


Loeb... d£. 45.1054 149.4 59 
Be ge c gte tatie -M-i 
E 


+ 
3,20, 2 2 
esit y 
—6 2 3 —1 
4 il 1 1 
t 3t At 
e E e cc e 
1 0 ab "d 0 
2 0 1 0 
5e% ze ze z te! ie At 
" 20 — Set ++ det + Ste! + piel — st- 


8.4 Matrix Exponential 


1 0 
1. For A — we have 
0 2 


and so on. In general 
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Thus 
A, A? A3. 
At — 2 3 
dimer i p ME 
COPA 1/1 O} 110, rift Oea 
CA 4 1! \0 2 20 4 3! \0 8 
E 
Lt y d p 0 v ; 
~ s 20? (203 2t 
0 Lec O2 m Tes is 


and 
—t 
a = 1 j 2 
0 e t 


and so on. In general, 


A, k=1,3,5, 
AF = 
I, k=2,4,6, 
Thus 
A A? A? 
At — 2 3 
A An 


_ 1 2 1 3 
SUA A AP paie 


sii As pa 
ZI AT be) ba (04 at "ui ratito 


cosht sinht 
sinht cosht 


=Icosht+ Asinht = | 


—sinht cosh t 


and 
ZA s (—t) sinh ») | cosht -— sinh ,) 
e = E 
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3. For 


i 1 4 
A=| 1 1 1 
—2 LU. 8 
we have 
l1 1 1 I Go 1 000 
A =j 1 1 1 1 1 1|=|000 
DE 3 S eue 220 000 
Thus, A? = Af = A? — ... = 0 and 
100 t Æ. £i t+1 t€ t 
et=I+At=l0 0 [3 t t tl=l t ¢t41 t 
001 -2 -Q L9) DE Ur Ba 
4. For 
000 
A=/|3 0 0 
510 
we have 
00 0\ /0 0 0 00 0 
A?=/3 0 01130 0|=|0 0 0 
510/3510 300 
00 ùA 000 000 
A?’ = AA°=|3 0 O | [0 0 O] =|0 0 0 
5 1 0/ \3 0 0 00 0 
Thus, At = A? = A® =... = 0 and 
1 
e^t za Ate Ae 
100 000 0 00 1 0 0 
=l0 1 0 |+|3t 0 0| +] 0 gau 3t 10 
00 1 5 t 0 30 0 0 30 5t t 1 


6. Using the result of Problem 2, 


cosht sinht C1 cosh t sinh t 
X= : = €1 . + Ca i 
sinht cosht C2 sinh t cosh t 
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7. Using the result of Problem 3, 


t+1 t t C1 t+1 t t 
X= t t+1 t Ca | —61 t Pcs |t+1 F C3 t 
e —2t -241) Ve —23t A -2+1 


8. Using the result of Problem 4, 


X= 3t Ca | = 3t +co}]1]+c3 ] 0 
SPI x Ay Ve 3t? + 5t t 1 


9. To solve 


3 
we identify to = 0, F(t) = | i) and use the results of Problem 1 and Equation (6) in the 


text. 


10. To solve 


t 
we identify tọ = 0, F(t) = | :) , and use the results of Problem 1 and Equation (6) in the 
e 


text. 
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Il 
$ 90 
% n 
c 
> 
-+ 
ATEN 
ÁO | 
o c 
ws 

* | 
E 
= 
de 
N 0 
+ 0 
yxa 
Il 
Q 
os 
ATTN 
O me 
yao Nie 
m 
a 
+ 
Q 
N 
HER: 
— 
[e] 
ho 
cM 
+ 
ZU 78 
gie e 
m 
e | 
E 

= 
yx 


11. To solve 


1 
we identify ty = 0, F(t) = (). and use the results of Problem 2 and Equation (6) in the 


text. 
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7 cosht sinht Cl " cosht sinht / t coshs — sinh s 
— \sinht cosht C2 sinht cosht/ Jg \—sinhs cosh s 
c1 cosh t + ca sinh £ " cosht sinht / t cosh s — sinh s d 
= E 
cı sinh t + c2 cosh t sinht cosht/ Jg \— sinh s + cosh s 
t 
| [€ cosht + casinht E cosht sinht sinh s — cosh s 
7 cı sinh t + cz cosh t sinht cosht — cosh s + sinh s 
| [ea cosh t + co sinh t a cosht sinht sinh t — cosht + 1 
7 cı sinh t + cz cosh t sinht cosh t — cosh t + sinht + 1 
| [ua cosh t + co sinh t 4 sinh? t — cosh? t + cosh t + sinh t 
7 cı sinh t + cz cosh t sinh? t — cosh? t + sinh t + cosh t 


cosh t m sinh t à cosh t sinh t 1 
S sinh t as cosht sinh t cosht) 1 
7 cosh t n sinht 1 
Bü: sinh t = cosh t 17' 


12. To solve 


we identify ty = 0, F(t) = | . 


the text. 
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— sinh s 


7 cosht sinht Cl x cosht sinht / t cosh s 
— \sinht cosht C2 sinht cosht) Jo \—sinhs 
c1 cosh t + co sinh t " cosht sinht / [1 
= s 
cı sinh t + ca cosh t sinht cosht/ Jo 10 
| [a cosh t + ca sinh t Hn cosht sinht s ' 
~ te sinht + c cosh t sinht cosht 0 j 
| [a cosh t + ca sinh t E cosht sinht t 
— lei sinht + c cosh t sinht cosht 0 
_ [a cosh t + ca sinh t E tcosht " cosh t " 
> cı sinh t + c9 cosh t tsinht] | = sinh t zs 
13. We have 
il 0 0 C1 
X(0) =c,|O0} +c ]1l]+e3/0] =J]o]= 
0 0 1 C3 
Thus, the solution of the initial-value problem is 
t+1 t t 
X= t —4j|t+1| +6 t 
—2t —2t —2t+1 
14. We have 
1 0 —3 €3 — 3 
X(0) = €3 + Ca + 1 = = 
0 1 2 Ca + 3 
Thus, c3 = 7 and c4 = 3, SO 
1 5 [0 —3 
E t 2t 
xe): (4). 
2 
s—4 —3 
15. From sI— A = we find 
4 s+4 
3/2 1/2 3/4 3/4 
4 s-2 s+2 s—2 s+2 
(sI— A) = 
=1 I —1/2. 3/2 
s= "543 Sum T igo 


cosh s 


Jl 


cosh s 


sinh s 


E 


cosh t 
sinht } ` 
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and 
3-2 1 5E 3,20. 3,—2t 
¿At = 5€ 7E = 7e ) 
Bí oed 1.95, S 36] 
es 6 =3 +3 
The general solution of the system is then 


a RT A 
AS 2e Te 1e ce C1 
X=e"C= à : 


Il 
[e 
AS, 
E S 
IO 
Ne 
m 
ho 
Y 
+ 
Q 
ny, 

— 
= nie 
SY 
i 

N 
cM 
+ 
Q 
Ny 
m IS 
Die Blew 


s—4 2 
16. From sI— A = we find 
—] s-1 


and 


A 2e3t _ e2t —9e3t + 2e?t 
€ = 
e _ e2t — e3t 4 2e?t 


The general solution of the system is then 


xs Jest = et —9e3t + 2e?t ci 
x= "o> etet gt 2t] o, 
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s—5 9 
17. From sI— A = | we find 
—] s+1 


i de 3 B 9 
s—2 (s—2)? (s — 2)? 
(sI- A)! = 
il 1 3 
(s — 2)? s—2 (s—2) 
and 
At e” + gius —9te?t 
C= te?! e _ ait 


The general solution of the system is then 


2t 2t 2t 
e” + 3te —9te C 
X =eC= 2t 2t 2t ; 
te e^" — 3te Ca 


Il 
e 
RS. 
Ps 
a 
+ + 
[ovi 
+ 
=> 
a 
ho 
YX 
+ 
Q 
NI 
Wt CU 
E 
[od 
eo 
Q2 + 
c 
NI ud 
N 
e 


18. From sI- A = we find 
2 s+2 


s+1+1 1 
(s+1) +1 (s+1)?41 
sI- A) !- 
( ) —2 s+1-1 
(s+1)?+1 (s+1)2+1 
and 
At e™t cost + e™ sint e! sint 
er = ; 
— Je sin t e * cost — e"! sint 


The general solution of the system is then 
At e * cost -- e * sint e sint C1 
X=e*C= eos ; - 
—2e "sint e *cosi—e "sint C2 
1\ -+ lY ds 0| 4 lY a. 
= ci e cost+c, e “sint + co e "cost + c9 e “sint 
0 —2 1 —1 
cost+sint\ _, sint E" 
—0 . e +c . e, 
—2sint cost — sint 
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19. Solving 
2—A 1 


— \2_ = NK — = 
3 g-a 7-893152 0 -3(0-5) =0 


det(A — AI) = 


we find eigenvalues A4 = 3 and Ag = 5. Corresponding eigenvectors are 


'Then 
2 19 3 0 
p he A ES. l 
1 3 —1/2 1/2 0 5 
so that 
m & ) 
PDP! = . 
-3 6 
20. Solving 
Bu 1 
det(A - A) 2| , 2 47 X -49«3-0-10-3)-0 


we find eigenvalues A4 = 1 and A2 = 3. Corresponding eigenvectors are 


zii 1 
«-) and = (1) 
T a f Ya (10 
Br D pt 1/2 ja un »-(, j 


Then 


so that 


21. From equation (3) in the text 
2 1 1 
etA = e'PDP—! - TL 4(PDP7!) + 3 PDP) +a EDP Ty pee 


1 1 
=P I+1D 4 (DP + X (D + P~! = PeP PH, 
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22. From Equation (3) in the text 


0 AM 0 0 X 0 0 
0 0 Az +++ 0 1 0 Aj 
eDt = ES n 
z ; 2! 
0 0 1 0 0 Àn 0 0 A2 
Aj 0 0 
14| 9 X 0 
+31 + 
0 0 xe 
1+ At + git)? ++ >> 0 zm 0 
0 L+Agt+ dot? e ose 0 
0 0 c LA Ant OD? ee 
et p 0 
0 e»t 0 
0 0 eot 


3 1 
X = e^!Q = peP*p-1c- 5 e : E : iu 
1 3 0 et al 1 C2 


24. From Problems 20, 21, and 22 and Equation (1) in the text 


-1 1 t ON {- 
X = e™C = pe?tp-1c = © Se 
1 1 0 e 


25. If det(sI — A) = 0, then s is an eigenvalue of A. Thus sI — A has an inverse if s is not an 
eigenvalue of A. For the purposes of the discussion in this section, we take s to be larger 
than the largest eigenvalue of A. Under this condition sI — A has an inverse. 
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26. Since A? — 0, A is nilpotent. Since 
tk 


#2 
= Ap A dese p res, 


if A is nilpotent and A” = 0, then A* = 0 for k > m and 


At pt TE ouis 
=I+At+A‘*—4+.---+A™ > —_.. 
e EAA que CEN 
In this problem A? — 0, so 
100 4A E =j 
t? t? 
ge Atta = 04-044 10 14] O00) 
0 0 1 —] 1 1 —1 


1-t-0/2 t t4 CJ2 
= —t 1 t 
—t—t?/2 t 1+t+t?/2 


and the solution of X’ = AX is 


c cı(1 — t — (2/2) + cat + es (t + t?/2) 
X(t) =eC=e% |e | = —cıt + co + cat 
C3 ecy(—t — t?/2) + cot + c3(1 + t + (2/2) 


27. (a) The following commands can be used in Mathematica: 


A = {{4, 2},{3, 3}}; 

c = Tel, 62]; 

m = MatrixExp|A t]; 

sol = Expand [m.c] 

Collect [sol, (c1, c2)]//MatrixForm 


'The output gives 


2 3 2 2 

wt) = ej E + sen) + co (¿e + =") 
3 3 3 2 

gt) Sey (ze + zes) + Ca Ge + ze 


The eigenvalues are 1 and 6 with corresponding eigenvectors 


9-0 


so the solution of the system is 
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or 


x(t) — —2b, e! + bsc?! 
y(t) = 3b, e! + bo e&t. 


If we replace bı with -ic + 402 and by with 2e + 202, we obtain the solution found 
using the matrix exponential. 


(b) x(t) = cre cost — (c + c3)e Y sint 


y(t) = cae *cost + (201 + c3)e 7 sint 


28. x(t) = «(3e * — 2e *) + c4(—6e 7. + 6e *) 
y(t) = e(4e ?* — 3e^*) + c4 (4e 7t — de?) 
z(t) = ele Y — e*) + e3( 2e 7 + 3e7*) 
w(t) 5-367 + 3e™) tada + de) 
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4 
1. x= e ($), aen x = 0 a 


We see that k = i. 


2. Solving for cı and cz we find cy = —3 and co = i ] 
3. Since 
4 6 12 
3 = 4| —4 1 EA 
1 4 3 1 —4 —1 


we see that A = 4 is an eigenvalue with eigenvector K3. The corresponding solution is 
X3 = Ke”. 


1 
4. The other eigenvalue is Ay = 1 — 2i with corresponding eigenvector Ky = | ) . The general 
—i 


X(t) cos2t\ , n sin2t| , 
e € e”. 
cR sin 2t "à cos 2t 


solution is 


10. 
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1 
. We have det(A — AI) = (A— 1)? = 0 and K = | ) A solution to (A — ADP = K is 


0 
p= (7) ss 
1 
X-—o0 1 € +c 


. We have det(A — AI) = (A + 6)(A +2) = 0 so that 


1 1 
X=c gag en 
(a) To 


x l NK i 2t phase sin 2t et 
i — sin 2t cos 2t 
X cos2t\ 4 " sin2t\ , 
=€ e+e e”. 
27. sin 2t 2 cos 2t 


Then 


3-4 
. We have det(A — AI) = A? — 24 +2 = 0. For À = 1 + i we obtain = ( j and 


X, = 3-1 KT 3 cos t + sint ius NAE = 
2 2cost 2sint 


3cost+sint\ , — cost + 3sint\ , 
X =C1 e +2 . e. 
2cost 2sint 


Then 


. We have det(A — AI) = —(A — 2)(A — 4)(A + 3) = 0 so that 


—2 0 7 
X-—o0 3| e+e |1| e+ C3 12 | eo, 
1 1 —16 


We have det(A — AI) = — (A +2) (A? — 24 4-3) = 0. The eigenvalues are Ay = —2, Ay = 1+ 2i, 


and A2 = 1— Vi, with eigenvectors 


7 1 1 
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Thus 
_7 1 0 
X =Ci1 5l es 0 | cos V2t — v2 sin V2t| e 
4 1 0 
0 1 
+ c3 i2 cos V2t+ | 0 | sin V2t| el 
o | 
7 cos y/2t sin /2t 
=al 5le%+c —iv2sin V2t | e' + es | $V2c0s V2t | e. 
COS V2t sin /2t 
11. We have 
1 4 
X. = C1 (o) e” + co () ett 
Then 
"- et 4e^t med " e t —4e-?t 
0 eat ? 0 e & ? 
and 
U= Javr J= / 20% — GAte t i= 15e% + 32te?t 
7 7 16te—** UU ee a pn 
so that 
11 + 16¢ 
X, = U = ; 
—1] — 4t 


The solution is 


1 4 11 + 16t 
X=X.+X,=C1 (o) et Ees () ek eis ] 


12. We have 
2cost\ , 2sint| , 
X.=C1 & + c2 
— sint cost 
Then 
b- 2cost 2sint dio pi 5 cost — sint pe 
—sint cost ' y sint cost 
and 


= cost — sect sint — In | sec t + tan t| 
U-]vo Fdt= . d= ; 
sint — cost 


13. 


14. 
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so that 


—2costIn|sect + tant 
| | | Je 


—1+sintIn|sect + tan t| 


The solution is 


2cost\ , 2sint| , —2 cos tln | sect + tan t| , 
X =X.+*X, =c : e +03 e + : e. 
— sint cost —1+sintln|sect + tan t| 


We have 
x cost + sin t e sint — cost 
zu c : 
i i 2 cost * 2sint 
Then 
b- cost+sint sint — cost dei sint 3 cost — ¿sint 
2 cost 2sint ? — cost 3 cost + 5 sint ? 
and 
lo: 1 1 
5sint— 5 cost + 5 csct 
u= |era- f v. í ? dt 
—z5 sint — 5 cost + 5 csct 
—$ cost — $ sint + 4 ln | csc t — cot t| 
7 icost — i sint + 4 In| csct — cot t| 
so that 


=] sint 
X, = PU = +|. In | csc t — cot t|. 
=l sint + cost 


The solution is 


X=X,+X, 


cost + sint sint — cost —1 sin t 
=C1 + c2 . + tl. In | csc t — cot t|. 
2 cost 2sint —1 sint + cost 


We have 
1 1 1 
Xe =e et +c te” + e” 
[s 1 Co) 2 KT 0 
Then 
eo te 4. gt 7 te 2 te- ¿2 
$ = y Bom , 
_ eit -tet ¿2% e 
and 
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1 
3 E 
x,-au- (D) en (oe 
2 
The solution is 


1 
1 ie x -2 
x-xex,-a( Jet Je Jae Jue: 
2 


15. (a) Letting 


so that 


we note that (A — 21)K = 0 implies that 3k; + 3k2 + 3k3 = 0, so ky = —(ka + ka). 
Choosing ka = 0, kz = 1 and then kp = 1, kz = 0 we get 


—1 —1 
Kı = 0 and K» = 1 


respectively. Thus, 


are two solutions. 


(b) From det(A — AI) 2 A?(3 — A) = 0 we see that A¡ = 3, and Az = 0 is an eigenvalue of 
multiplicity two. Letting 


as in part (A), we note that (A — 0I)K = AK = 0 implies that kı + ko + ka = 0, so 
ky = —(ko + k3). Choosing k2 = 0, kz = 1, and then ka = 1, k3 = 0 we get 


—1 —1 
K) = 0 and K3= La 
0 
respectively. Since an eigenvector corresponding to A; = 3 is 
1 
K,=/1], 
1 


the general solution of the system is 
1 —1 —1 
X=c&]|1 e +e 0 | +c3 1 
1 1 0 
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C1 
16. For X — | 
C2 


el we have X' = X = IX. 


Chapter 9 


Numerical Solutions of Ordinary Differential Equations 


9.1 Euler Methods and Error Analysis 


1. 204 h 2005 9. h-04 h 2005 
x, Yy x, J, x, y: x, X. 

100 5.0000 100 5.0000 0.00 2.0000 0.00 2.0000 
1.10 3.9900 105 44475 0.10 1.6600 005 18150 
120 32546 110 3.9763 020 14172 0.10 — 16571 
130 27236 115 3.5751 030 12541 0.5 1.5237 
140 — 23451 120 3.2342 040 1.1564 020 1.4124 
1.50 2.0801 125 — 29452 050 — 11122 025 13212 
130 2.7009 030 — 12482 

135 24952 035 11916 

140 23226 040 1.1499 

145 2.1786 045 11217 

150 20592 0.50 . 1.1056 

3. h 20.05 4, h-04 h 20.05 
X, Ya ti Ya x, Ya 

0.00 0.0000 0.00 1.0000 0.00 1.0000 

005 0.0501 0.10 1.1110 005 10526 

0.10 0.1004 020 12515 0.10 — 1.1113 

015 — 01512 0.0 1.4361 015 — 11775 

020 02028 040 1.6880 020 12526 

025 02554 0.50 2.0488 025 13388 

030 0.3095 0.0 14387 

0.35 03652 035 1.5556 

040 — 04230 040 1.6939 

045 04832 045 1.8598 

0.50 0.5465 0.50 ^ 20619 


580 


9.1 Euler Methods and Error Analysis 581 


h=0.1 h=0.05 6. h=0.1 h=0.05 
x, Y, x. y, X, y, x, y, 
0.00 0.0000 0.00 0.0000 0.00 0.0000 0.00 0.0000 
0.10 0.0952 0.05 0.0488 0.10 0.0050 0.05 0.0013 
0.20 0.1822 0.10 0.0953 0.20 0.0200 0.10 0.0050 
0.30 0.2622 0.15 0.1397 0.30 0.0451 0.15 0.0113 
0.40 0.3363 0.20 0.1823 0.40 0.0805 0.20 0.0200 
0.50 0.4053 0.25 0.2231 0.50 0.1266 0.25 0.0313 
0.30 0.2623 0.30 0.0451 
0.35 0.3001 0.35 0.0615 
0.40 0.3364 0.40 0.0805 
0.45 0.3715 0.45 0.1022 
0.50 0.4054 0.50 0.1266 
h=0.1 h=0.05 8. h=0.1 h=0.05 
X. y, x, Y, x, y, x, Y, 
0.00 0.5000 0.00 0.5000 0.00 1.0000 0.00 1.0000 
0.10 0.5215 0.05 0.5116 0.10 1.1079 0.05 1.0519 
0.20 0.5362 0.10 0.5214 0.20 1.2337 0.10 1.1079 
0.30 0.5449 0.15 0.5294 0.30 1.3806 0.15 1.1684 
0.40 0.5490 0.20 0.5359 0.40 1.5529 0.20 1.2337 
0.50 0.5503 0.25 0.5408 0.50 1.7557 0.25 1.3043 
0.30 0.5444 0.30 1.3807 
0.35 0.5469 0.35 1.4634 
0.40 0.5484 0.40 1.5530 
0.45 0.5492 0.45 1.6503 
0.50 0.5495 0.50 1.7560 


h 2005 10. 5201 h 20.05 
x, RA x, Jy x, ve 
100 1.0000 0.00 0.5000 0.00 0.5000 
105 10024 0.10 — 0.5250 005 0.5125 
110 1.0100 0.20 0.5498 0.10 0.5250 
115 1.0228 030 0.5744 015 0.5374 
120 — 10414 040 0.5986 0.20 0.5498 
125 1.0663 050 0.6224 025 0.5622 
130 10984 030 0.5744 
135 1.1389 035 0.5866 
140 1.1895 040 0.5987 
145 12526 045 0.6106 
150 — 13315 0.50 ^ 0.6224 
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11. To obtain the analytic solution use the substitution u = x= + y — 1. The resulting differential 


equation in u(x) will be separable. 


h=0.1 h=0.05 

Actual Actual 

Xa Yn Value Ts Yn Value 
0.00 2.0000 2.0000 0.00 2.0000 2.0000 
1.10 2.1220 2.1230 0.05 2.0553 2.0554 
0.20 2.3049 2.3085 0.10 2.1228 2.1230 
0.30 2.5858 2.5958 0.15 2.2056 2.2061 
0.40 3.0378 3.0650 0.20 2.3075 2.3085 
0.50 3.8254 3.9082 0.25 2.4342 2.4358 


0.30 2.5931 2.5958 
0.35 2.7953 2.7997 
0.40 3.0574 3.0650 
0.45 3.4057 3.4189 
0.50 3.8840 3.9082 


(b) x, Euler Imp. Euler 
1.00 1.0000 1.0000 
1.10 1.2000 1.2000 
1.20 1.4938 1.4938 
1.30 1.9711 1.9711 
1.40 2.9060 2.9060 


13. (a) Using Euler’s method we obtain y(0.1) = yı = 1.2. 


(b) Using y" = 4e?* we see that the local truncation error is 


h? 0.1)? 
y” (c) = qe? 2 ='0.02e"". 
Since e2% is an increasing function, ete < e2(0.1) 2 $02 for 0 «x cx 0.1. Thus an upper 


bound for the local truncation error is 0.02e%-2 = 0.0244. 


(c) Since y(0.1) = e®? = 1.2214, the actual error is y(0.1) — yı = 0.0214, which is less than 
0.0244. 


(d) Using Euler's method with h = 0.05 we obtain y(0.1) z y2 = 1.21. 
(e) The error in (d) is 1.2214 — 1.21 = 0.0114. With global truncation error O(h), when the 


step size is halved we expect the error for h = 0.05 to be one-half the error when ^ = 0.1. 
Comparing 0.0114 with 0.0214 we see that this is the case. 
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14. (a) Using the improved Euler’s method we obtain y(0.1) ~ yı = 1.22. 


(b) Using y" = 8e?" we see that the local truncation error is 


h? 0.1)? 
y" (c) we 8e? XU > 0.001333e?*. 
Since e2% is an increasing function, e < e2(0-1) — $0.2 for 0 <c< 0.1. Thus an upper 


bound for the local truncation error is 0.001333e?? = 0.001628. 


(c) Since y(0.1) = e”? = 1.221403, the actual error is y(0.1) — yı = 0.001403 which is less 
than 0.001628. 


(d) Using the improved Euler's method with h = 0.05 we obtain y(0.1) = y2 = 1.221025. 


(e) The error in (d) is 1.221403 — 1.221025 = 0.000378. With global truncation error O(h?), 
when the step size is halved we expect the error for h = 0.05 to be one-fourth the error 
for h = 0.1. Comparing 0.000378 with 0.001403 we see that this is the case. 


15. (a) Using Euler's method we obtain y(0.1) = yı = 0.8. 


(b) Using y" = 5e7% we see that the local truncation error is 


0.1)? 
be" QU = 0.025e~2°. 


Since e^?" is a decreasing function, e~2° < e? = 1 for 0 < c < 0.1. Thus an upper bound 


for the local truncation error is 0.025(1) = 0.025. 


(c) Since y(0.1) = 0.8234, the actual error is y(0.1) — y; = 0.0234, which is less than 0.025. 


(d) Using Euler's method with h = 0.05 we obtain y(0.1) z y2 = 0.8125. 


(e) The error in (d) is 0.8234 — 0.8125 = 0.0109. With global truncation error O(h), when 
the step size is halved we expect the error for h = 0.05 to be one-half the error when 
h — 0.1. Comparing 0.0109 with 0.0234 we see that this is the case. 


16. (a) Using the improved Euler’s method we obtain y(0.1) ~ y; = 0.825. 


(b) Using y" = —10e-?* we see that the local truncation error is 


0.1)? 
ie? Uu = 0.001667e~7°. 


2 


Since e7 is a decreasing function, e~?° < e? = 1 for 0 < c < 0.1. Thus an upper bound 


for the local truncation error is 0.001667(1) — 0.001667. 
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(c) Since y(0.1) = 0.823413, the actual error is y(0.1) — yı = 0.001587, which is less than 
0.001667. 


(d) Using the improved Euler's method with h = 0.05 we obtain y(0.1) = y2 = 0.823781. 

(e) The error in (d) is |0.823413 — 0.8237181| = 0.000305. With global truncation error 
O(h?), when the step size is halved we expect the error for h = 0.05 to be one-fourth 
the error when h = 0.1. Comparing 0.000305 with 0.001587 we see that this is the case. 


(a) Using y” = 38e? *-U we see that the local truncation error is 


h2 h2 
y” (c) rm gee 966-9 De 1952e- 3-0. 


(b) Since e-3(2-1) is a decreasing function for 1 < x < 1.5, ended < e-30-1) = 1 for 


1<c<1.5 and 
h2 
y” (c) = 19(0.1)7(1) = 0.19. 


(c) Using Euler’s method with h = 0.1 we obtain y(1.5) = 1.8207. With h = 0.05 we obtain 
y(1.5) = 1.9424. 


(d) Since y(1.5) = 2.0532, the error for h = 0.1 is Eg = 0.2325, while the error for h = 0.05 
is Eo.os = 0.1109. With global truncation error O(h) we expect Eo.1/E0.05 = 2. We 
actually have Eo.1/Eo.05 = 2.10. 


(a) Using y" = —114e-9(*-U we see that the local truncation error is 


h? h? 
y" (c) v = 114e 2-1 rhe 1953e-3 (70. 


(b) Since e-3*-U is a decreasing function for 1 < x < 1.5, e 1D < e-30—1 = 1 for 
1<c<1.5 and 


h3 
y" (c) v < 19(0.1)*(1) = 0.019. 


(c) Using the improved Euler's method with h = 0.1 we obtain y(1.5) = 2.080108. With 
h = 0.05 we obtain y(1.5) ~ 2.059166. 


(d) Since y(1.5) = 2.053216, the error for h = 0.1 is Eg, = 0.026892, while the error 
for h = 0.05 is Egos = 0.005950. With global truncation error O(h?) we expect 
Eo.1/Fo.05 = 4. We actually have Eo1/Eo.os = 4.52. 
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19. (a) Using y" = —1/(x + 1)? we see that the local truncation error is 
h? 
2 


1 R 


(c+? 2^ 


y" (c) 


(b) Since 1/(x +1)? is a decreasing function for 0 < x < 0.5, 1/(c 4- 1)? < 1/(0 4- 1)? = 1 for 


0 € e € 0.5 and 
h? 


y" (c) 5 


(0.1)? 


= 0.005. 
2 


< (1) 


(c) Using Euler’s method with h = 0.1 we obtain y(0.5) ~ 0.4198. With h = 0.05 we obtain 
y(0.5) = 0.4124. 


(d) Since y(0.5) = 0.4055, the error for h = 0.1 is Eg = 0.0143, while the error for h = 0.05 
is Eo.05 = 0.0069. With global truncation error O(h) we expect Eo.1/E0.05 ~ 2. We 
actually have Eo.1/Eo.05 = 2.06. 


20. (a) Using y" = 2/(x + 1)? we see that the local truncation error is 


y" (c) h? = EE GN he 
6 (c+1® 3 
(b) Since 1/(x +1)? is a decreasing function for 0 € x < 0.5, 1/(c 4- 1)? < 1/(0 +1)? = 1 for 


0 € c € 0.5 and 
h? (0.1)? 


y" (o) v x Q) 


(c) Using the improved Euler's method with h = 0.1 we obtain y(0.5) = 0.405281. With 
h = 0.05 we obtain y(0.5) ~ 0.405419. 


— 0.000333. 


(d) Since y(0.5) = 0.405465, the error for h = 0.1 is Eg, = 0.000184, while the error for 
h = 0.05 is Eoos = 0.000046. With global truncation error O(h?) we expect 
Eo.1/Fo.05 © 4. We actually have Eo1/Eo.os = 3.98. 


21. Because y;,, depends on yn and is used to determine yn+1, all of the y; cannot be computed 
at one time independently of the corresponding y, values. For example, the computation of 
yí involves the value of ys. 


9.2 Runge-Kutta Methods 


0.00 2.0000 2.0000 
1.10 2.1230 2.1230 
0.20 2.3085 2.3085 
0.30 2.5958 2.5958 
0.40 3.0649 3.0650 
0.50 3.9078 3.9082 
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2. In this problem we use h = 0.1. Substituting wo = 3 

: : : : : Second-Order Improved 

into the equations in (4) in the text, we obtain x, Ringe Kuita Euler 

1 2 1 2 0.00 2.0000 2.0000 

o a Zum 3 and B = ton gs 1.10 2.1213 2.1220 

0.20 2.3030 2.3049 

'The resulting second-order Runge-Kutta method is 0.30 2.5814 2.5858 

1 3 h 0.40 3.0277 3.0378 

Yn+1 — yn + À (i + i) = Yn + q + 3k2) 0.50 3.8002 3.8254 


where 


The table compares the values obtained using this second-order Runge-Kutta method with 


the values obtained using the improved Euler’s method. 


3 x, y, 4 
1.00 5.0000 
1.10 3.9724 
1.20 3.2284 
1.30 2.6945 
1.40 2.3163 
1.50 2.0533 
5 x, Y, 6 
0.00 0.0000 
0.10 0.1003 
0.20 0.2027 
0.30 0.3093 
0.40 0.4228 
0.50 0.5463 
7 x, Ya 8 
0.00 0.0000 
0.10 0.0953 
0.20 0.1823 
0.30 0.2624 
0.40 0.3365 
0.50 0.4055 
9 x, y, 10. x, Y, 
0.00 0.5000 0.00 1.0000 
0.10 0.5213 0.10 1.1079 
0.20 0.5358 0.20 1.2337 
0.30 0.5443 0.30 1.3807 
0.40 0.5482 0.40 1.5531 
0.50 0.5493 0.50 1.7561 


9.2 Runge—Kutta Methods 


11. x, y, 12. x. au 
1.00 1.0000 0.00 0.5000 
1.10 1.0101 0.10 0.5250 
1.20 1.0417 0.20 0.5498 
1.30 1.0989 0.30 0.5744 
1.40 1.1905 0.40 0.5987 
1.50 1.3333 0.50 0.6225 


13. (a) Write the equation in the form 


f, y, 
du 
— = 32 — 0.0254? = f(t, 4). 0.0 0.0000 
dt 1.0 25.2570 
2.0 32.9390 
b 
(b) jj 3.0 34.9772 
4.0 35.5503 
5.0 35.7128 


(c) Separating variables and using partial fractions we have 


1 1 1 
-——— +— ~ |dw=dt 
24/32 (= — f0.025v v32 + 0.025 -) 


and 


eee (A V32 + V0.025 0] - m | Vi - V00 v|) = t+ 


Since v(0) = 0 we find c = 0. Solving for v we obtain 


_ 16y5(eV32 — 1) 


e) ev32t 41 


and v(5) ~ 35.7678. Alternatively, the solution can be expressed as 


k 
v(t) - 5 tahy — 1. 


14. (a) 


t (days) 1 2 3 4 5 


A (observed) 2.78 13.53 36.30 47.50 49.40 


A (approximated) 1.93 12.50 36.46 47.23 49.00 
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(b) From the graph we estimate A(1) = 1.68, 
A(2) = 13.2, A(3) = 36.8, A(4) = 46.9, and 


A(5) = 48.9. 


A(t) 


(c) Let a = 2.128 and 8 = 0.0432. Separating variables we obtain 


Thus 


dA 
A(a — BA) 


1 B u 
- (3^) dA — dt 


= dt 


1 
q Un A — ln (a — BA) =t+c 
A 
In a—BA = a(t + c) 
A — e (t-9) 
a — BA 
A= aen(tte) = BAertte) 
[1 + perto) A = aer(tte), 
a(t+c) 
A(t) Qe Q Q 


= 1 + Berléte) = B + e-eto) m B + e-ace-ot ` 


From A(0) = 0.24 we obtain 


a 


0.24 = ———— 
B+ ene 


so that e ^*^ = a/0.24 — B ~ 8.8235 and 


2.128 
A(t) = — 00432 4-8.8235e 7-128 | 


t (days) 


1 2 3 4 5 


A (observed) 


A (actual) 


2.78 13.53 36.30 47.50 49.40 
1.95 12.64 36.63 49.02 49.02 
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15s 1) h=0.05 raa P) y 
1.00 1.0000 1.0000 
1.05 1.1112 
1.10 1.2511 1.2511 
1.15 1.4348 
1.20 1.6934 1.6934 
1.25 2.1047 
1.30 2.9560 2.9425 
1.35 7.8981 
1.40 1.0608 x10!° 903.0282 
16. (a) Using the RK4 method we obtain y(0.1) = y, = 1.2214. 


17. 


(b) Using y) (x) = 32e?* we see that the local truncation error is 


nh? 0.1)5 
y)(c) — = 32e” (0-7 = 0 000002667e?*. 
120 120 
Since e?" is an increasing function, e?c < e201) = £02 for 0 < c < 0.1. Thus an upper 


bound for the local truncation error is 0.000002667e°-? = 0.000003257. 


(c) Since y(0.1) = e”? = 1.221402758, the actual error is y(0.1) — yı = 0.000002758 which is 
less than 0.000003257. 


(d) Using the RK4 formula with h = 0.05 we obtain y(0.1) = yg = 1.221402571. 


(e) The error in (d) is 1.221402758 — 1.221402571 = 0.000000187. With global truncation 
error O(h*), when the step size is halved we expect the error for h = 0.05 to be one- 
sixteenth the error for h = 0.1. Comparing 0.000000187 with 0.000002758 we see that 


this is the case. 


(a) Using the RK4 method we obtain y(0.1) ~ y; = 0.823416667. 


(b) Using y? (x) = —40e~?* we see that the local truncation error is 
4002 LY” L 0,000003333 
120 


2z isa decreasing function, e 2¢< e = 1 for 0 € c € 0.1. Thus an upper bound 


for the local truncation error is 0.000003333(1) — 0.000003333. 


Since e^ 


(c) Since y(0.1) = 0.823413441, the actual error is |y(0.1) — y1| = 0.000003225, which is less 
than 0.000003333. 


(d) Using the RK4 method with h = 0.05 we obtain y(0.1) = yo = 0.823413627. 
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19. 
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(e) The error in (d) is |0.823413441 — 0.823413627| = 0.000000185. With global truncation 
error O(h*), when the step size is halved we expect the error for h = 0.05 to be one- 
sixteenth the error when h = 0.1. Comparing 0.000000185 with 0.000003225 we see that 


this is the case. 


(a) Using y?) =-—1026e (2-1) we see that the local truncation error is 


Wo 


— 8g. ) -3(c-1) 
120 8.55h'e 


(b) Since e-3(2-1) is a decreasing function for 1 < x < 1.5, ended) < e-3(-1) = 1 for 
1<c<1.5 and 
5 


y (c) = < 8.55(0.1)? (1) = 0.0000855. 


(c) Using the RK4 method with h = 0.1 we obtain y(1.5) = 2.053338827. With h = 0.05 we 
obtain y(1.5) = 2.053222989. 


(a) Using y?) = 24/(z + 1)? we see that the local truncation error is 


5 5 
y 9 (c) La oe E m 
120 (e+ 1)> 5 
(b) Since 1/(x +1)° is a decreasing function for 0 € x < 0.5, 1/(c+ 1)? < 1/(0+1)? = 1 for 
0 € ec € 0.5 and 


5 1 5 
í od) = 0.000002. 


(c) Using the RK4 method with h = 0.1 we obtain y(0.5) = 0.405465168. With h = 0.05 we 
obtain (0.5) = 0.405465111. 


Each step of Euler’s method requires only 1 function evaluation, while each step of the 
improved Euler’s method requires 2 function evaluations — once at (%p,Yn) and again at 
(zn41; 5441). The second-order Runge-Kutta methods require 2 function evaluations per step, 
while the RK4 method requires 4 function evaluations per step. To compare the methods we 
approximate the solution of y' = (x + y — 1)?, y(0) = 2, at x = 0.2 using h = 0.1 for the 
Runge-Kutta method, h = 0.05 for the improved Euler’s method, and h = 0.025 for Euler’s 
method. For each method a total of 8 function evaluations is required. By comparing with 


the exact solution we see that the RK4 method appears to still give the most accurate result. 
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t. h E pem pus ids i ad Actual 
0.000 2.0000 2.0000 2.0000 2.0000 
0.025 2.0250 2.0263 
0.050 2.0526 2.0553 2.0554 
0.075 2.0830 2.0875 
0.100 2.1165 2.1228 2.1230 2.1230 
0.125 2.1535 2.1624 
0.150 2.1943 2.2056 2.2061 
0.175 2.2395 2.2546 
0.200 2.2895 2.3075 2.3085 2.3085 


21. (a) For y + y = 10sin 3x an integrating factor is e” so that 


d 
— [e” y] = 10e” sin 3x 


dx 
e*y = e” sin 3x — 3e" cos 3x + c 


y = sin 3x — 3 cos 3x + ce *. 


When x = 0, y = 0, so 0 = —3 + cand c = 3. The solution is 


y = sin 3x — 3 cos 3z + 3e ”. L 
-5 + 


Using Newton’s method we find that x = 1.53235 is the only positive 
root in [0, 2]. 


(b) Using the RK4 method with h = 0.1 we obtain the table of values shown. These values are 
used to obtain an interpolating function in Mathematica. The graph of the interpolating 
function is shown. Using Mathematica’s root finding capability we see that the only 
positive root in [0,2] is z = 1.53236. 


x, Jn x, Vn 

0.0 0.0000 1.0 4.2147 
0.1 0.1440 1.1 3.8033 
0.2 0.5448 1.2 3.1513 
0.3 1.1409 1.3 2.3076 
0.4 1.8559 14 1.3390 
0.5 2.6049 1.5 0.3243 
0.6 3.3019 1.6 —0.6530 
0.7 3.8675 17 —1.5117 
0.8 4.2356 1.8 —2.1809 
0.9 4.3593 1.9 —2.6061 
1.0 4.2147 2.0 —2.7539 
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9.3 Multistep Methods 


In the tables in this section “ABM” stands for Adams-Bashforth-Moulton. 


1. Writing the differential equation in the form y! — y = x — 1 we see that an integrating factor 
is ef de = € *, so that 


d x 
— |e =(x—l)e* 
rE [e *y| = (x 1) 
and 
y —e*'(—-xe * +c) = —z- ce”. 
From y(0) = 1 we find c = 1, so the solution of the initial-value problem is y = —z + e”. 
Actual values of the analytic solution above are compared with the approximated values in 
the table. 
x, y, Actual 
0.0 1.00000000 1.00000000 | init. cond. 
0.2 1.02140000 1.02140276 | RK4 
0.4 1.09181796 1.09182470 | RK4 
0.6 1.22210646 1.22211880 |RK4 
0.8 1.42552788 1.42554093 | ABM 


2. The following program is written in Mathematica. It uses the Adams-Bashforth-Moulton 
method to approximate the solution of the initial-value problem y’ = z + y — 1, y(0) = 1, on 
the interval [0, 1]. 


Clear|f, x, y, h, a, b, y0]; 
f[x_, y-]:=x + y - 1; ( 
h = 0.2; (* set the step size *) 

a = 0; y0 = 1; b = 1; (* set the initial condition and the interval *) 
f[x, y] (* display the DE *) 

Clear[k1, k2, k3, k4, x, y, u, v] 

x = 1/0] = a: 

y = v[0] = y0; 

n= 0; 


While[x < a + 3h, (* use RK4 to compute the first 3 values after y(0) *) 


* define the differential equation *) 


* 
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n =n + l; 
k1 = ffx, yl; 
k2 = f[x + h/2, y + h k1/2]; 
k3 = f[x + h/2, y + h k2/2]; 
k4 = fix + h, y + h k3]; 
x = x + h; 
y = y + (h/6)(k1 + 2k2 + 2k3 + k4); 
u[n] = x; 
v[n] = y]; 
While[x < b, (* use Adams-Bashforth-Moulton *) 
p3 = f[u[n - 3], v[n - 3]]; 


[ 
p2 = f[u[n - 2], v[n - 2]]; 
pl = f[u[n - 1], v[n - 1]]; 
pO = f[u[n], v[n]]; 
pred = y + (h/24)(55p0 - 59p1 + 37p2 - 9p3);  (* predictor *) 
x= x + h; 
p4 = f[x, pred]; 
y = y + (h/24)(9p4 + 19p0 - 5p1 + p2); (* corrector *) 
n =n + 1; 
u[n] = x; 
v[n] — y] 


TableForm[Prepend[Table[(u[n], v[n]), £a, 0, (b-a)/h]], {"x(n)", "y()"J]] 
(* display the table *) 


3. The first predictor is y; = 0.73318477. 


x, y, 

0.0 1.00000000 init. cond. 
0.2 0.73280000 RK4 

0.4 0.64608032 RK4 

0.6 0.65851653 RK4 

0.8 0.72319464 ABM 


4. The first predictor is y; = 1.21092217. 


x, Yn 

0.0 2.00000000 init. cond. 
0.2 1.41120000 RK4 

0.4 1.14830848 RK4 

0.6 1.10390600 RK4 

0.8 1.20486982 ABM 
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5. The first predictor for h = 0.2 is yj = 1.02343488. 


h=0.2 h=0.1 

0.00000000 init. cond. 0.00000000 init. cond. 
0.10033459 RK4 
0.20270741 RK4 0.20270988 RK4 
0.30933604 RK4 
0.42278899 RK4 0.42279808 ABM 
0.54631491 ABM 
0.68413340 RK4 0.68416105 ABM 
0.84233188 ABM 
1.02969040 ABM 1.02971420 ABM 
1.26028800 ABM 
1.55685960 ABM 1.55762558 ABM 


1.00000000 init. cond. 1.00000000 init. cond. 
1.21017082 RK4 
1.44139950 RK4 1.44140511 RK4 
1.69487942 RK4 
1.97190167 RK4 1.97191536 ABM 
2.27400341 ABM 
2.60280694 RK4 2.60283209 ABM 
2.96031780 ABM 
3.34860927 ABM 3.34863769 ABM 
3.77026548 ABM 
4.22797875 4.22801028 ABM 


9.4 Higher-Order Equations and Systems 


7. The first predictor for h = 0.2 is yj = 0.13618654. 


0.00000000 init. cond. 0.00000000 init. cond. 
0.00033209 RK4 
0.00262739 RK4 0.00262486 RK4 
0.00868768 RK4 
0.02005764 RK4 0.02004821 ABM 
0.03787884 ABM 
0.06296284 RK4 0.06294717 ABM 
0.09563116 ABM 
0.13598600 ABM 0.13596515 ABM 
0.18370712 ABM 
0.23854783 0.23841344 ABM 


1.00000000 init. cond. 1.00000000 init. cond. 
1.10793839 RK4 
1.23369623 RK4 1.23369772 RK4 
1.38068454 RK4 
1.55308554 RK4 1.55309381 ABM 
1.75610064 ABM 
1.99610329 RK4 1.99612995 ABM 
2.28119129 ABM 
2.62136177 ABM 2.62131818 ABM 
3.02914333 ABM 
3.52079042 3.52065536 ABM 


9.4 Higher-Order Equations and Systems 


1. The substitution y' — u leads to the iteration formulas 


Yn+1 = Yn + hun, Un+1 = Un + h(4un = Ayn). 


The initial conditions are yo = —2 and uy = 1. Then 
yı = yo + 0.1ug = —2 + 0.1(1) = —1.9 


u =u + 0.1(4uo = Ayo) =1+ 0.1(4 + 8) = 2.2 
yo = yi +0.1u1 = —1.9 + 0.1(2.2) = —1.68. 
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The general solution of the differential equation is y = cie?" + coxe?". From the initial 


conditions we find c; = —2 and cp = 5. Thus y = —2e% + 5e?" and y(0.2) ~ 1.4918. 


2. The substitution y! = u leads to the iteration formulas 


2 2 
Ynti = Yn thun, Unyi = Un Eh E Tus — o ga J- 


The initial conditions are yo = 4 and uo = 9. Then 


2 2 
uj = up 4- 0.1 E = =) = 9 + 0.1[2(9) — 2(4)] = 10 


yo = yı +0.1u1 = 4.9 + 0.1(10) = 5.9. 


The general solution of the Cauchy-Euler differential equation is y = cya + cox?. From the 


initial conditions we find c; = —1 and c3 = 5. Thus y = —x + 52? and y(1.2) = 6. 


3. The substitution y' = u leads to 


h=0.2 h=0.2 h=0.1 h=0.1 
the system *, y, u y. u 
fes je 0.0 —2.0000 1.0000 —2.0000 1.0000 
y =U, u = 4u — 4y. 
0.1 -1.8321 2.4427 
0.2 1.4928 4.4731 —1.4919 4.4753 


Using formula (4), we obtain the 


table shown. 


4. The substitution y' = u leads to 


h=0.2 h=0.2 h=0.1 h=0.1 

the system x, y, u, y, u, 
' ' 2 2 1.0 4.0000 9.0000 4.0000 9.0000 

y =u, u ——--—u. 
x T F 4.9500 10.0000 
Using formula (4), we cba the 12 6.0001 11.0002 6.0000 11.0000 
table shown. 
5. The substitution y' — u leads to 

th t PR h=0.2 h=0.2 h=0.1 h=0.1 

e system 3 y, E y, " 
y =u, u! = 2u — 2y + et cost. 0.0 1.0000 2.0000 1.0000 2.0000 
0.1 1.2155 2.3150 
0.2 1.4640 2.6594 1.4640 2.6594 


Using formula (4), we obtain the 


table shown. 
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6. Using h = 0.1, the RK4 method for a system, and a numerical solver, we obtain 


ly i5 

7 7 

6 6 

0.0 0.0000 0.0000 5 5 

0.1 2.5000 3.7500 4 4 

0.2 2.8125 5.7813 3 3 

0.3 2.0703 7.4023 2 2 

0.4 0.6104 9.1919 1 1 
0.5 -1.5619 11.4877 t t 
12345 12345 


7. 
t 
2 
8 , h=02 h=02 h=0.1 h=0.1 
" X, Jn X, Ya 

00 1.0000 1.0000 1.0000 1.0000 

0.1 1.4006 1.8963 

02 2.0785 3.3382 2.0845 3.3502 


598 CHAPTER 9 NUMERICAL SOLUTIONS OF ORDINARY DIFFERENTIAL EQUATIONS 


9. j h=0.2 h=0.2 h=0.1 h=0.1 
0.0 | -3.0000 5.0000 -3.0000 5.0000 

0.1 -3.4790 4.6707 

02 | -3.9123 4.2857 -3.9123 4.2857 

10. i h=0.2 h=0.2 h=0.1 h=0.1 

" X, Y; X, Jy 

0.0 0.5000 0.2000 0.5000 0.2000 

0.1 1.0207 1.0115 

0.2 2.1589 2.3279 2.1904 2.3592 


11. Solving for 2’ and y! we obtain the system 


al! =-—22 + y + 5t 
y =2x +y- 2t 


t h=0.2 h=0.2 h=0.1 h=0.1 
T x, Js x, Jn 
0.0 1.0000 —2.0000 1.0000 —2.0000 
0.1 0.6594 —2.0476 
0.2 0.4179 —2.1824 0.4173 -2.1821 


Xy 
2 b: 
X(t) 
15r 
1 k 
0.5 y(t) 
a en ae d 
0.1 0.2 0.3 
Xy 
3 r SA 
-5 x(t) 
-10 t 


-1 


5 
y(t) 
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12. Solving for 2’ and y! we obtain the system xy 
"E " 60 
x =a +2t-—5 
1 40 y(t) 
y' = —=y + 3t? 2t 4 5. 
2 20 
h=0.2 h=0.2 h=0.1 h=0.1 
t t 
n x, A x, Ya 2 4 6 8 
0.0 3.0000 —1.0000 3.0000 —1.0000 0 
0.1 2.4727 —0.4527 x() 
0.2 1.9867 0.0933 1.9867 0.0933 -40 
—60 


9.5 Second-Order Boundary-Value Problems 


1. We identify P(x) = 0, Q(x) = 9, f(x) = 0, and h = (2—0)/4 = 0.5. Then the finite difference 
equation is 


Yi+1 t 0.25y; + yi-i1 = 0. 


The solution of the corresponding linear system gives 


0.0 0.5 1.0 1.5 2.0 


4.0000 -5.6774 2.5807 6.3226 1.0000 


2. We identify P(x) = 0, Q(x) = —1, f(x) = 2?, and h = (1— 0)/4 = 0.25. Then the finite 
difference equation is 


Yi+1 — 2.0625y; + yi-1 = 0.062522. 


'The solution of the corresponding linear system gives 


0.00 0.25 0.50 0.75 1.00 


0.0000 —0.0172 —0.0316 —0.0324 0.0000 


3. We identify P(x) = 2, Q(x) = 1, f(x) = 5z, and h = (1 — 0)/5 = 0.2. Then the finite 
difference equation is 


1.2yj41 — 1.96y, + 0.8y;i 1 = 0.04(5x;). 


The solution of the corresponding linear system gives 


x 0.0 0.2 0.4 0.6 0.8 1.0 
0.0000 —0.2259 —0.3356 —0.3308 —0.2167 0.0000 
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4. We identify P(x) = —10, Q(x) = 25, f(x) = 1, and h = (1 — 0)/5 = 0.2. Then the finite 
difference equation is 
—yi + 2yj;-1 = 0.04. 


The solution of the corresponding linear system gives 


x | 0.00 0.2 0.4 0.6 0.8 1.0 
Y | 1.0000 1.9600 3.8800 7.7200 15.4000 0.0000 


5. We identify P(x) = —4, Q(x) = 4, f(x) = (1+ z)e?*, and h = (1 — 0)/6 = 0.1667. Then the 
finite difference equation is 


0.6667y;+1 — 1.8889y; + 1.3333y;_1 = 0.2778(1 + 2;)e2”. 
The solution of the corresponding linear system gives 
x | 0.0000 0.1667 0.3333 0.5000 0.6667 0.8333 1.0000 
Y | 3.0000 3.3751 3.6306 3.6448 3.2355 2.1411 0.0000 


6. We identify P(x) = 5, Q(x) = 0, f(x) = 4/z, and h = (2 — 1)/6 = 0.1667. Then the finite 
difference equation is 


1.4167 yi41 — 2y + 0.5833y;-1 = 0.2778(4,/m; ). 


The solution of the corresponding linear system gives 


x | 1.0000 1.1667 1:3333 1.5000 1.6667 1.8333 2.0000 
Y | 1.0000 —0.5918 —1.1626 —1.3070 —1.2704 —1.1541 — 1.0000 


7. We identify P(x) = 3/z, Q(x) = 3/2?, f(x) = 0, and h = (2 — 1)/8 = 0.125. Then the finite 


difference equation is 


0.1875 0.0469 0.1875 
1+ e Vizit | 2 2 yi+|1- - yi-1 =0. 


` j Tj 


2 


The solution of the corresponding linear system gives 


1.000 1.125 1.250 1.375 1.500 1.625 1.750 1.875 2.000 
Y | 5.0000 3.8842 2.9640 2.2064 1.5826 1.0681 0.6430 0.2913 0.0000 


8. We identify P(x) = —1/z, Q(z) = x ?, f(x) = Inz/z?, and h = (2— 1)/8 = 0.125. Then the 
finite difference equation is 


0.0625 0.0156 0.0625 
MET Yi+ı + | —2 + a jwt 1+ yi—1 = 0.0156 In z;. 


i i 


1 


The solution of the corresponding linear system gives 


Xx | 1.000 1:125 1.250 1.375 1.500 1.625 1.750 1.875 2.000 
0.0000 —0.1988 -0.4168 -0.6510  —-0.8992  -—1.1594  -1.4304  -1.7109 . -2.0000 


9. 


10. 


11. 


12. 


9.5 Second-Order Boundary-Value Problems 


We identify P(x) = 1 — zx, Q(z) = xz, f(x) = x, and h = (1— 0)/10 = 0.1. Then the finite 


difference equation is 


[1 + 0.05(1 = 2:5) es + [-2 + 0.01x,]y; + [1 = 0.05(1 = zi)]yi-i =:0.0lz,. 


The solution of the corresponding linear system gives 


0.0 0.1 0.2 0.3 0.4 0.5 0.6 


0.0000 0.2660 0.5097 0.7357 0.9471 1.1465 1.3353 


0.7 0.8 0.9 1.0 
1.5149 1.6855 1.8474 2.0000 


We identify P(x) = xz, Q(z) = 1, f(x) = z, and h = (1 — 0)/10 = 0.1. Then the finite 


difference equation is 


(1 + 0.05z;)yi41 — 1.99y; + (1 = 0.052;)yi—1 —uls. 


The solution of the corresponding linear system gives 


0.0 0.1 0.2 0.3 0.4 0.5 0.6 


1.0000 0.8929 0.7789 0.6615 0.5440 0.4296 0.3216 


0.7 0.8 0.9 1.0 
0.2225 0.1347 0.0601 0.0000 


We identify P(x) = 0, Q(z) = —4, f(x) = 0, and h = (1— 0)/8 = 0.125. Then the finite 


difference equation is 


Yi+1 — 2.0625y; + yi-1 = 0. 


The solution of the corresponding linear system gives 


0.000 0.125 0.250 0.375 0.500 0.625 0.750 0.875 1.000 
Y | 0.0000 0.3492 0.7202 1.1363 1.6233 2.2118 2.9386 3.8490 5.0000 


We identify P(r) = 2/r, Q(r) = 0, f(r) = 0, and h = (4— 1)/6 = 0.5. Then the finite 


difference equation is 
0.5 0.5 
(1 + 2) Uii = 2ui + (1 = 2) u¿-1 = 0. 
Tj Tj 


The solution of the corresponding linear system gives 


r 1.0 1.5 2.0 2.5 3.0 3.5 4.0 
u | 50.0000 72.2222 83.3333 90.0000 94.4444 97.6190 . 100.0000 
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13. (a) The difference equation 


h h 
(1 + sh) yii + (—2 + À^Qj)yi + (1 = ;^) yii = h’ fi 


is the same as equation (8) in the text. The equations are the same because the derivation 
was based only on the differential equation, not the boundary conditions. If we allow 7 
to range from 0 to n — 1 we obtain n equations in the n + 1 unknowns y_1, Yo, Yl; -. 


Yn—1- Since y; is one of the given boundary conditions, it is not an unknown. 


(b) Identifying yo = y(0), y-1 = y(0 — h), and y = y(0 + h) we have from equation (5) in 
the text 


1 
gg Y =ya]=y(0)=1 or y —y-1=2h. 


The difference equation corresponding to i = 0, 
h 2 h 2 
ar a yı + (—2 + h^Qo)yo + Pare y-1 = h^ fo 
becomes, with y_1 = y1 — 2h, 


(1 + 71) yi + (22 + h?Qo)yo + (1 = 0) (yı — 2h) = R’ fo 


or 


2y1 + (-2 + h?Qo)yo = h? fo + 2h — Py. 


Alternatively, we may simply add the equation yı — y_1 = 2h to the list of n difference 


equations obtaining n + 1 equations in the n + 1 unknowns y_1, yo. Y1, ---; Yn—1- 


(c) Using n = 5 we obtain 


x 0.0 0.2 0.4 0.6 0.8 1.0 
J| -2.2155 —2.0755 —1.8589 —1.6126 —1.3275 —1.0000 


14. Using h = 0.1 and, after shooting a few times, y'(0) = 0.43535 we obtain the following table 
with the RK4 method. 


0.0 0.1 0.2 0.3 0.4 0.5 0.6 


1.00000 1.04561 1.09492 1.14714 1.20131 1.25633 1.31096 


0.7 0.8 0.9 1.0 
1.36392 1.41388 1.45962 1.50003 
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1. 


Chapter 9 in Review 


T Euler Euler Imp. Euler | Imp. Euler RK4 RK4 
T h=0.1 h=0.05 h=0.1 h = 0.05 h=0.1 h = 0.05 
1.00 2.0000 2.0000 2.0000 2.0000 2.0000 2.0000 
1.05 2.0693 2.0735 2.0736 
1.10 2.1386 2.1469 2.1549 2.1554 2.1556 2.1556 
1.15 2.2328 2.2459 2.2462 
1.20 2.3097 2.3272 2.3439 2.3450 2.3454 2.3454 
1.25 2.4299 2.4527 2.4532 
1.30 2.5136 2.5409 2.5672 2.5689 2.5695 2.5695 
1.35 2.6604 2.6937 2.6944 
1.40 2.7504 2.7883 2.8246 2.8269 2.8278 2.8278 
1.45 2.9245 2.9686 2.9696 
1.50 3.0201 3.0690 3.1157 3.1187 3.1197 3.1197 
x Euler Euler Imp. Euler | Imp. Euler RK4 RK4 
i h=0.1 h=0.05 h=0.1 h = 0.05 h=0.1 h = 0.05 
0.00 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 
0.05 0.0500 0.0501 0.0500 
0.10 0.1000 0.1001 0.1005 0.1004 0.1003 0.1003 
0.15 0.1506 0.1512 0.1511 
0.20 0.2010 0.2017 0.2030 0.2027 0.2026 0.2026 
0.25 0.2537 0.2552 0.2551 
0.30 0.3049 0.3067 0.3092 0.3088 0.3087 0.3087 
0.35 0.3610 0.3638 0.3637 
0.40 0.4135 0.4167 0.4207 0.4202 0.4201 0.4201 
0.45 0.4739 0.4782 0.4781 
0.50 0.5279 0.5327 0.5382 0.5378 0.5376 0.5376 
x Euler Euler Imp. Euler | Imp. Euler RK4 RK4 
i h=0.1 h=0.05 h=0.1 h=0.05 h=0.1 h=0.05 
0.50 0.5000 0.5000 0.5000 0.5000 0.5000 0.5000 
0.55 0.5500 0.5512 0.5512 
0.60 0.6000 0.6024 0.6048 0.6049 0.6049 0.6049 
0.65 0.6573 0.6609 0.6610 
0.70 0.7090 0.7144 0.7191 0.7193 0.7194 0.7194 
0.75 0.7739 0.7800 0.7801 
0.80 0.8283 0.8356 0.8427 0.8430 0.8431 0.8431 
0.85 0.8996 0.9082 0.9083 
0.90 0.9559 0.9657 0.9752 0.9755 0.9757 0.9757 
0.95 1.0340 1.0451 1.0452 
1.00 1.0921 1.1044 1.1163 1.1168 1.1169 1.1169 
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"s x Euler Euler Imp. Euler | Imp. Euler RK4 RK4 
n h=0.1 h = 0.05 h=0.1 h = 0.05 h=0.1 h = 0.05 
1.00 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 
1.05 1.1000 1.1091 1.1095 
1.10 1.2000 1.2183 1.2380 1.2405 1.2415 1.2415 
1.15 1.3595 1.4010 1.4029 
1.20 1.4760 1.5300 1.5910 1.6001 1.6036 1.6036 
125 1.7389 1.8523 1.8586 
1.30 1.8710 1.9988 2.1524 2.1799 2.1909 2.1911 
1.35 2.3284 2.6197 2.6401 
1.40 2.4643 2.7567 3.1458 3.2360 3.2745 3.2755 
1.45 3.3296 4.1528 4.2363 
1.50 3.4165 4.1253 5.2510 5.6404 5.8338 5.8446 
5. Using 
Yn+1 = Yn + hun, yo = 3 
Un+1 = Un + h(2£n + 1)yn, uo = 1 


we obtain (when h = 0.2) y = y(0.2) = yo + hug = 3 + (0.2)1 = 3.2. When h = 0.1 we have 


yı = yo + 0.1ug = 3 + (0.1)1 = 3.1 
uj; = uo +0.1(2x0 + 1)yo = 1 + 0.1(1)3 = 1.3 
yo = yı +0.1u1 = 3.1 + 0.1(1.3) = 3.23. 


6. The first predictor is y3 = 1.14822731. 


x, y, 

0.0 2.00000000 init. cond. 
0.1 1.65620000 RK4 

0.2 1.41097281 RK4 

0.3 1.24645047 RK4 

0.4 1.14796764 ABM 


7. Using zo = 1, yo = 2, and h = 0.1 we have 


21 = zo + h(zo + yo) = 1+0.1(1 + 2) =1.3 
Ui = Yo + h(xo — yo) =2+0.1(1 — 2) =1.9 


and 


vy = 21 + h(vi +y1) = 1.3 +0.1(1.3 + 1.9) = 1.62 
yo = yı + h(%1 — y1) = 1.9 +0.1(1.3 — 1.9) = 1.84. 


Thus, (0.2) ~ 1.62 and y(0.2) = 1.84. 
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8. We identify P(x) = 0, Q(z) = 6.55(1 + 2), f(z) = 1, and h = (1— 0)/10 = 0.1. Then the 
finite difference equation is 


or 
VYi+1 + (0.06552; — 1.9345)y; + y¡-1 = 0.001. 


The solution of the corresponding linear system gives 


0.0 0.1 0.2 0.3 0.4 0.5 0.6 


0.0000 4.1987 8.1049 11.3840 13.7038 14.7770 14.4083 


0.7 0.8 0.9 1.0 
12.5396 9.2847 4.9450 0.0000 


Chapter 10 


Systems of Nonlinear First-Order Differential 
Equations 


10.1 Autonomous Systems 


1. The corresponding plane autonomous system is 


z'—y, y =-—9sinz. 


If (x,y) is a critical point, y = 0 and —9sinx = 0. Therefore x = +nz and so the critical 


points are Gen, 0) for n = 0, 1, 2, .... 


2. The corresponding plane autonomous system is 


s =y, y =-20-y. 


If (x,y) is a critical point, then y = 0 and so —2x — y? = —2x = 0. Therefore (0,0) is the 


sole critical point. 


3. The corresponding plane autonomous system is 


/ 


a=y, y =a? -y(1- 2?). 


If (x,y) is a critical point, y = 0 and so x? — y(1 — x?) = x? = 0. Therefore (0,0) is the sole 
critical point. 


4. The corresponding plane autonomous system is 
=y y=-4 


x 
—— — 2y. 
1 + 2? Y 


If (x,y) is a critical point, y = 0 and so —4z/(1 + z?) — 2(0) = 0. Therefore x = 0 and so 
(0,0) is the sole critical point. 
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13. 
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. The corresponding plane autonomous system is 


a! = y, y -— —g + er’. 


If (x,y) is a critical point, y = 0 and —z + ex? = 0. Hence z(—1 + ez?) = 0 and so x = 0, 


J1/e, —/1/e. The critical points are (0,0), (4/1/e,0) and (—4/1/e , 0). 


. The corresponding plane autonomous system is 


xz =y, y —-—z-em|z|. 


If (x,y) is a critical point, y = 0 and —z + exlx| = z(—1-Fe|z|) = 0. Hence x = 0, 1/e, —1/e. 
The critical points are (0,0), (1/e,0) and (-1/e, 0). 


. From z-Fxzy = 0 we have x(1+y) = 0. Therefore x = 0 or y = —1. If x = 0, then, substituting 


into —y — zy = 0, we obtain y = 0. Likewise, if y = —1, 1+a = 0 or x = —1. We can 
conclude that (0,0) and (—1, —1) are critical points of the system. 


. From y? — x = 0 we have x = y?. Substituting into z? — y = 0, we obtain y^ — y = 0 or 


y(y? — 1) = 0. It follows that y = 0, 1 and so (0,0) and (1,1) are the critical points of the 


system. 


. From z — y = 0 we have y = x. Substituting into 3x? — 4y = 0 we obtain 


3x? — 4x = x (3v — 4) = 0. It follows that (0,0) and (4/3, 4/3) are the critical points of the 


system. 


3. Substituting into x — y? = 0 we obtain x — x? = 0 or 


From z? —y = 0 we have y = x 
x(1— x9). Therefore z = 0, 1, —1 and so the critical points of the system are (0,0), (1,1), 


and (—1, —1). 


From z(10 — z — iy) = 0 we obtain x = 0 or z + iy = 10. Likewise y(16 — y — x) = 0 implies 
that y = 0 or x + y = 16. We therefore have four cases. If x = 0, y = 0 or y = 16. If 
rd iy — 10, we can conclude that y(=3y + 6) = 0 and so y = 0, 12. Therefore the critical 
points of the system are (0,0), (0,16), (10,0), and (4,12). 


Adding the two equations we obtain 10 — 15y/(y + 5) = 0. It follows that y = 10, and from 
-21 + y + 10 = 0 we can conclude that x = 10. Therefore (10, 10) is the sole critical point of 
the system. 


2 


From z?e" = 0 we have x = 0. Since e” — 1 = e? — 1 = 0, the second equation is satisfied for 


an arbitrary value of y. Therefore any point of the form (0, y) is a critical point. 


From sin y = 0 we have y = «nz. From e*^9 = 1, we can conclude that x — y = 0 or x = y. 


The critical points of the system are therefore (+n1,+n1) for n = 0, 1, 2, .... 
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15. 


16. 


17. 


18. 
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From z(1— z? — 3y?) = 0 we have x = 0 or 2? + 3y? = 1. If x = 0, then substituting into 
y(3 — x? — 3y?) gives y(3 — 3y?) = 0. Therefore y = 0, 1, —1. Likewise x? = 1 — 3y? yields 
2y = 0 so that y = 0 and x? = 1 — 3(0)? = 1. The critical points of the system are therefore 
(0,0), (0, 1), (0, —1), (1,0), and (—1, 0). 


From —z(4 — y?) = 0 we obtain z = 0, y = 2, or y = —2. If x = 0, then substituting into 
Ay(1 — z?) yields y = 0. Likewise y = 2 gives 8(1 — x?) = 0 or z = 1, —1. Finally y = —2 
yields —8(1— z?) — 0 or z — 1, —1. The critical points of the system are therefore (0, 0), 
(1,2), (1,2), (1, 22), and (—1, —2). 


(a) From Exercises 8.2, Problem 1, z = ce?! — cae? and y = 2cye™ + cse t. 


(b) From X(0) = (—2,2) it follows that c4 = 0 and cz = 2. Therefore x = —2e ' and 
y = 2e™. 


(c) i 


(2,2) 


xy 


-2 2 


(a) From Exercises 8.2, Problem 6, x = cy + 203€ ?* and y = 3c, + coe *, which is not 
periodic. 


(b) From X(0) = (3,4) it follows that cı = c? = 1. Therefore z = 1 +2e7™ and y = 3+ e*t 
gives y = ¿(x — 1) +3. 


(c) YA ; 
44 P dd 
21 ; 
+ + > 
-4 2 2 4 * 
y=3x 727 
f 47 


19. (a) From Exercises 8.2, Problem 34, x = c¡(4cos 3t — 3sin3t) + ca(4sin 3t + 3cos3t) and 


y = cı (5 cos 3t) + ca(5 sin 3t). All solutions are periodic with p = 27/3. 
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(b) From X(0) = (4,5) it follows that cı = 1 and cp = 0. Therefore x = 4cos 3t — 3sin 3t 
and y = 5cos 3t. 


(e) di 


(4,5) 


20. (a) From Exercises 8.2, Problem 35, x 


= c(sint — cost) + ca(— cost — sint) and 
y = 2c, cost + 2co sint. All solutions are periodic with p = 27. 


(b) From X(0) = (-2,2) it follows that c1 = ca = 1. Therefore x = —2cost and 
y = 2cost+ 2sint. 


(c) A 


21. (a) From Exercises 8.2, Problem 38, 2 = c (sint — cost)e + co(— sint — cost)e* and y = 


2c1 (cos t) e +2co(sin t) e**. Because of the presence of e”, there are no periodic solutions. 


(b) From X(0) = (—1,2) it follows that c; = 1 and cz = 0. Therefore x = (sint — cos t)e* 
and y = 2(cos t) e”. 
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(c) i 


22. (a) From Exercises 10.2, Problem 40, x = cie *(2cos2t — 2 sin 2t) + coe ' (2 cos 2t + 2sin 2t) 
and y = cre * cos 2t + coe! sin 2t. Because of the presence of e^*, there are no periodic 
solutions. 


(b) From X(0) = (2,1) it follows that cı = 1 and cz = 0. Therefore x = e~'(2 cos 2t —2sin 2t) 
and y = e cos 2t. 


(c) ji 


23. Switching to polar coordinates, 


d 1 d. d 1 
i; ( ur) = (ay -tr 4 ay —yPrt) = —r* 


d r 


do 1 d d 1 
—= (ora) = 50 tatta- ar) =, 


dt r? dt ' dt 
If we use separation of variables on — —r? we obtain 
1 1/4 
r= (x) and 0-—t-c. 


Since X(0) = (4,0), r = 4 and 9 = 0 when t = 0. It follows that cz = 0 and cı = gig. The 


final solution can be written as 
4 
=== y, 0-t 
4/1024t +1 


and so the solution spirals toward the origin as t increases. 
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24. Switching to polar coordinates, 


dr 1 dx d 1 
T (som eu) ze tyr 


dé 1 dx dy 1 
a (<u Fae) = CV ayr? — 2 + ayró) = -1. 


3 


If we use separation of variables, it follows that 


1 
p Jaa an + C2 
Since X(0) = (4,0), r = 4 and 6 = 0 when t = 0. It follows that c2 = 0 and ci = i. The 
final solution can be written as 


4 


r= ————, 0 = -t. 
y1 — 32t 
Note that r > co as t > (5) Because 0 < t < EI the curve is not a spiral. 


25. Switching to polar coordinates, 


dr 1 LE dy 
TH at 


e! ) Hear emerat ora cr) 


do 1 dx dy\ 1.3 2 2 27 
m s (ue rr) = Sh? nares ea crx 


Now dr/dt = r — r? or (dr/dt) — r = —r? is a Bernoulli differential equation. Following the 
procedure in Section 2.5 of the text, we let w = r^? so that w = —2r^? (dr/dt). Therefore 
w + 2w = 2, a linear first order differential equation. It follows that w = 1 + ce" and so 


r? = 1/(1 + ce ?*). The general solution can be written as 
1 
r= ==, 0 —t-4 co. 


VIF ae% 


If X(0) = (1,0), r 2 1 and 0 = 0 when t = 0. Therefore c1 = 0 = cz and so x = r cost = cost 
and y = rsint = sint. This solution generates the circle r = 1. If X(0) = (2,0), r = 2 and 
6 = 0 when t = 0. Therefore c1 = —3/4, co = 0 and so 


This solution spirals toward the circle r = 1 as t increases. 


26. Switching to polar coordinates, 


dr 1 dx dy\ 1 r’ 2 y? 25| — a2 


do 1 dx dy 1 xy xy 
Goa (Gee) =5| y + —=(4-r?)-a? -=(4 dl =—1. 
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From Example 3, Section 2.2, 


1 At 
r=2 05 and 60 — —t-F c. 
— Cy 


If X(0) = (1,0), r = 1 and 6 = 0 when t = 0. It follows that cz = 0 and c4 = -i . Therefore 


[Le 
r=2—i— and 0 — —t. 
E di 


Note that r = 0 when ef = 3 or t = (In 3)/4 and r + —2 as t > oo. The solution therefore 
approaches the circle r = 2. If X(0) = (2,0), it follows that c; = cz = 0. Therefore r = 2 and 
0 — —t so that the solution generates the circle r — 2 traversed in the clockwise direction. 
Note also that the original system is not defined at (0,0) but the corresponding polar system 
is defined for r = 0. If the Runge-Kutta method is applied to the original system, the solution 
corresponding to X(0) — (1,0) will stall at the origin. 


The system has no critical points, so there are no periodic solutions. 


From z(6y — 1) = 0 and y(2 — 8r) = 0 we see that (0,0) and | 
(1/4, 1/6) are critical points. From the graph we see that there ] 
are periodic solutions around (1/4, 1/6). ($ 


y 


The only critical point is (0,0). There appears to be a single 


periodic solution around (0, 0). 


The system has no critical points, so there are no periodic solutions. 


10.2 Stability of Linear Systems 


1. 


(a) If X(0) = Xo lies on the line y = 2x, then X(t) approaches (0,0) along this line. For 
all other initial conditions, X(t) approaches (0,0) from the direction determined by the 
line y = —z/2. 


. (a) If X(0) = Xo lies on the line y = —z, then X(t) becomes unbounded along this line. 


For all other initial conditions, X(t) becomes unbounded and y = —31/2 serves as an 
asymptote. 
(b) E at 
N 
A 
Koa 


= 
=Y 


10.2 Stability of Linear Systems 


. (a) All solutions are unstable spirals which become unbounded as t increases. 


(b) il 


=Y 
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4. (a) All solutions are spirals which approach the origin. 


(b) " 


1 Q.D 


5. (a) All solutions approach (0,0) from the direction specified by the line y = z. 


(b) ii 


BY 


6. (a) All solutions become unbounded and y = 1/2 serves as the asymptote. 


(b) at 


-4 3 2 -L-" 1 2 3 4% 
T 


Pd. 


10.2 Stability of Linear Systems 


7. (a) If X(0) = Xo lies on the line y = 3z, then X(t) approaches (0,0) along this line. For all 


8. 


13. 


14. 


15. 


16. 


other initial conditions, X(t) becomes unbounded and y = x serves as the asymptote. 


(b) de 


(a) The solutions are ellipses which encircle the origin. 


A 


e 


(b) y 


(1,1) 


. Since A = —41 < 0, we can conclude from Figure 10.2.12 that (0,0) is a saddle point. 
. Since A = 29 and 7 = —12, 7? — 4A > 0 and so from Figure 10.2.12, (0,0) is a stable node. 
. Since A — —19 « 0, we can conclude from Figure 10.2.12 that (0,0) is a saddle point. 


. Since A = 1 and 7 = —1, 7? — 4A = —3 and so from Figure 10.2.12, (0,0) is a stable spiral 


point. 


Since A = 1 and 7 = —2, 7? — 4A = 0 and so from Figure 10.2.12, (0,0) is a degenerate 
stable node. 


Since A = 1 and 7 = 2, 7? —AA = 0 and so from Figure 10.2.12, (0,0) is a degenerate unstable 


node. 


Since A — 0.01 and 7 — —0.03, 7? — 4A « 0 and so from Figure 10.2.12, (0,0) is a stable 


spiral point. 


Since A — 0.0016 and 7 — 0.08, 7? — AA — 0 and so from Figure 10.2.12, (0,0) is a degenerate 


unstable node. 
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17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 
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A — 1— 42, 7 = 0, and so we need A = 1— u? > 0 for (0,0) to be a center. Therefore |u| < 1. 


Note that A = 1 and 7 = y. Therefore we need both 7 = u < 0 and à? — 4A = p?-4 <0 
for (0,0) to be a stable spiral point. These two conditions can be written as —2 < u < 0. 


Note that A = p + 1 and T = u + 1 and so 7? — AA = (u + 1} — 4(u +1) = (u + 1)(u — 3). 
It follows that 7? — 4A < 0 if and only if —1 < u < 3. We can conclude that (0,0) will be a 
saddle point when y < —1. Likewise (0,0) will be an unstable spiral point when 7 = +1 > 0 
and 7? — 4A < 0. This condition reduces to —1 < u < 3. 


T = 2a, A = o? + f? > 0, and 7? — AA = —46 < 0. If a « 0, (0,0) is a stable spiral point. If 


a > 0, (0,0) is an unstable spiral point. Therefore (0,0) cannot be a node or saddle point. 


AX,+F = 0 implies that AX, = —F or X, = —A-1F. Since X,(t) = —A-F is a particular 
solution, it follows from Theorem 10.1.6 that X(t) = X¿(t) + X, is the general solution to 
X’ = AX +F. If 7 « 0 and A > 0 then X,(t) approaches (0,0) by Theorem 10.2.1(a). It 
follows that X(t) approaches X4 as t > oo. 


If bc < 1, A = adigy(1 — bc) > 0 and 7? — 4A = (aĉ — di)? + 4abedig > 0. Therefore (0,0) is 


a stable node. 


(a) The critical point is X, = (—3, 4). 


(b) From the graph, Xy appears to be an unstable node or a 
saddle point. 


(c) Since A — —1, (0,0) is a saddle point. 


(a) The critical point is X, = (—1, —2). 


(b) From the graph, X appears to be a stable node or a degen- 


erate stable node. 


(c) Since 7 = —16, A = 64, and 7? — 4A = 0, (0,0) is a degen- 


erate stable node. 


(a) The critical point is X, = (0.5, 2). 
(b) From the graph, X, appears to be an unstable spiral point. 


(c) Since 7 = 0.2, A = 0.03, and 72 — 4A = —0.08, (0,0) is an 


unstable spiral point. 


qma 


10.3 Linearization and Local Stability 


26. (a) The critical point is X, = (1,1). 
(b) From the graph, X4 appears to be a center. 


(c) Since 7 = 0 and A = 1, (0,0) is a center. 


/ 


10.3 Linearization and Local Stability 


1. Switching to polar coordinates, 


dr 1 dx dy 2 
dt r 


1 1 
Z2) = ¿(ar — Bay + xy" + Bay + ay? — xy’) = -ar = ar. 


Therefore r = ce?* and so r — 0 if and only if a < 0. 


2. The differential equation dr/dt = ar(5 — r) is a logistic differential equation. [See Section 
3.2, (4) and (5).] It follows that 


5 


"= IF qedar and 0 — —t- c3. 


Ifa > 0, r — 5 as t > +00 and so the critical point (0,0) is unstable. If a < 0, r — 0 as 
t => +00 and so (0,0) is asymptotically stable. 


3. The critical points are x = 0 and z = n 4-1. Since g'(x) = k(n-4- 1) -2kz, g'(0) = k(n+1) » 0 
and g'(n+1) = —k(n-- 1) « 0. Therefore x = 0 is unstable while x = n + 1 is asymptotically 
stable. See Theorem 10.2. 


4. Note that x = k is the only critical point since In(x/k) is not defined at x = 0. Since 
g'(x) = —k — kin (x/k), g'(k) = —k < 0. Therefore x = k is an asymptotically stable critical 
point by Theorem 10.2. 


5. The only critical point is T = To. Since g'(T) = k, g'(To) = k > 0. Therefore T = Tp is 
unstable by Theorem 10.2. 


6. The only critical point is v = mg/k. Now g(v) = g — (k/m)v and so g'(v) = —k/m « 0. 
Therefore v = mg/k is an asymptotically stable critical point by Theorem 10.2. 


7. Critical points occur at x = o, f. Since g'(x) = k(—a — B + 22), g'(a) = k(o — B) and 
g(B) = k(8 — a). Since a > 8, g'(a) > 0 and so x = a is unstable. Likewise x = f is 
asymptotically stable. 


8. Critical points occur at x =a, PB, y. Since 


9 (zx) = k(o — z)(-8 — y - 2x) + k(8 — z)(y — 2-1), 
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g(a) = —k(B — o)(y — a) < 0 since a > 8 > y. Therefore x = a is asymptotically stable. 
Similarly g'(8) > 0 and g'(y) < 0. Therefore x = 8 is unstable while z = y is asymptotically 
stable. 


. Critical points occur at P = a/b, c but not at P = 0. Since g'(P) = (a — bP) + (P — c)(—0), 


g'(a/b) = (a/b — c)(—b) 2 —a--bc and g'(c) — a — bc. 


Since a < bc, —a + bc > 0 and a — bc < 0. Therefore P = a/b is unstable while P = c is 
asymptotically stable. 


Since A > 0, the only critical point is A = K?. Since 
g'(A) = 4kK A-1? — k, g'(K?) = —k/2 < 0. Therefore A = K? is asymptotically stable. 


The sole critical point is (1/2, 1) and 


—2y —2x 
g(X) = 
2y 2x-1 


Computing g'((1/2,1)) we find that 7 = —2 and A = 2 so that 7? — AA = —4 < 0. Therefore 
(1/2, 1) is a stable spiral point. 


Critical points are (1,0) and (—1,0), and 


«oo- (5 7. 


At X = (1,0), T = 4, A = 4, and so 7? — 4A = 0. We can conclude that (1,0) is unstable but 
we are unable to classify this critical point any further. At X = (—1,0), A = —4 « 0 and so 
(—1,0) is a saddle point. 


y = 2xy — y = y(2x — 1). Therefore if (x, y) is a critical point, either x = 1/2 or y = 0. The 


case x = 1/2 and y — z? + 2 = 0 implies that (x,y) = (1/2, —7/4). The case y = 0 leads to 
the critical points (V/2,0) and (—4V/2,0). We next use the Jacobian matrix 


g (X) i [S 2x — ] 


to classify these three critical points. For X = (V2,0) or (-V2,0), 7 = —1 and A < 0. 
Therefore both critical points are saddle points. For X = (1/2, —7/4), 7 = —1, A = 7/2 and 
so T? — AA = —13 < 0. Therefore (1/2, —7/4) is a stable spiral point. 


y! = —y + zy = y(—1 + x). Therefore if (x,y) is a critical point, either y = 0 or x = 1. The 
case y = 0 and 2x — y? = 0 implies that (x,y) = (0,0). The case x = 1 leads to the critical 
points (1, V2) and (1, —V2). We next use the Jacobian matrix 


j u 2 —2y 
g(X)= ( 2) 


15. 


16. 


17. 


18. 
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to classify these critical points. For X = (0,0), A = —2 < 0 and so (0,0) is a saddle point. 
For either (1, V2) or (1, —/2), 7 = 2, A = 4, and so T? — AA = —12. Therefore (1, V2) and 
(1, —/2) are unstable spiral points. 


Since x? — y? = 0, y? = z? and so x? — 3x +2 = (x — 1)(x — 2) = 0. It follows that the critical 
points are (1, 1), (1, — 1), (2, 2), and (2, —2). We next use the Jacobian 


—3 2y 
g(X)- 
2x —2y 
to classify these four critical points. For X = (1,1), 7 = —5, A = 2, and so 717 — AA = 17 > 0. 
Therefore (1, 1) isa stable node. For X = (1, 1), A = —2 < 0 and so (1, — 1) is a saddle point. 


For X = (2,2), A = —4 < 0 and so we have another saddle point. Finally, if X = (2, —2), 
T — l, A = 4, and so 7? — 4A = —15 < 0. Therefore (2, —2) is an unstable spiral point. 


From y? — z? = 0, y = or y= —z. The case y = x leads to (4, 4) and (—1,1) but the case 
y = —2 leads to 1? — 3x + 4 = 0 which has no real solutions. Therefore (4, 4) and (—1, 1) are 


the only critical points. We next use the Jacobian matrix 


g'(X) = : E 2j 


to classify these two critical points. For X = (4,4), 7 = 12, A = 40, and so 7? — 4A < 0. 
Therefore (4, 4) is an unstable spiral point. For X = (—1,1), 7 = —3, A = 10, and so 
r? — 4A <0. It follows that (—1,—1) is a stable spiral point. 


Since x’ = —2ry = 0, either x = 0 or y = 0. If z = 0, y(1— y?) = 0 and so (0,0), (0, 1), and 
(0, —1) are critical points. The case y = 0 leads to x = 0. We next use the Jacobian matrix 


g(X) = ( pi. we) 


—l+y 142-3) 


to classify these three critical points. For X = (0,0), 7 = 1 and A = 0 and so the test is 
inconclusive. For X — (0,1), r — —4, A — 4 and so 7? — 4A — 0. We can conclude that 
(0, 1) is a stable critical point but we are unable to classify this critical point further in this 
borderline case. For X — (0, —1), A — —4 « 0 and so (0, —1) is a saddle point. 


We found that (0,0), (0, 1), (0, —1), (1,0) and (—1,0) were the critical points in Problem 15, 
Section 10.1. The Jacobian is 


1 — 3x? — 3y? —6xy 
g (X) = . 


—2ry 3- zr? -— 9y? 


For X = (0,0), 7T = 4, A = 3 and so 7? — AA = 4 > 0. Therefore (0,0) is an unstable node. 
Both (0,1) and (0, —1) give 7 = —8, A = 12, and 71? — AA = 16 > 0. These two critical points 
are therefore stable nodes. For X = (1,0) or (—1,0), A = —4 < 0 and so saddle points occur. 
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19. We found the critical points (0,0), (10,0), (0,16) and (4,12) in Problem 11, Section 10.1. 
Since the Jacobian is 


10 — 2% — ły -igr 
g(X)- : : 
—y 16-2y-x 
we can classify the critical points as follows: 
X T A 7?—4A Conclusion 
(0,0) 26 160 36 unstable node 
(10,0) —4 —60 — saddle point 
(0,16) —14 —32 o saddle point 


(4,12 -16 24 160 stable node 


20. We found the sole critical point (10,10) in Problem 12, Section 10.1. The Jacobian is 


=2 1 
/ 
X) = 
g(X) g ja , 
(y +5)? 
g'((10,10)) has trace 7 = —46/15, A = 2/15, and 7? — 4A > 0. Therefore (0,0) is a stable 


node. 


21. The corresponding plane autonomous system is 


/ 


1 
0 =y, y —(cos0— 5) sin 6. 


Since [0| < 7, it follows that critical points are (0,0), (7/3,0) and (—7/3,0). The Jacobian 


. . 
'( ) 1 
g X = 


and so at (0,0), 7 2 0 and A = —1/2. Therefore (0,0) is a saddle point. For X = (+7/3,0), 


T = 0 and A = 3/4. It is not possible to classify either critical point in this borderline case. 


22. The corresponding plane autonomous system is 


1 
g=y, y=-r+ (5-39? )y— 2. 


If (x, y) is a critical point, y = 0 and so —x—a? = —z(1--x) = 0. Therefore (0,0) and (—1,0) 
are the only two critical points. We next use the Jacobian matrix 


to classify these critical points. For X = (0,0), 7 = 1/2, A = 1, and 7? — 4A < 0. Therefore 
(0, 0) is an unstable spiral point. For X = (—1,0), 7 = 1/2, A = —1 and so (—1,0) is a saddle 
point. 


23. 


24. 


25. 


26. 


27. 
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The corresponding plane autonomous system is 
/ 


g=y, y —z? —y(1— zr’) 


and the only critical point is (0,0). Since the Jacobian matrix is 


(X) 0 1 
g zx > 
2x +3x2%y az? —1 


T = —] and A = 0, and we are unable to classify the critical point in this borderline case. 


'The corresponding plane autonomous system is 


£ =y, y == 4 
and the only critical point is (0,0). Since the Jacobian matrix is 
0 1 
g(X) = ] e > 
(1 + x2)? 


T = —2, A=4, T? — 4A = —12, and so (0,0) is a stable spiral point. 


In Problem 5, Section 10.1, we showed that (0,0), (,/1/e,0) and (—4/1/e,0) are the critical 
points. We will use the Jacobian matrix 


0 1 
/ X = 
g (X) (. + 3ez? Jj 


to classify these three critical points. For X = (0,0), 7 =0 and A = 1 and we are unable to 
classify this critical point. For (+,/1/e,0), 7 = 0 and A = —2 and so both of these critical 


points are saddle points. 


In Problem 6, Section 10.1, we showed that (0,0), (1/e,0), and (—1/e,0) are the critical 


points. Since D,z|vz| = 2|x|, the Jacobian matrix is 


j = 0 1 
goo = = —1 2 l 


For X = (0,0), 7 = 0, A = 1 and we are unable to classify this critical point. For (+1/e,0), 


T —0, A — —1, and so both of these critical points are saddle points. 


'The corresponding plane autonomous system is 


ac y=- (B a^y?)z 


1+ o?z? 
and the Jacobian matrix is 
0 1 
g (X) = (6+ ay?) (a?r? —1) —20%yz 
[Leur Tare? 


For X = (0,0), 7 = 0 and A = f. Since 8 < 0, we can conclude that (0,0) is a saddle point. 
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28. From x’ = —oz + zy = z(—a + y) = 0, either z = 0 or y = a. If x = 0, then 1 — By = 0 and 


29. (a) The graphs of —z4-y — a? = 0 and —r— y +y? = 0 are shown 


so y = 1/8. The case y = o implies that 1 — Ba — x? = 0 or x? = 1— aff. Since af > 1, this 


equation has no real solutions. It follows that (0, 1/8) is the unique critical point. Since the 


j u —acty cx 
«oo (7*7 s 
— afi 

B 


Jacobian matrix is 


1 
T=-a-8 B+ < 0 and A = af —1 > 0. Therefore (0, 1/8) is a stable 


TUM 
B 


critical point. 


in the figure. The Jacobian matrix is 


eed 1 
g (X) = à; 
—1 —1-42y 


For X = (0,0), 7 = —2, A = 2, 1? — 4A = —4, and so (0,0) Eom 


is a stable spiral point. 


x2y-y 


MY 


(b) For X,, A = —6.07 < 0 and so a saddle point occurs at X. 


30. (a) The corresponding plane autonomous system is 


31. 


1 
a =y, y=e(y- Gv) -x 


and so the only critical point is (0,0). Since the Jacobian matrix is 


0 1 
g (X) = de (1 — 2)! 


T =e, A = 1, and so T? — 4A = €? — 4 at the critical point (0,0). 
(b) When 7 = e > 0, (0,0) is an unstable critical point. 


(c) When e < 0 and 7? - 4A = &? —4 < 0, (0,0) is a stable spiral point. These two 


requirements can be written as —2 « e « 0. 


(d) When e = 0, x” +x = 0 and so x = cı cost + co sint. Therefore all solutions are periodic 


(with period 27) and so (0,0) is a center. 


The differential equation dy/dx = y'/x' = —2x°/y can be solved by separating variables. It 
follows that y? + zt = c. If X(0) = (20,0) where zo > 0, then c = xj so that y? = zd — x*. 
Therefore if —r9 < x < zo, y? > 0 and so there are two values of y corresponding to each 
value of x. Therefore the solution X(t) with X(0) = (20,0) is periodic and so (0,0) is a 


center. 
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32. The differential equation dy/dx = y'/x' = (x? —2x)/y can be solved by separating variables. 
It follows that y?/2 = (x3/3) — a? +c and since X(0) = (z(0),2/(0)) = (1,0), c = 3. 
Therefore 


But (x — 1)(z3? — 2x — 2) > 0 for 1 — V3 < x < 1 and so each z in this interval has 2 


corresponding values of y. therefore X(t) is a periodic solution. 


33. (a) x’ = 2xy = 0 implies that either x = 0 or y = 0. If x = 0, then from 1 — z? + y? = 0, 
y? = —1 and there are no real solutions. If y = 0, 1 — x? = 0 and so (1,0) and (—1,0) 


are critical points. The Jacobian matrix is 


and so 7 — 0 and A — 4 at either X — (1,0) or (—1,0). We obtain no information about 


these critical points in this borderline case. 


(b) The differential equation is 


dy y 1-#4+7? 
de x! o 2xy 


or 


d 
sy = 1-2? +. 


Letting u = y?/x, it follows that du/dx = (1/2?) — 1 and 
so u = —(1/x)—x+2c. Therefore y?/z = —(1/z)  z-2c 
which can be put in the form (x — c)? + y? = c? — 1. The 
solution curves are shown and so both (1,0) and (—1,0) 


are centers. 
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(a) The differential equation is dy/dx = y'/x" = (—ax — y?)/y = —(2/y) — y and so 
dy/dx +y = —zy 1. 


(b) Let w = y!” = y?. It follows that dw/dz + 2w = —2z, a linear first order dif- 
ferential equation whose solution is y? = w = ce + (5 — z). Since z(0) = i and 
y(0) = x'(0) = 0, 0 = cand so y? = > — x, a parabola with vertex at (1/2,0). Therefore 
the solution X(t) with X(0) = (1/2,0) is not periodic. 


The differential equation is dy/dx = y'/z' = (x? — z)/y and so y?/2 = 24/4 — 2?/2+ c or 
y? = x*/2 — x? +c. Since z(0) = 0 and y(0) = z'(0) = vo, it follows that c; = vå and so 
2 la 2 


Y 9% =i +u = 


(a? — 1? +2v2 — 1 
5 


The x-intercepts on this graph satisfy 


a =1+4/1-— 20% 


and so we must require that 1 — 24% > 0 (or |vo| € 4v2 ) for real solutions to exist. If 
xg = 1— /1—2vf and —z9 < x < zo, then (x? — 1)? + 24 — 1 > 0 and so there are 
two corresponding values of y. Therefore X(t) with X(0) = (0, vo) is periodic provided that 


[vo] € $ v2. 


The corresponding plane autonomous system is 


/ 


z =y, y =ex*-2+1 


and so the critical points must satisfy y — 0 and 


l-X41- 4e 
SS eM 
2€ 


Therefore we must require that e < n for real solutions to exist. We will use the Jacobian 


g (X) B " E o) 


to attempt to classify ((1+y1 — 4e )/2e, 0) when e € 1/4. Note that r = 0 and A = yl — 4e. 
For X = ((1 + V1 -— 4e )/2e,0) and e < 1/4, A < 0 and so a saddle point occurs. For 
X = ((1— V1 — 4e)/2e,0), A > 0 and we are not able to classify this critical point using 


linearization. 


matrix 
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37. The corresponding plane autonomous system is 


a 3 R 
day, y=—2e-23-2y 


L L L 
where x = q and y= q'. If X = (x, y) is a critical point, y = 0 and 
—az — Ba? = —z(a + Ba?) = 0. If 8 > 0, a+ Bx? = 0 has no real solutions and so (0,0) is 
the only critical point. Since 


0 1 
g(X)- —a — 38a? R]» 
m ELEME 


T = —R/L < 0 and A = q/L > 0. Therefore (0,0) is a stable critical point. If 8 < 0, 
(0,0) and (+2,0), where 2? = —a/8 are critical points. At X(+%,0), 7 = —R/L < 0 and 
A = —2a/L < 0. Therefore both critical points are saddles. 


38. If we let dx/dt = y, then dy/dt = —a? — x. From this we obtain the first-order differential 


equation 
dy  dy/dt | a+ 


dr du/dt — y 


Separating variables and integrating we obtain 


[ud =- [ee 


and 


Completing the square we can write the solution as y? = -i (x? +1)? + es. If X(0) = (29,0), 
then cz = 4 (x8 + 1)? and so 


1 1 ré +22 +1 -— zt — 2r? — 1 
E p pd ecu e oc o 


_ (z0 + 2?) (ró — 2°) + 2(x6 - a7) _ (x6 +2? + 2)(xó — 2”) 


2 2 


Note that y = 0 when x = —2 9. In addition, the right-hand side is positive for — zo < x < Zo, 
and so there are two corresponding values of y for each x between —zo and zo. The solution 
X = X(t) that satisfies X(0) = (xo, 0) is therefore periodic, and so (0,0) is a center. 


39. (a) Letting xr = 0 and y = 2’ we obtain the system z’ = y and y' = 1/2 — sing. Since 
sin7/6 = sin5r/6 = 1/2 we see that (7/6,0) and (57/6,0) are critical points of the 


system. 


(b) The Jacobian matrix is 
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and so 
0 1 0 1 
Ai =g = ((7/6,0)) = e j and A2=g = ((57/6,0)) = Lao 3 : 


Since det A; > 0 and the trace of A, is 0, no conclusion can be drawn regarding the 
critical point (7/6,0). Since det A» < 0, we see that (57/6,0) is a saddle point. 
(c) From the system in part (A) we obtain the first-order differential equation 


dy  1/2—sinz 
dz y l 


Separating variables and integrating we obtain 


a 


and 
l> d 
Pi = gt 9089 el 
or 
y? = qz + 2cos x + co. 
For xo near 7/6, if X(0) = (x9,0) then c9 = — zo — 2 cos xo and 


y? = x--2cosz—az9—2coszo. Thus, there are two values of y for each z in a sufficiently 


small interval around 7/6. Therefore (7/6,0) is a center. 


40. (a) Writing the system as 2’ = x(a? —2y?) and y’ = y(2z? — y?) we see that (0,0) is a critical 
point. Setting z? — 2y? = 0 we have z? = 2y? and 22? — y? = 4y? — y? = 3y?. Thus, 
(0,0) is the only critical point of the system. 


(b) From the system we obtain the first-order differential equation 


dy E 233y — y? 


dr  x%-—2xy3 


or 
(223y — y*) dz + (2xy? — x*) dy =0 


which is homogeneous. If we let y = ua it follows that 
(2z^u — atu?) de + (2z*u? — z*)(udz + x du) = 0 


z^u(1-- u?) dz + 2°(2u? — 1) du = 0 
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Integrating gives 
In |x| + In Ju + 1| — In |u| + In |u? —u+1) = ci 


or 


(zy + 2°)(y? — zy + 27) = cgay 
vy? + a^ = con*y 


r’ + y? = 30311. 


(c) We see from the graph that (0,0) is unstable. It is not 
possible to classify the critical point as a node, saddle, 


center, or spiral point. 
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1. We are given that z(0) = 0(0) = 1/3 and y(0) = 0'(0) = wo. Since y? = (2g/l)cosx + c, 


wi = (29/1) cos (1/3) +c = g/l + c and so c = w2 — g/l. Therefore 


2 1 l 
y= ess 5+ sub) 


and the z-intercepts occur where cosz = 1/2 — (l/2g)wà and so 1/2 — (1/2g)w must be 


greater than —1 for solutions to exist. This condition is equivalent to |wo| < 4/3g/l . 


2. (a) Since y? = (29/1) cos x +c, x(0) = 0(0) = % and y(0) = 0'(0) = 0, c = —(29/1) cos ĝo and 
so y? = 2g(cos 0 — cos 09) /l. When 0 = —0o, y? = 2g[cos (—09) — cos Op] /1 = 0. Therefore 


y = d0 /dt = 0 when 0 = —0p. 


(b) Since y = d0/dt and 0 is decreasing between the time when 0 = 0o, t = 0, and 0 = —0p, 


that is, t = T, 
dé /2g TU ern 
— = —4/ ~ — bo. 
d 7 cos 0 — cos ĝo 


Therefore 


dt _ 7 l 1 
do — 2g X/cosÓ — cos bo 


627 


628 CHAPTER 10 SYSTEMS OF NONLINEAR FIRST-ORDER DIFFERENTIAL EQUATIONS 


and so 


0—— 00 
ae | — ee 
f= AL — cos Og —<—<—= — cos ĝo 


3. The corresponding plane autonomous system is 


= c NUES DA S 2, UR 
and 


SIFO m" 


a ( f'e) 8 )-- (1+ OI) — (021 (2) f^ (2) 
Em T OFFER 


If X4 = (#1, y1) is a critical point, y; = 0 and f'(z1) = 0. The Jacobian at this critical point 


is therefore 


g (Xi) = 


4. When 8 = 0 the Jacobian matrix is 


which has complex eigenvalues À = +ygf"(x%1)i. The approximating linear system with 
z'(0) = 0 has solution 


a(t) = (0) cos y gf" (z1)t 
and period 2z/4/gf"(x1). Therefore p ~ 27 /4/ gf" (x1) for the actual solution. 
5. (a) If f(z) = z?/2, f'(x) = x and so 


dy y z 1 
dr x! 7142 y 


We can separate variables to show that y? = —gln(1 + z?) +c. But x(0) = ao and 
y(0) = z'(0) = vo. Therefore c = vg + g In(1 + 22) and so 


Now 


“ae 
am (E) 20 if and only if x 2 < @%/9(1 + a?) — i, 
0 


Therefore, if || < [e%/9(1 + a2) — 1]'/?, there are two values of y for a given value of z 


and so the solution is periodic. 
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(b) Since z = z?/2, the maximum height occurs at the largest value of x on the cycle. From 
(A), Umax = [evo/9(1 + c2) = 11/2 and so 


2 
Tus — pe 4 08) - 1 


¿max = 


6. (a) If f(x) = cosh z, f'(x) = sinh z and [f'(z)]? + 1 = sinh? £ + 1 = cosh? x. Therefore 


dy y 


dz cx 


sinhz 1 


d cosh? x y 


We can separate variables to show that y? = 2g/ cosh x +c. But z(0) = zo and y(0) = 
z'(0) = vo. Therefore c = v — (2g/ cosh zo) and so 


2g 2g 

2 2 
= — Un. 

coshr cosh zo aig 


y 


2g 2g 2g cosh zo 


— + ve >0 if andonly if coshz < 
coshr cosh zo 


— 2g — v2 cosh zo 


and the solution to this inequality is an interval [—a, a]. Therefore each x in (—a, a) has 


two corresponding values of y and so the solution is periodic. 


(b) Since z = cosh z, the maximum height occurs at the largest value of x on the cycle. From 


(a), Zmax = a where cosh a = 2g cosh zo/(2g — vi cosh zo). Therefore 


2g cosh zo 


Zmax = R— —MRÀ————— « 
x 2g — ví cosh zo 


T. Etm < ei <a, then Fri) >F (im) =F (zr): Letting x 24, 


Co F(2m)G(a/b) 
G = —— = == —— « G(a/b). 
w) = pe EA < sup) 
Therefore from Property (ii) on page 418 in this section of the text, G(y) = co/F (x1) has 
two solutions y; and ya that satisfy yı < a/b < ya. 


8. From Property (i) on page 418 in this section of the text, when y = a/b, £n is taken on at 
some time t. From Property (iii), if x > £n there is no corresponding value of y. Therefore 
the maximum number of predators is £n and x, occurs when y = a/b. 


9. (a) In the Lotka-Volterra Model the average number of predators is d/c and the average 
number of prey is a/b. But 


z'— —az + bzy — ex = —(a + ei)e + bry 
/ 


y = —cxry + dy — egy = —cry + (d — e2)y 


and so the new critical point in the first quadrant is (d/c — €2/c,a/b + 1 /b). 
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(b) The average number of predators d/c — €2/c has decreased while the average number of 
prey a/b + €1/b has increased. The fishery science model is consistent with Volterra’s 
principle. 

(a) Solving 

z(—0.1 + 0.02y) = 0 

y(0.2 — 0.0251) = 0 > 
in the first quadrant we obtain the 
critical point (8,5). The graphs are 
plotted using x(0) = 7 and y(0) = 4. 

(b) The graph in part (A) was obtained using NDSolve in Mathematica. We see that 
the period is around 40. Since x(0) = 7, we use the FindRoot equation solver in 
Mathematica to approximate the solution of x(t) = 7 for t near 40. From this we see 
that the period is more closely approximated by t = 44.65. 

Solving 


z(20 — 0.42 — 0.3y) = 0 
y(10 — 0.1y — 0.32) = 0 


we see that critical points are (0,0), (0, 100), (50,0), and (20,40). The Jacobian matrix is 


and so 


KX) = 0.08(20 — 0.82 — 0.3y) —0.024a: 
ee —0.018y 0.06(10 — 0.2y — 0.3z) 
16 0 -08 0 
A, = g'((0,0)) = A» = g'((0,100)) = 
1 = g((0,0)) ñ i| 2=8(( )) les bs 
-1.6 —1.2 —0.64 —0.48 
As = g’((50,0)) = A4 = g'((20,40)) = 
3=8 (( )) E a 4-g(( ) is Eel 


Since det(A1) = A1 = 0.96 > 0, 7 = 2.2 > 0, and 7? — 4A; = 1 > 0, we see that (0,0) is 
an unstable node. Since det(A2) = Az = 0.48 > 0, 7 = —14 < 0, and 72 — 4A» = 0.04 > 0, 
we see that (0,100) is a stable node. Since det(A3) = Az = 0.48 > 0, 7 = —1.9 « 0, and 


2 
Ta 


4A3 = 1.69 > 0, we see that (50,0) is a stable node. Since det(A4) = —0.192 < 0 we see 


that (20, 40) is a saddle point. 


A=ryiro,T = r1 4- 72 and T? —4A = (ri + 73)? — 4r,r9 = (r1 —r2)?. Therefore when r1 Æ ra, 


(0,0) is an unstable node. 


13 


14. 


15 


16 


17. 


10.4 Autonomous Systems as Mathematical Models 


For X = (K,,0), 7 = —r, + ra[1 — (K¡091/K23)] and A = —riro[1 — (K1o21/K2)]. If we let 
c= 1 — Ki1021/ Ko, 1? — AA = (cro - ri? > 0. Now if kı > K2/071, c < 0 and so T < 0, 
A > 0. Therefore (1,0) is a stable node. If Kı < K2/a21, c > 0 and so A < 0. In this case 
(41,0) is a saddle point. 


(2,4) is a stable node if and only if K1/o12 > K2 and K2/091 > Kı. [See Figure 10.4.11(a) 
in the text.] From Problem 12, (0.0) is an unstable node and from Problem 13, since 
Kı < K3/a21, (44,0) is a saddle point. Finally, when Kə < Kı/aı2, (0, K2) is a saddle 
point. This is Problem 12 with the roles of 1 and 2 interchanged. Therefore (0,0), (1,0), 
and (0, K2) are unstable. 


K1/o012 < Kə < K¡Q9, and so aj2Qa2; > 1. Therefore A = (1 — 019091) 14 ryro/K Kə <0 


and so (#,%) is a saddle point. 


(a) The corresponding plane autonomous system is 


fc. rn 79. B 
T=Y, y mic e 


and so critical points must satisfy both y = 0 and sing = 0. Therefore (+nr, 0) are 


critical points. 


(b) The Jacobian matrix 


has trace 7 = —B/ml and determinant A = g/l > 0 at (0,0). Therefore 


p? 42 _ B?— Agim? 
m?212 lL m?l? 
We can conclude that (0,0) is a stable spiral point provided 


f? — Aglm? < 0 or B < 2m4/gl. 


T2 4^ — 


(a) The corresponding plane autonomous system is 


B k 
ge y == ylyl—— 2 


and so a critical point must satisfy both y = 0 and z = 0. Therefore (0,0) is the unique 
critical point. 


(b) The Jacobian matrix is 
0 1 


p 
Sa A 
m m 
and so 7 = 0 and A = k/m > 0. Therefore (0,0) is a center, stable spiral point, or an 
unstable spiral point. Physical considerations suggest that (0,0) must be asymptotically 


stable and so (0,0) must be a stable spiral point. 
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18. (a) The magnitude of the frictional force between the bead and the wire is u(mg cos 0) for 


some u > 0. The component of this frictional force in the x-direction is 


(umg cos 0) cos 0 = umg cos? 0. 


But i 
umg 
cos 0 = ———=——— andso umgcos? 0 = —— =+. 
1+ [PG 1+ [f'(z)]? 
It follows from Newton’s Second Law that 
/ 
7 f (x) / H 
= -mg | — ba + 
me Ulp AO 
and so 


(b) A critical point (x,y) must satisfy y = 0 and f'(x) = p. Therefore critical points occur 
at (11,0) where f'(x1)= u. The Jacobian matrix of the plane autonomous system is 


0 1 
£00 - | MORENO = (= MORONA E 
(1+ [f'(x)P? m 
and so at a critical point Xy, 
0 1 
g(X) = —gf" (a1) B 
14 p2 m 


Therefore 7 = —8/m < 0 and A = gf"(x1)/(1 + i2). When f"(z1) < 0, A < 0 and so 
a saddle point occurs. When f"(z4) > 0 and 


(24,0) is a stable spiral point. This condition can also be written as 


2 f" (v1) 
1+ 2" 


B? < Agm 
19. We have dy/dx = y'/x' = —f(x)/y and so, using separation of variables, 
y? 7 £ 5 7 
— f(u)dut+te or y^ +2F(x) — c. 
0 


We can conclude that for a given value of x there are at most two corresponding values of y. 
If (0,0) were a stable spiral point there would exist an x with more than two corresponding 
values of y. Note that the condition f(0) — 0 is required for (0,0) to be a critical point of the 


corresponding plane autonomous system z' = y, y! = — f (x). 


10.4 Autonomous Systems as Mathematical Models 


20. (a) z' = z(—a + by) = 0 implies that x = 0 or y = a/b. If x = 0, then, from 


T 
—cery- KK y) — 0, 


y — 0 or K. Therefore (0,0) and (0, K) are critical points. If j — a/b, then 


p 
y |— —(K-—4) =0. 
g|- +E 9) 0 


The corresponding value of x, x = 2, therefore satisfies the equation c£ = r(K — y)/K. 
(b) The Jacobian matrix is 
—a + by bx 
—cy —cr + x(k — 2y) 


and so at X; = (0,0), A = —ar < 0. For X; = (0, K), A = n(Kb — a) = —rb(K — a/b). 
Since we are given that K > a/b, A < 0 in this case. Therefore (0,0) and (0, K) are 
each saddle points. For X, = (%, Y) where y = a/b and cê = r(K — y)/K, we can write 
the Jacobian matrix as 


0 bi 
8 ((2,9)) = or. 
"Eg 
and so 7 = —ry/K < 0 and A = bci > 0. Therefore (2, y) is a stable critical point and 
so it is either a stable node (perhaps degenerate) or a stable spiral point. 


(c) Write 
3 r? : 4r, T R 
T -4A = qud — 4bcti = Y 297 dci =% vel — 4b (K — 9) 
using 
iue ae ee | m 
ch = (K Y) = 5 ( + 4b) y 4K]. 


Note that 
4bK? 4bK 


—-———.KeK 
r+4bK r+4bK 


where K is large, and Y = a/b < K. Therefore 7? — 4A < 0 when K is large and a stable 
spiral point will result. 
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r =a Y T-=1=LI o e 
1+y l+y | 


implies that x = 0 or y = 1/(a — 1). When o > 0, y = 1/(a 
the differential equation for y”, y = 8. On the other hand, if y = 
and so ĉ/a — 1/(a — 1) + 8 = 0. It follows that 


¿=a(9- LL) =le -98-1 


'The equation 


> 0. If z = 0, then from 
now 1), 9/(1 - 9) = 1/0 


and if 8(a — 1) > 1, $ > 0. Therefore (2, y) is the unique critical point in the first quadrant. 


The Jacobian matrix is 


y ax 
, y+1 (+y)? 
g (X) = 
eee 
l+y (+y? 
and for X = (2,4), the Jacobian can be written in the form 
— 1? 
gc. 
T a 
g'((2,9)) = 
1  (a-1? 
m 1 
a a 
It follows that j J 
— 1 —1 
[E Hisl <o, TE coat y 
a a 
and so T = —(A + 1). Therefore 7? — 4A = (A + 1? — 4A = (A — 1)? > 0. Therefore (4, $) 


is a stable node. 


Letting y = x’ we obtain the plane autonomous system 


xt =y 


y' = —8z + 62? — q5. 


Solving z? — 62? -- 8r = x(x? — 4)(z?— 


2), (0, 


ical points are (0,0), (0, — 
The Jacobian matrix is 


g (X) = , 


and we see that det(g’ 
det (g'((2- 


(X)) = 5a4 — 181? + 8 and the trace of g'(X) is 0. 
v2,0))) =-8 <0, ES 


2) = 0 we see that crit- 


2), (0, —v2), and (0, /2). 


0 1 
8 + 182? —5a* 0 


Since 


v2,0) are saddle points. For the other critical points the 


determinant is positive and linearization discloses no information. The graph of the phase 


plane suggests that (0,0) and (4 


-2,0) are centers. 
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1. True 

2. True 

3. A center or a saddle point 

4. Complex with negative real parts 

5. False; there are initial conditions for which Jm X(t) = (0,0). 
6. True 

7. False; this is a borderline case. See Figure 10.3.7 in the text. 


8. False; see Figure 10.4.2 in the text. 


9. The system is linear and we identify A = —a@ and 7 = a+1. Since a critical point will be 
a center when A > 0 and 7 = 0 we see that for a = —1 critical points will be centered and 
solutions will be periodic. Not also that when « — —1 the system is 

/ 
vp ——mr—2y 
y =x+y 


which does have an isolated critical point at (0, 0). 


10. We identify g(x) = sin x in Theorem 10.3.1. Then x; = nr is a critical point for n an integer 
and g'(nr) = cosnr < 0 when n is an odd integer. Thus, nr is an asymptotically stable 


critical point when n is an odd integer. 


11. Switching to polar coordinates, 


d 1 d d 1 
a5 (eg tug) = 2 ry —a?r? + zy — y’r3) = —r* 
r r 


dð 1 dx dy Ls 3, 2 3 
dt = ( a tru) zi VEDI SR 


Using separation of variables it follows that r — and 0 = t-F cs. Since X(0) = (1,0), 


1 
3t + Cy 
r= ] and 0 = 0. It follows that cq = 1, co = 0, and so 

1 
r= ——, 0-t. 


JFL” 


As t — oo, r > 0 and the solution spirals toward the origin. 
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12. (a) If X(0) = Xo lies on the line y = —2z, then X(t) approaches (0,0) along this line. For 


13. 


14. 


15. 


all other initial conditions, X(t) approaches (0,0) from the direction determined by the 


line y = 2. 


(b) If X(0) = Xo lies on the line y = —z, then X(t) approaches (0,0) along this line. For all 


other initial conditions, X(t) becomes unbounded and y = 2z serves as an asymptote. 
(a) T 20, A = 11 > 0 and so (0,0) is a center. 
(b) 7=-2, A = 1, 7? — AA = 0 and so (0,0) is a degenerate stable node. 


From z’ = x(1+y-— 32) = 0, either x = 0 or 1--y — 3r = 0. If x = 0, then, from 
y(4 — 2x — y) = 0 we obtain y(4 — y) = 0. It follows that (0,0) and (0, 4) are critical points. 
If 14- y — 3x = 0, then y(5 — 5x) = 0. Therefore (1/3,0) and (1,2) are the remaining critical 
points. We will use the Jacobian matrix 


«oo A x 


—2y 4— 2x —2y 


to classify these four critical points. The results are as follows: 


X T A 7?—4A Conclusion 


(0, 0) 5 4 9 unstable node 
(0,4) — —20 — saddle point 

( i 0) = E — saddle point 

(1,2) -—5 10 —15 stable spiral point 


dx dð dr 
a — FERE + cos 0 
x = rood Z T sin 0 
Then r’ = ar, 0' = 1 gives 
< = —rsin@+ ar cos 0 
d 


= = r cos Ü + ar sin 0. 


dt 


We see that r = 0, which corresponds to X = (0,0), is a critical point. Solving r' = ar we 
have r = ce“. Thus, when a < 0, lim, ;54 r(t) = 0 and (0,0) is a stable critical point. When 
a = 0, r' 2 0 and r = c4. In this case (0,0) is a center, which is stable. Therefore, (0,0) is a 


stable critical point for the system when a < 0. 


16. 


17. 


18. 


19. 
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The corresponding plane autonomous system is 2’ = y, y' = u(1—2x?)y—2 and so the Jacobian 


g((0.0) = E 1) | 


Therefore 7 = u, A = 1 and 7? — 4A = p? — 4. Now u? — 4 < 0 if and only if —2 < u < 2. 


at the critical point (0,0) is 


We may therefore conclude that (0,0) is a stable node for u < —2, a stable spiral point for 
—2 < u < 0, an unstable spiral point for 0 < u < 2, and an unstable node for y > 2. 


In the case that y = 2, (0,0) is unstable but is a borderline case that may be an unstable 


spiral, unstable node, or degenerate unstable node. Similarly, in the case that u = —2, (0,0) 
is but is a borderline case that may be a stable spiral, a stable node, or a degenerate stable 
node. 

Critical points occur at x = +1. Since 


g(a) = -5 « "P (s? — 4x - 1), 


g (1) > 0 and g'(—1) < 0. Therefore x = 1 is unstable and x = —1 is asymptotically stable. 
dy y _ —2ryy? +1 
de a 


. We may separate variables to show that y/y2+1=-—a?*+c. But 
y 
z(0) = zo and y(0) = z'(0) = 0. It follows that c = 1 + zz so that 


y? =(1+ 2-2?) — 1. 


Note that 1+2-a? > 1 for zo < x < xo and y = 0 for x = cz. Each x with —xo < x < zo 
has two corresponding values of y and so the solution X(t) with X(0) = (zp, 0) is periodic. 


'The corresponding plane autonomous system is 


k 
pas qe By > (s +r) +g 
m m 
and so the Jacobian is 
0 1 
g(X) = B 
-—(s+ay)? -— 
3 
For X (0,0) n. bd s?-0 
m 
Therefore i 
12k 1 
q? = 4A = £ px 2 = — (6? = 12kms?) 


Therefore (0,0) is a stable node if 6? > 12kms? and a stable spiral point provided 
B? « 12kms?, where ks? = mg. 
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20. (a) If (x,y) is a critical point, y = 0 and so sinz(w? cosx — g/l) = 0. Either sing = 0 (in 


which case x = 0) of cosg = g/w?l. But if w? < g/l, g/w?l > 1 and so the latter 
equation has no real solutions. Therefore (0,0) is the only critical point if w? < g/l. The 


Jacobian matrix is 
0 il 


/ E 
Ww cos 2% — y cos x —— 


ml 


and so T = —B/ml < 0 and A = g/l — w? > 0 for X = (0,0). It follows that (0,0) 
is asymptotically stable and so after a small displacement, the pendulum will return to 
0=0, 0 =0. 


(b) If w? > g/l, cosx = g/w*1 will have two solutions z = +% that satisfy —- < x < m. 


Therefore (+%,0) are two additional critical points. If X4 = (0,0), A = g/l—w? < 0 
and so (0,0) is a saddle point. If X, = (+%,0), 7 = —G/ml < 0 and 


2 2 2 
g A 2 4. 9 2 g WD EH, 
A -—' cosi —w C08 26 = -ga T Y (24-1) = gee > 0. 


Therefore (2,0) and (—$,0) are each stable. When 6(0) = 60, 0'(0) = 0 and ĝo is small 


we expect the pendulum to reach one of these two stable equilibrium positions. 


Chapter 11 


Fourier Series 


11.1 Orthogonal Functions 


N 
— 
8 
[v 
8 
N 
+ 
E 
x 
Qa 
8 
Il 
| 
8 
o 


Ww 
os 
bo 
a 
R 
8 
D 
8 
| 
ei 
8 
Sera 
a 
8 
Il 
om 
N 
PAS 
8 
| 
Z 
a 
8 
| 
To 
8 
bo 
| 
8 
\ 


m 1 
a. f cosxsin’ z dx = z sin x 
0 


7/2 1 1 7/2 
5. J x cos 2g dx = — | — cos 2x + z sin 2x =0 
—mn/2 2 2 
—mn/2 
57/4 1 1 57/4 
6. f e” sin z dx = (se sin z — —e” cos J —0 
7/4 2 2 7/4 


7. For m Zn 


7/2 1/2 
ri sin(2n + 1)z sin(2m + 1)z dx = >| (cos 2(n — m)z — cos 2(n + m + 1)z) dx 
0 0 


7/2 1 7/2 
— ———- sin 2 1 = 0. 
Qo ntm as m 


640 CHAPTER 11 FOURIER SERIES 


For m=n 
7/2 7/2 1 1 
f sin? (2n + 1)z dz = / (5 — = cos 2(2n + De) dx 
0 0 2- 2 
7/2 7/2 
"nu L gin 2(9n +1) E. 
== — ——sin =- 
2 np E 4 
0 0 
so that 
1 
|| sin (2n + 1)z|| = ¿VAT 
8. For m Zn 


7/2 1/2 
T cos (2n + 1)z cos (2m + 1)z dx = > / (cos 2(n — m)z + cos 2(n + m + 1)x) de 
0 0 


7/2 1/2 
1 
"agen Oey ee, xe 
For m=n 
7/2 E 7/2 1 1 
/ cos Qn+ Lede = | (3 5ee2 e) dx 
0 0 2 2 
vT/2 vT/2 
s n : in 2(2n + 1) on 
= _x — — — sin = 
2 Ti Ea 4 
0 0 
so that 
1 
|| cos (2n + 1) 2 || = ¿VA 
9. For m Zn 
E : . 1 E 
f sinnesinmeds => | (cos(n — m)z — cos(n + m)z) dx 
0 0 
E hop ae sl 
= in (n — = j| = 0. 
n= y n= m)jx ama) BN m)x 
0 0 
For m=n 
7 "Ti 1 il a 7 
] sonos = | —— —cos2nz | dx = =x — sin 2ngz| == 
0 0 2 2 2 An 0 


so that 


|| sin na] = 4/2 
sinmara| = i 
2 


11.1 Orthogonal Functions 


10. Form zn 
p 1 f? _ 
/ sin a sin Sa dz = = f c Uem, — cos erm.) dx 
0 p p 2 Jo p p 
p . (n—m)jr p . (n+ m)s 
= sin — sin ex. 
2(n — m)r p " 2(n + m)r p a 
For m=n 
' PII 1 2nm 1 p . 2nr p 
sin^ —z dz = —— — cos — 7r ] dz = = — sin — z| == 
0 o 12 2 p 2 4n p | 2 
so that 
sin —x || = £ 
2 
11. For m Zn 
P^ nr m 1 yv (n — m)r (n+ m)r 
cos —x cos ——a dx = = cos ——— — —— x + cos ——— —— — r | du 
0 p p 2 Jo p p 
= P sin Ya = LE + P sin uu ES PUR =; 
2(n — m)r p a 2(n + m)r p j 
For m=n 
P^ nm fido 2nm il p . 2NT p 
/ cos “ede = f — + = cos —z | de =-=x| + — sin — r| ==. 
0 p o \2 2 p 2 nr P Ll 2 


Also 
p 
p nT NT p 
f 1-cos ede — - sin 2 =0 and / dx = p 
0 p TT p 0 0 
so that 
n 
IN. —4/p and  [[cos—x| = 2 
p 


12. For m Æ n, we use Problems 11 and 10: 


p p 
no MT no MT 
i cos —a cos ——a dx = 2 | cos —x cos —x dx = 0 

p P p 0 p p 


p NT MT p NT MT 
/ sin —z sin ——z da = 2 / sin —z sin ——z da = 0. 
p P p 0 p p 
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Also 
p T MT 1 f? — n+m)r 
J sin B cos — zx dx = 5) (sin uem, + sin I dx = 0, 
-p P p 2 Jon p p 
P T 
f 1. cos — z dz = —sin—z| =0, 
= m 
p n nz | 
J 1:sin ade = —-P cos Lg =0, 
= p n p E 
and : 
P nr nT P 1 | 2nm — 2nm 
sin —z cos —z dx = — sin — 7z dz = —4nrcos—a| =0. 
—p P p —p 2 p p = 
For m=n 
p P/i 1 2NT 
/ cos? 2T ede = f G + gem) dx = p, 
—p p =e \2 2 p 
p P] 1 2NT 
i sin? M oda =) (5 — gem) dx = p, 
—p p ~p\2 2 p 
and 
p 
J 1? dx = 2p 
=p 
so that 
nT 
NU —4/2p, ||cos —z|| = p, and ||sin—z|| = yp. 
P 
13. Since 


oo 
J e * .1.2zdr = 0, <— integrand is an odd function 


= OO: 


oo oo 
J a e (4z? — 2) dz = 2 / e? (44? —2)dx | «— integrand is an even function 
0 


— 00 


and 
oo 
f ge 9m. (Ax? —2)dx —0, «<— integrand is an odd function 


— 00 


the functions are orthogonal. 


11.1 Orthogonal Functions 


14. Since 


oo 


=l+e” (Ga? 50 +3) 


«f e “(5 — 32) dz 
F 0 


oo 


oo 
-3 f e * dx = 0, 
0 


0 


=1-3+e (3x —5) 


the functions are orthogonal. 


15. By orthogonality f? polx)ọn(x)dx = 0 for n = 1, 2, 3, ... ; that is, [in n(x) da = 0 for n — 1, 


7 M 


16. Using the facts that dy and $4 are orthogonal to ¢, for n > 1, we have 


[ (ax + B)bn(x) dz = JE c8 f 1- ot) de 


b b 
=a | ooo +8 | do(2)bn(x) de 
=a:04+6-0=0 
for n = 2, 3,4,.... 
17. Using the fact that n and m are orthogonal for n 4 m we have 
b b 
lm (x) + bn(a)||? = f [bm(2) + bn(x)]? da = f [9, (2) + 26m(1)ón (2) + d. (2)] dz 
b b b 
= f ear e2 f dbm(z)on(a)de+ | toas 


= |óm Gl + llós (E)? - 
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18. Setting 
2 E á a 16 64 
0 =/ f3(2)fi(x) de zii (z^ + cia? + cox) dz = a te 
= =) 
and 
i : 64 
(js / f3(x) fo(x) dx = | (x? + cxf + cza?) dz = Fa 

= -2 


we obtain cı = 0 and c2 = —5/12. 
19. The fundamental period is 27/27 = 1. 
20. The fundamental period is 27/(4/L) = iL. 
21. The fundamental period of sin x + sin 2a is 27. 
22. The fundamental period of sin 2x + cos 4x is 27/2 = m. 


23. The fundamental period of sin 3x + cos 2x is 27 since the smallest integer multiples of 27/3 


and 27/2 = « that are equal are 3 and 2, respectively. 
24. The fundamental period of sin? rz is 1 since 


sina(x +1) = sin (ng + T) = sin mg cos T + cos mg sint = — sin Tt 


sin? r(x + 1) = (— sin rg)? = sin? mz. 


Alternatively, we can also use the trigonometric identity sin? 7z = i(l — cos 27). 


25. (a) For m and n positive integers, we have orthogonality on the interval |-7, 7] because 


T T T 
f sin ng sin mr da: = J [cos (m — n)z — cos (m + n)z] dx 


—T =f 


=0, mán 


1 E (m-—mn)r  sin(m-mn)x 


m-—n mtn 


(b) The function f(x) = 1 is continuous on [—7, 7] but is orthogonal to every function in the 


orthogonal set: 


J kannein Og a 
T n 


Therefore the set (sin nz), n = 1,2,3,... is not complete on the interval [—7, 7]. 


26. (a) Following the pattern established by ¢1(x) and $»(x) we have 


(£3, G0) (fa, 1) 
(ġo, do) (91,91) 


(f3, 02) 
($2, $2) 


b3(x) = f3(x) — olx) — $1(z) — $»(x)). 
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(b) To show mutual orthogonality we compute (Ho, $1), ($0, 2), and (¢1, $2) using properties 
(i), (ii), (iii), and (iv) from this section in the text. 


_ — (fi, 40) = | (fi, 00) a 7 E 
(69,01) = (e. ques do) = (o, fi) (do, do) (ġo, $9) = (do, f1) — (f1, 90) = 0 
_ (fdo), — (fa, 1) = — (fe, 00) | (fo, 1) 
(0, 02) = (0, a qum; do TEN à) (do, f2) (dede) (do, Po) (bi, di) (60, $1) 
= (do, f2) — (f2,00) - 0 =0 
" — (fat), (er) E — (fe, 0) _ (fe, 91) 
(rd) = (dita ede do Begin ds) = (nf) — e) Gd) — ea 61001) 


= (¢1, fo) - 0 — (fo, 61) = 0. 


27. First we identify fo(x) = 1, fi(x) = 2, fo(x) = x7, and fa(x) = 2°. Then, we use the formulas 
from Problem 26. First, we have óo(r) = fo(x) = 1. Then 


1 1 
(hé) = (1) f edz =0 and (40,0) =f 142-2 


ha) = fila) A g(a) = 2- $1) =a 
Next 
1 1 
(fa; $0) = (x, 1) = J x? dz = > (f2, 01) = (x°, £) EE " Dre 0, 
1 
and ($1,091) = I. 2? de = > 
ht Mati) ua aif) atm FBS gy ua ul 
(x) = fo(x) (do de) polz) (Gon) o1(2) z =z) 3 
Finally, 
1 1 
(sé) - Gn f Pde=0, (fan) =(@%0)= f atde= 5, 
and i " i 
=(a23,¢7--)= a? a?) dz = 
(Fada) = (0802-5) = f. (o5) ar =o, 
— fay) 9290). 4 fey S o $2) 4 
Co is) (do, do) alz) COMA ($2, $2) Pa 
2/5 


3 
=2°—0 (x) -0 — 25 - 2. 


2/3 


646 CHAPTER 11 FOURIER SERIES 


28. Let P,(r) denote the Legendre polynomials given in Section 6.4. The entries in the orthog- 


onal set found by the Gram-Schmidt process in Problem 27 are proportional to the Legenre 


polynomials. 
$9 — Po =1 
ói—-P-rc 
= bo = Py = 5 (30? -1) 
E 5 (52? — 3x) 


1 [* 1 [* 
1. ay = — fG)ds = = f lds el 
T Jr T Jo 
TN l. [5 
An == fa) cos End == | cos nz dx = 0 
"us pi T Jo 
O d 1 [* 1 1 
bn == fG)sin “ade = = | sinna dx = — (1 — cosnr) = — [1 — (—1)"] 
T us T T Jo nu nt 
1 1%X1-(17 
J= tz 2 ) sin ng 
n= 


Converges to > at x = 0. 


I. ; 9 NP d 
2. a9 = — tajda = = f Dati | 2dr =1 
TJn TJ or 7 Jo 
1 T 1 0 1 T 
An = — f(x) cos nz dx = — (— cos nz) dx + — 2cosnz dx = 0 
vue MR m us 7 Jo 
1 T . 1 0 : 1 T i 3 " 
bn == fG)sinnzdz = = | (-sinnz) de +2 | 2sinnz dx = — |1 — (—1)"] 
TJ zu NP T Jo nt 
1, 34M 1-(-1P. 
ja pos sin nx 
Converges to > at x = 0. 
1 0 1 3 
3. a= f f(x) dx = f de + | nde = — 
= ed 0 2 
1 0 1 1 
a = [ f(x) cosnne dz = | cosnra da + | z cosnzz dar = =>3l(-1)" — 1] 
-1 —1 0 nm 


1 0 1 
1 
by = 1 f(x) sin nzz dz = J sin naa da «f zsinnrgr dr = —— 
c 0 


=1 nT 
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3 «[(-1*-1 1 
flas 1 + y | cos nn - yy anne 


Converges to i at x = 0. 


: m= f faydr= [2-3 


1 1 
1 
di = f f (x) cosnra dz = f z cosnzz dar = ——5|(-1)" — 1] 
-1 0 MER 
1 1 e 
bn = f f(z)sinnzz dx = f xzsinntg dr = —— 
E 0 nm 
1 e[-10^-1 pr 
fm) a = — cos nTI + m d 
f is continous on the interval 
1 [7 pL. f* 1 
. dg — dy = — 2 da = 2? 
== fe) T 2 oda = ym 
it e Loge 1 fx? Ta 
an = — f(x) cos nz dz = Ji r? cosng dr = — [Zinn — Ji csianzda) 
T Jo T Jo T TU 6 TL Jo 
_ 2(-1)* 
a 
or i 1( 2 eee 
n= = | a? sinna dx = — (em + Ji 2) 
T Jo T TL 6 n Jo 
T 2 
Taa e 
mys [2(-1)" 7 i Zhe A 
fax) En p> s— cos nz + | 2 (-1)"*! + mom ) sinne! 
f is continous on the interval 
ONE i p 1 f7 5 
A a dz = — 2d m 2_ m2 dr = = 2 
ao 1] le Ju. 224] (a? — x°) de 37 
p f E LN Lgs 2 
An = — f(x) cos nz dz = — 7^ cos nz dx + — (a? — x°) cos nz dz 
cus Ta 7 Jo 
Rs "9 fT 2 
=- (: T osinnz + 3i csinneda) = SEDA 
T n > ro n 


0 


bn == fG)sinnzdz = = | 


=y =i 


. I, f^ , 
n? sin nz dz += (a? — z’) sin ng dx 
T Jo 


T 


ji 2 22 
zc y qus (: T cos nx 
n n 


2 ü T n 2 n 
-7 zesnzde zo + =[1=(-1)P] 


0 
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5r? 2 2[1 — (-1)" 
f(x) = lan t Sey cos nx + (Z + | ( ) +) sinne! 
6 mln n?r 
f is continous on the interval 
=f rar f cesa: 
. An = — = — = 
ue x) dx = — S a+) dx = 27 
1D A 1 f” 
ds = — fG)cosnz dz =~ f (x 4- 1) cos nz dz = 0 
1 f7 2 
bn Ss : =“(-1 n+1 
" Ami sin nz da = ) 


f(a) =a7+ > EVE sin nx 
n=1 


f is continous on the interval 


1 [* Lf 
. a0 = — fG)ds = = [ (3 — 2x) dz = 6 
TJn Tn 
1 [7 1 f” 
pc f) cosnz dz =~ f (3 — 2z) cos ng dz = 0 


p of 4 
Ün = Ji (3 — 2z) sin nz dx = EL" 


f is continous on the interval 


1 [7 1 [7 2 

. 09 == fG)dz - — f sin z dx = — 
TJ r 7 Jo T 
p IT Lut. Lb oes : 

an = — f(x) cosnadz — — | sing cosnzdz = — (sin (1 4- n)z + sin(1— n)z) de 
7 Jo 7T Jo 27 Jo 
1 —1)" 

la forn =2,3,4,... 

m(1 — n?) 
1 [f*. 

"E sin 2x7 dx = 0 
2m 0 
1 7 ; L qu : 

bn = — fG)sinnzdz = = f sin x sin ng dx 
T Jr T Jo 
1 T 

=> (cos (1 — n)z —cos(1+n)x) dr 20 forn=2,3,4,... 

2m 0 
1 [7 1 

bres i (1 — cos 2a) da = 5 
Lo. S I4 (-1) 

dog ur E 


f is continous on the interval 
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—n/2 
p fu 2(-1)"H 
= Ji (cos (2n — 1)z + cos (2n + 1)z) dz = ma? 1) 
2 7/2 2 7/2 
bn = Ji Jones gg = Ji cos x sin 2ng dx 
T J—x[2 T Jo 
1 [T2 . ; 4n 
= f (sin (2n — 1)z + sin (2n + 1)x) dz = a(n 1) 


1 =) (erue 4n 
EI > SA E cos? — —  —— gin2 
f(x) r > cos Br ie E sin na 


Converges to > at x = 0. 


1 2 1 0 1 1 
11. w=3 f feas (f -2+ f 1dr) ==5 


if 1/ f° : 1 
mg fies Fade = 5 (f. (72) cs ada + f cos Fada) = -— sin > 


ife lf f° à 3 
m=3 [1050 Bede - (/ ys mans f sin Fo da) = — (1-cos E) 


E — 1 3 
fiz) = Ei [-— sin m COS et "m e — cos =) sin | 
Converges to —1 at x = —1, -$ at x = 0, and i atr=1. 


py LE 2 3 
12. a=; f fa)ar= 5 (f zd. f tæ) -1 
= 0 


1 4 1 2 2 
an=3/ f(x) cos Le de = = / cos ade + f cos a de = =3>3 (cos E — 1) 
js 2 2 Vo 2 i 2 ng 2 


1 f? en : 
m=3 f fios Sear =5(f sin ade +f sin ede) 


2 nt mnm 
E 1 +1 
— ner? (sin E T wi ) 


NS 2 NT NT 2 . 41V. NT 
fee Y a (m T o) Ten (nF + FO" ) sine 


f is continous on the interval 
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1 f? 1 0 5 9 
13. E f(x) dr == / 1ds | (14 z)dz]—- 

56 5 (J i 2 

1 f5 NT 1 0 nT 5 nT 

sf Mas Fedai (f cos Pear f (1 + z) cos Ez de) 


5 n 
SS 
L 1 9 5 5 
= 5) Non Fado = 5 (f m aae f (1 + a) cos Ez de) = ns n 
9 Si 5 P m 5 "m 
f(z) = 1 E» lin — 1] cos q? + m sin T 


f is continous on the interval 


1 2 1 0 2 
14. Ms foa)ac=5(f tei 2d) =3 
= 0 
nT 2 nT 2 
nal, f(z )cos ede = = 2 (f. 2+2)00s ade + f 2cos —axdx} = —— |1 — 
= 2 0 2 n272 


1 2 
= af f(x) sin 2T rdr =- [. (2+ 1) sin ede + | jsm aie = Laos 
2-2 : 2 \J-2 2 0 2 noc 


oo 


3 2 nT 2 nT 
f@)=5+ 2 al (—1)"] cos 2 + —(- D" * sin 7- | 


f is continous on the interval 


1 [* L f" 1 
15. ay = — flo) de = = f e” dx = —(e" —e ") 


T = T 
i (Drle =e) 
n = — d S KÉKÉK—K<K——— 
ye NU £ aL +n) 
bn = — 7 fla)sinnede == f esinnede = TRE 
eTe e”) (—1)"n(e~7 — e) . 
f(x ) = —— x [EE e AO an 
f is continous on the interval 
y f If 1 
16. ay = — Ho)de=2 f (e* — 1) dz = —(e* —« — 1) 
T Jr T Jo T 
ili T ll T a. Te 
da == flv) cosna dz =~ f ola c t Ure 
TJ r T Jo 7(1-F n?) 


T 


1 1 {* 
bn == f(x) sinna dx = JI (e* — 1) sin nz dx 
T Jo 


1 ne (i n CD 1 
T 1 +n? 1 +n? n n 


17. 


18. 


19. 


20. 


21. 


11.2 Fourier Series 651 


f is continous on the interval 


-6 4 22 | 2 4 ciis 


The function in Problem 5 is discontinuous at x = 7, so the corresponding Fourier series 


converges to 17/2 at x — m. That is, 


uem ux us a n (£c? j Lá sinam] 


n=1 n= 
and 
a 1 "n? q? poc qa ur 
6 21% 6 22 32 
At x = 0 the series converges to 0 and 
q? m 1 1 1l 
= — +2 -1 +s Haa 
6 6 ( 9» 8 42 ) 
so 
PU E E S 
12 2 32 4? 


From Problem 19 
m? 1 E dE aM foe? pay "T 
& 2X6 12) 2 3 5 o 3 52 


The function in Problem 7 is continuous at zr = 7/2 so 


on T HH s ZEE 1 1 1 
—=f(—)= == Dll po E 
2 AG le M uoc ( 33 7" 


and 


Tq li M 
4 3. 5 7 ` 
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22. The function in Problem 9 is continuous at x = 7/2 so 


T É d 1+1} č nr 
le (=) =- = EU ge 
PG 72 ey 2 


1 1 2 2 2 


| ren p ets E 

T "RET 3-5m 8: Tm 
and 

pg + 

dim 8. 548. y 
Or 

T 1 1 1 1 

— = — + — — — ——— 

4 2 1.3 3-5 5-7 


23. (a) Letting co = ao/2, Cn = (Gn — ibn)/2, and c-n = (An + ib,)/2 we have 


CO 
fis) 2x (an cos E «+ by sin ™ 2) 
p p 


n=1 


oo inra/p —inncz[p so immmr/p  45—inmc/p 
€ +e ie ie 


oo 
CQ +) (enel + cne" —n EE Y Cn einna/p_ 


n=1 n=-—00 


(b) From part (a) we have 


p 
Can = Gs, — ibn) = =| Fx) (cos P7 o isin v) de = al f (z)e-?7*/? de 
2 2p p p 


=P 


and 


1 P 1 f? l 
C-n = = (an + ibn) = =| f(x) e DU t+ isin ») dx = — f f (ze nr dx 
2 2p Jp p p 2p J—p 


for n = 1,2,3,.... Thus, for n = +1, 3,. 


m 


"m f(a jg ae dz. 


When n = 0 the above formula gives 


= 5, ot 


which is ag/2 where ao is (9) in the text. Therefore 


1 p 
= =| flae TP dx, nm =0,+1,+2,.... 
P J—p 


11.3 Fourier Cosine and Sine Series 
24. Identifying f(x) 2 e * and p = v, we have 


Cn = N. ere dx = = f e nU ds 


1 
— int 1) _ Gnd 1) 
2(in + lyr [e : | 


e(in+1)r =e7 (in--1)r 


2(in + 1)7 


e” (cos nx + isin nz) — e "(cos nr — ¿sin nr) 
2(in + l)r 


(e" —e-")cosnm  (e"—e ")(—1)" 


2(6n-c-1)* . 2in+1)r 


Thus 


11.3 Fourier Cosine and Sine Series 


1. Since f(—z) = sin(—3z) = — sin 3x = — f(x), f(x) is an odd function. 


2. Since f(—x) = —z cos (—2) = —x cosx = —f (x), f(x) is an odd function. 
3. Since f(—x) = (—x)? — x = zx? — x, f(x) is neither even nor odd. 


4. Since f(—x) = (—2)? + 4x = —(z? — 4x) = — f(x), f(x) is an odd function. 


5. Since f(—x) = el-*! = el" = f(x), f(x) is an even function. 


6. Since f(—xr) = e * — e” = —f(x), f(x) is an odd function. 

T. For 0< z « 1, f(—2) = (=x)? = 2? = — f(x), f(x) is an odd function. 
8. For 0 < z «2, f(-x) = —x +5 = f(x), f(x) is an even function. 

9. Since f(x) is not defined for x < 0, it is neither even nor odd. 


10. Since f(—z) = |(-z)?| = |x?| = f(x), f(x) is an even function. 
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11. 


12. 


13. 


14. 


15. 
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Since f(x) is an odd function, we have 


T 2 
n= = | 1-sinna dx = — [1 — (-1)"] 
A nm 


T 


Thus 


Since f(x) is an even function, we expand in a cosine series: 


2 
w= [ ldx=1 
1 


[ NT 2 . nm 
ün = cos — «dx = —— sin —. 
1 nT 2 
Thus m 
1 —2 . nm nT 
Fx) — 3 Ur i REUS 


Since f(x) is an even function, we expand in a cosine series: 


2 T 
a= = f rdr-q 
7T Jo 


2-45 2 
a == | xcosnx dx = ——[(—1)" — 1]. 
T Jo ner 


Thus 


Since f(x) is an odd function, we expand in a sine series: 


2 [* 2 
n= = | esinnz dx = —(—1)"*1, 
T Jo TL 


Thus 
2 
= M MATT n+l a; . 
Fog) 275 JS ds 


Since f(x) is an even function, we expand in a cosine series: 


1 

2 

a -2[ a? dx = = 
0 


1 j F 
= — c sinnzzdax 


1 2 
ZU . 
Un = 2 a? cos nz dx = 2 — SIN NTL 
0 n nT Jo 


Thus 


n?g? 


wI = 


Jis) +> (—1)" cos nrz. 
n=1 


= eg 


11.3 Fourier Cosine and Sine Series 


16. Since f(x) is an odd function, we expand in a sine series: 


1 2 
: x 
b, = 2 z?sinnzzdr = 2 | ——cosnrx 
0 NT 


2 1 
+ +f L£ cos nTI dx 
nm Jo 
0 


2(-1)" 4 


Thus 
9 NERVES 
Jg e `> — + (ay - i) sin nz. 


n=] 


17. Since f(x) is an even function, we expand in a cosine series: 


T 


_ 2 fe | O2í[m-—z. 
An == (1^ — 1%) cosna dr == sin nx 
0 T n 


0 


2 2 = 4 n+1 
fux) 37 + J —; (-1)"* cos nz dz. 
n 
n=1 


18. Since f(x) is an odd function, we expand in a sine series: 


2 [7 2( x3 DE T. 
b = Ji a? sinna da = — (E cosnaz| + zf zeosnzde) 
0 T n n 0 


i 0 
2 12 f” 
a Ser —- | vsinnzdz 
n nen Jo 
2 12 di es Qn? 12 
ET (+ 5 (Lees + JI cone] = 7 1)"*1 4 s 
n nen n Jo n n 


Thus 


19. Since f(x) is an odd function, we expand in a sine series: 


elas ds Em 
NT NT 


pe 2 1 
n= = | REI en) 
0 


T 


Thus dE 
f(z) = > (Ay + =) sin nz. 


NT 
n=1 


2 fT 4 
+ 3i esed = —(-1)"*1. 
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20. Since f(x) is an odd function, we expand in a sine series: 


1 1 1 
bn = af (x — 1) sin nrz dx = 2 / rsinntx dr — / sin NTE de 
0 0 0 


1 
Ll. T 1 2 
= 2 | 33sinnrr — — cosnaz + —cosnra| = ———. 
n?n nT nT T nm 
Thus 
oo 
2 
f(z)=-— ) — sin nz. 
nT 
n=1 


21. Since f(x) is an even function, we expand in a cosine series: 


1 2 3 
a= f zac f ldx == 
0 1 2 


1 NT 2 NT 4 NT 
ün- = x cos — zx dx + cos dx = 3 (00s E - 1). 
0 2 1 2 NFT 2 


Thus 


mI co 


oo 
4 NT NT 
== +) T -1) d f 
FE) 2. 123 (cos E cos" 2 


22. Since f(x) is an odd function, we expand in a sine series: 
1 T 27 4 2 
n= = | osinZado+ f nsin ade = ——sin— + —(-1)"41, 
T Jo 2 7 2 NET 2 n 


Thus 


23. Since f(x) is an even function, we expand in a cosine series: 


2 (7 4 
Ji sin z dx = — 
T 0 T 


ag = 
2 pm 1 [*,. i 
a == | sino cosnzdz == | (sin (1 4- n) z + sin (1 — n) x) de 
T Jo T Jo 
(a). fr n= 93.4 
= = rn= hac 
m(1 — n2) O FAR E 
d Wr 
a= | sin 2x dx = 0. 
T Jo 
'Thus 
$. xd 
f(x) = = +> 2[1 + (=1)"] cosnz. 


m(1 — n?) 


24. Since f(x) is an even function, we expand in a cosine series. [See the solution of Problem 10 


25. 


26. a 


27. 


11.3 Fourier Cosine and Sine Series 


in Exercises 11.2 for the computation of the integrals.] 


2 m 4 
ao = — cos z dz = — 
0 T 


T/2 
2 


An = 


Thus 


1/2 
ao = / ldx=1 
0 


1/2 2 nT 
ün = 2 1-cosnrz de = — sin — 
0 NT 2 
1/2 2 
by -2f L-sin nm dz = — (1 — cos E 
0 NT 


$i Pj 2 ., nm 
z)—- — gin — NTE 
5 Ln 2 COS 


oo 
2 TN. 
= 1 — (1 eos 7) sin NTE 
nT 2 


n=1 
1 
O ldx=1 
1/2 
1 
2 

ay =2 f 1. cmd a 

1/2 NT 2 


1 
2 
bn =2 f 1-sinnaz dz = — (cos E + (- 
1 no 


/2 2 


) 1 4 = 2 . nm 
g)—- — — gin — NTL 
2 = — 2 cos 


— 
O 
l 
Me 
SEES 


(cos > + cy sin nz 


7/2 mE i 
= | A a= 


z) 


p 


n=1 
4 [ 4 
a — — cos z dx = — 
T Jo T 
4 7/2 2 7/2 4(—1)” 
di = JI cos x cos 2ng dx = - | [cos (2n + 1)z + cos (2n — 1)1] dz = => 
4 [r2 d m. 8n 
b, = = cos x sin 2ng dx = — [sin (2n + 1)z + sin (2n — 1)a] de = —_,—~ 
T Jo T Jo m(4n? — 1) 
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28. 


29. 


30. 


CHAPTER 11 FOURIER SERIES 


2 & ud 
fox) = +2 14m) cos 2ng 


SEE 
Jum) p» ATE ETT sin 2ng 
n=1 


= | . 4 
a) = — sin z dz = — 
TU 0 T 


2 [7T 1 [7 
in = Ji sin z cosna dx = a [sin (n + 1)z — sin (n 
0 T Jo 


T 


ACP (n-234 
n(1- n2) Pans 


2. of 1 [* 
b Ji sin x sinna dx = JI [cos (n — 1)z — cos (n 
T Jo T Jo 


a= f sin 2z dx = 0 
T Jo 


n=) sin? x da = 1 
7T Jo 


Jm) e sms 


2 24(-1)"+1 
Me y COS nx 


7/2 


oo 
2 

Fa) = ouam Les € CO - 1) eno 

2.4 NT 
io) => sin > sin nx 

n=1 

1 27 
a == | (x — 1) dx == 

T T 

p fp nT 
m=i) (x — 1) cos 3 z de => ((-1)" — cos E 


N i 2 4 
n=) (2 —m)sin > ede = (AH sin 7 


7/2 T 
/ zcosnzda + | c scorned) C 
0 7/2 NAT 


7/2 T 
f sine de + | ic ajsanzds) = —— sin — 
0 NT 


1)12] dx = 0 


for n = 2,3,4,... 


31. 


32. 


11.3 Fourier Cosine and Sine Series 


SE 
fae " pa ((-1)" — cos =) cos = g 
foe [> (& [je -z Sin =) sin 7 7 


a LP ( nt 1) 
a, = | xcos—axdxr= cos — — 
"^ d 2 n?n? 2 


1 2 
NT NT 4 
n= f ssn ade + f iesin ade == sin —(- D" 


2 
an | 1 cos Tarde + f (2— x) cos La dg = 5 z (cos + (71) 
1 á 
. NT . nm 2 4 . nm 
w= 1-sin T rds + f (2—z)sin 7" ade = — +3 3sin-> 
3 A 4 
fiume at A DES (cos = + ( D cos — x 


1 


1 2 
2 2 
ûn = | (a? + x) cosnra dr = eee) sinnzz| — — | (2r 4 l)sinmmz dx 
0 


nT nr Jo 
= bB- - 1] 

bn = f (2? + x) sin nrz dx = Xm COS NTL ! + — [ (2x + 1) cos nrg dx 
=F (ay + Say - 1] 
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34. 


35. 


36. 


37. 
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ia = > + b» : 5[3(—1)” — 1] cos nrg 


nei NIT 
> 4 n+l 4 n : 
Fa) - 3 (Sean E 
n=1 
2 
a= f (2a — 2?) da =$ 


2 
8 
ig = / (2x — 2”) cos D zdr- zn — 1] 
0 


16 


n359 


2 
in = f (2x — z?) sin q de = 
0 2 


27:2 
t n^n 
oo 
16 " 
=>» 3531 (72"]sin 7 2 
n=1 
p ce 8 
a =~ | a? dx = —1" 
T JO 
p pe 4 
an=2/ x? cosna dx = —; 
T Jo TU 
p.p 4 
n= = | a? sinna de === 
T Jo n 
4 (A 4n 
f(x) = Sm + * (= cos na — p sinne) 
n=1 
2 T 
a= 2 f cda =T 
T JO 
2 T 
an == f x cos 2ng dx = 0 
7T JO 
2 [7 1 
n= =f x sin 2ng dx = —— 
T Jo TU 


T wl 
fog) a HQ d 


1 
ay -2 f (1+1) dx =3 
0 


1 
an =2 (x + 1) cos 2nzz dx = 0 
0 


1 
1 
On. = 2 / (x + 1) sin2nzz dz = —— 
0 nT 
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oo 


1 
fon > - Y lsin2nsz 


n=1 


9 [2 
38. 0=3/ (2 — 2) dx =2 
0 


9 [2 
a=) (2 — x) cos nrg dz = 0 
2 Jo 
2 de 2 
s] (2 — z)sinnaz dz == 


= 2 
=i EG. 
Fa) + 2 zz nme 


39. The periodic extensions for the cosine, sine, and Fourier series are shown below: 
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40. The periodic extensions for the cosine, sine, and Fourier series are shown below: 


A 
-3L -2L -L L 2L 3L 
A 


e > 
-3L L 2L 3L 
A 
e e e [ ] e e 
Ne N N " 
-3L -2L -L L 2L 3L 


41. The periodic extensions for the cosine, sine, and Fourier series are shown below: 


A 
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42. The periodic extensions for the cosine, sine, and Fourier series are shown below: 
A 


-3L -2L E E 2L 3L 
A 

-3L c ee eao, J 
A 


43. We have 
15 10 
| 5sin nt dt = — |1 — (—1)"] 
0 NT 


so that 


NT 


oo 
10/1 — (-1)” 
Tte > Se sin nt. 
n=1 
Substituting the assumption z,(t) = 355-4, B, sinnt into the differential equation then gives 


> a fi = (14 
55-10, e 2 B,(10 — n?) sin nt = » TERES sin nt 
n=1 n=1 


and so B, = 10[1 — (—1)"]/nm(10 — n?). Thus 


44. We have F 
2 
bn = Ji (1 — t) sin nrt dt = — 

0 


so that 
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Substituting the assumption x,(t) = 5, B, sin nat into the differential equation then gives 


oo oo 
2 
n 79 . . 
10r, = B4(10 — t= = t 
Lp + 102) 2 "i n^n^)sin nr » yr nnm 


and so B, =2/nr(10 — n?z?). Thus 


2 oo 
== sin nt. 
22. n0— i5 Im 5 
ue 


We have 
2 [* 4 
ao = Ji (2t — t?) dt = <n? 
T 0 3 
2 [T 4 
An = - | (27t — 1?) cos nt dt = -— 
T 0 TL 
so that 56 
27? 4 
US zz “os nt 


Substituting the assumption 


Tp) = Ao +) An cos nt 


2 n=1 
into the differential equation then gives 
00 
E xy + 12, = 6Ao + 5 (qu + 12) cos nt = = — y E cos nt 
n=1 n=1 
and Ag = 17/9, A, = 16/n?(n? — 48). Thus 
2 oo 


We have 
2 1/2 1 
"P qu J 2 
2 1/2 1 A 
An = n t cos 2nrt dt = 723 K=1)" —1] 
so that 


1. «Sisi 
Jb = 4 pi cos 2nmt. 


Substituting the assumption 
A oo 
gui) > + y An cos 2nrt 


n=1 
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into the differential equation then gives 


1 Se 1 oo 1 | 
2274122) = 640 + > An(12— n?n?) cos nt = 5 Y; 222 cosnmt 
n= 


n=1 
and Ay = 1/24, A, = [(-1)” — 1]/n?z? (12 — n?z?). Thus 


1 J 


oo 
_ CDI 
zy(t) = 18 us à 2 Pan) cos 2nmt. 


47. (a) The general solution is x(t) = cı cos y10t + co sin V 10t + zy (t), where 


The initial condition x(0) = 0 implies cı + xp(0) = 0. Since x,(0) = 0, we have c1 = 0 


and x(t) = casinV10t + zy (t). Then 2'(t) = c2 v/10 cos V10t + z;(t) and x'(0) = 0 


implies 
10 1- (-1)” 
NDE eg cos 0 = 0. 
Thus 
— V10 4 1-(-1)" 
a T 10 — n? 
n=1 
and " 
10 1-(-1P [1. E 
rt) = E EET [= sinnt - Aon: |. 


n= 


(b) The graph is plotted using eight nonzero terms in the series expansion of z(t). 


x 


EE MM 
TM T 


48. (a) The general solution is x(t) = c1 cos 4V/3t + ca sin 4/3t + z, (t), where 


5 


I 
as 


7 oc 1 
— — +16 ——————— t. 
8 T 2. n?(n? — 48) bn 


The initial condition z(0) = 0 implies cj + z5(0) = 1 or 
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Now a'(t) = —4y3c, sin4V3t + 4v3e; cosAv3t + x(t), so x'(0) = 0 implies 


4v/ 3c + x (0) — 0. Since x,(0) = 0, we have cz = 0 and 


T 


: > 1 T? > 1 
1— 5-16 V^ ———~ | cos4v3t S 33 cos nt 
( 18 23 sj RET pa n2(n2 — 48) 0" 


u(t) 


2 


T n? 2 1 
=o + (1- T) O A [cos nt — cos 4v t]. 


(b) The graph is plotted using five nonzero terms in the series expansion of x(t). 


49. (a) We have 


so that 


(b) If we assume yp(x) =>, B, sin(nzz/L) then 


4,4 


oo 
non NT 
y) = E D, sin T x 
n=1 
and so the differential equation EI yt) = w(x) gives 
Ba 2wo(—1)"t1 L4 
v EIn®r5 
Thus 
(x) QwoL* (-1)"*! , mm 
T in — x 
"m ENS £4 mw COL 
50. We have 
9. Jue NT 2wp nT 2NT 
bn = = wo sin — x dx = — | cos — — cos —— 
L Jr3 L n 3 3 
so that 
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If we assume Yp(1) =}; B, sin(nzz/L) then 


and so the differential equation ET y (x) = w(x) gives 


nT 2nm 

cos EE — cos = 

Bn = 2wy L^ — 3 ————À- 

^ Eln$m3 
Thus 
(a) 2woL* A cos 2 — cos &E£ nr 
Yp(z) = — sin — 2. 

n Bin? E n5 L 


51. We note that w(x)is 27-periodic and even. With p = 7 we find the cosine expansion of 


F e De a2 


i 0, «j2«muwe«mc 


We have 
9 fT 2 7/2 
a=2/ fG)dz == f wo dax = wo 
7T Jo 7T Jo 
"2 2 que 2 
aif fG)cosnzdz == f wo cosnz dr = sin Z., 
7T Jo 7T Jo NT 2 
Thus, 
w 2wo Se nu 
uev Ou S DUE 


Now we assume a particular solution of the form yp(x) = Ao/2 + Xp; An cosnz. Then 


T» (1) = 2, Annt cos nz and substituting into the differential equation, we obtain 


kAo x 
Ely) (1) + kyp(x) = a + RN An(Eln! + k) cos nx 


n=1 


oo 
wo  2wọ 1l, nt 
= — + — J — sin — cos na. 
2 T ín 2 

n= 


Thus " in (2/2) 
wo sin(nr 
dec d. Ae 
j m m n(Eln* +k) 


and 
wo | 2wo «c. sin(nm/2) 


Vol) = or ^ ae 2, RES cos na. 
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52. (a) If f and g are even and A(x) = f(x)g(x) then 


and h is even. 


(c) If f is even and g is odd and h(x) = f(x)g(x) then 


and h is odd. 


(d) Let h(x) = f(x) + g(x) where f and g are even. Then 


and h is even. 


(e) If f and g are odd and h(x) = f(x) + g(x) then 


h(-z) = f(-z) = gx) = -f (x) € [-9(x)] =—[f(x) + g(z)) = —h(x) 
and h is odd. 


(f) If f is even then 
a 0 a 
f fG)dz = | fG)de | f(x) dx c— u= —z, du= -dr 
—a —a 0 
0 a 
= f Fu) Edu) +/ f(x)dx | «— f is an even function 
a 0 
= [rar [ az - 2 f reas 
(g) If f is odd then 
f tod f seer f ras c— u— —z, du= -dr 
—a —a 0 
0 a 
=/ f(—u)(—du) «f f(a)dxf |«— f is an odd function 
a 0 
=f tw laut f fas - o. 
0 0 


53. If f(x) is even then f(—x) = f(x). If f(x) is odd then f(—x) = —f(x). Thus, if f(x) is both 
even and odd f(x) = f(—z) = — f(x), and f(x) = 0. 


11.4 Sturm-Liouville Problem 


54. For Ely“) + ky = 0 the roots of the auxiliary equation are m4 = a + ad, m3 = a — ai, 
ma = —a + ai, and m4 = —a — ai, where a = (k/ EI)V4/4/2. Thus 


ax s ax 
c= + oy) + 
Y e (e COS QT Ca SIN ax) € ( 


C3 COS ax + c4 sin ax). 


We expect y(x) to be bounded as x — oo, so we must have c; = c2 = 0. We also expect y(x) 
to be bounded as z — —oo, so we must have c3 = c4 = 0. Thus, y. = 0 and the solution of 


the differential equation in Problem 51 is yp(x). 


11.4 Sturm-Liouville Problem 


1. For \ € 0 the only solution of the boundary-value problem is y = 0. For \ = o? > 0 we have 
y = c1 cos az + co sin oa. 
Now 
y (x) = -ca sin a£ + C20 cos ox 


and y'(0) = 0 implies cz = 0, so 


y(1) + y(1) = a (cosa — asina) 20 or cota=a. 


The eigenvalues are Ay = o2 where o4, a2, o3, ... are the consecutive positive solutions 
of cota = a. The corresponding eigenfunctions are cosa,x for n = 1, 2, 3, .... Using a 
CAS we find that the first four eigenvalues are approximately 0.7402, 11.7349, 41.4388, and 
90.8082 with corresponding approximate eigenfunctions cos 0.86032, cos 3.4256x, cos 6.43 73x, 
and cos 9.5293a. 


2. For A < 0 the only solution of the boundary-value problem is y = 0. For A = 0 we have 
y = cz +2. Now y! = cı and the boundary conditions both imply c1 + c2 = 0. Thus, A = 0 


is an eigenvalue with corresponding eigenfunction yo — x — 1. 


For \ = a? > 0 we have 


Y = c1 cos ax + co sin ox 


and 


y'(x) = —c1o sin oz + cao cos ax. 
'The boundary conditions imply 


cy toa=0 


Cı cosa + c5 sina = 0 


which gives 


—C2Q COS Q + co Sin a. = 0 Or tana = a. 
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The eigenvalues are Ay = o2 where a1, o», o, ... are the consecutive positive solutions 
of tana = a. The corresponding eigenfunctions are acosaxz — sinag (obtained by taking 
c9 = —1 in the first equation of the system.) Using a CAS we find that the first four positive 
eigenvalues are 20.1907, 59.6795, 118.9000, and 197.858 with corresponding eigenfunctions 
4.4934 cos 4.4934x — sin 4.4934x, 7.7253 cos 7./253x — sin 7.72532, 

10.9041 cos 10.9041» — sin 10.9041x, and 14.0662 cos 14.0662x — sin 14.0662z. 


. For A = 0 the solution of y" = 0 is y = c,1 + c2. The condition y'(0) = 0 implies cı = 0, so 


À — 0 is an eigenvalue with corresponding eigenfunction 1. 


For à = —o? < 0 we have y = c cosh oz + co sinh oz and y! = cyasinhax + cza cosh az. 
The condition y'(0) = 0 implies c9 = 0 and so y = cı cosh ax. Now the condition y'(L) = 0 


implies cı = 0. Thus y = 0 and there are no negative eigenvalues. 


For \ = a? > 0 we have y = cı cos oa + c; sino and y' = —cjasinax + cza cosagr. The 
condition y'(0) = 0 implies cp = 0 and so y = cı cos er. Now the condition y'(L) = 0 implies 
—cjasinaL = 0. For c4 Z 0 this condition will hold when aL = nz or À = o? = n?z?/L72, 
where n = 1, 2, 3, ... . These are the positive eigenvalues with corresponding eigenfunctions 
cos(nrg/L), n= 1, 2, 3 


. For A 2 —a? < 0 we have 


y = c1 cosh az + co sinh qx 


/ P 
y = aa sinh az + coo cosh az. 


Using the fact that cosh x is an even function and sinh x is odd we have 


y(—L) = c cosh (—aL) + c2 sinh (—aL) 


= c1 cosh aL — ca sinh aL 
and 
y (—L) = cia sinh (—aL) + c2a cosh (—aL) 
= —cjasinhaLl + cza cosh aL. 
The boundary conditions imply 


c1 cosh aL — c sinh aL = cı cosh aL + ca sinh aL 


or 
2c sinhaL = 0 
and 
—casinh aL + c3o coshaL = ca sinhaLl + cza cosh aL 
or 


2c¡ a: sinh aL = 0. 
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Since aL Z 0, cy = c» = 0 and the only solution of the boundary-value problem in this case 


is y — 0. 
For A = 0 we have 
y =C]T + C2 
y =c. 
From y(—L) = y(L) we obtain 
—eL-4 c9 — eL -4 c. 
Then cı = 0 and y = 1 is an eigenfunction corresponding to the eigenvalue A = 0. 
For À = o? > 0 we have 
y = Cı COS QT + co sin oc 
y = —c1a sin oz + caa cos az. 
'The first boundary condition implies 
c1 cos aL — cs sin aL = cı cos aL + co sin aL 


or 


2co sinaL = 0. 


Thus, if c; = 0 and co Z 0, 


L- re ado 

aL =nrT or =a= I ; 17551259: 
The corresponding eigenfunctions are sin (nrx/L), for n = 1, 2, 3, ... . Similarly, the second 
boundary condition implies 

2cio sina L = 0. 
If cy 40 and co = 0, 
2,2 
= E LAU _ 
aL=nr or A=a mE m n=] as ws 


and the corresponding eigenfunctions are cos (nrx/L), for n = 1, 2, 8, .... 


5. The eigenfunctions are cos oz where cot o4, = o. Thus 


1 1 
1 
|| cos a 21? = / cos? anx dx = F (1 + cos 20,1) dx 
0 0 


1 
i + : in2 l 1+ l in2 
== T — — SIN ZQ,, X = — — SIN 2a 
2 20 sl i 2 20 n 


1 1 
= 3 i + (2 sin Qn cos o) ) = 5 E + a in cot An, sinan 
1 
2 


1 
20 


1 1 
z^ i + — (sin an) an (sin a) == (1 + sin? ap). 


An 
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6. The eigenfunctions are sina,x where tana, = —a,. Thus 


1 1 
1 
|| sin o 21? = / sin? a,x dx = J (1 —cos2anx) dx 
0 0 


Il 
Nl re 
ET 

8 

l 
P| 

e. 

B 

WN 

2 

3 

8 
QV 


1 1 1 1 

= = |1 — — (2sina, cosa,)| = = |1 — — tana, COS Qn COS Qn 
2 " 2 m 
1 


1 1 
== i — a (—an cos? an) = 5 (1 + cos? an) . 


7. (a) If \ < 0 the initial conditions imply y = 0. For A= a? > 0 the general solution of the 
Cauchy-Euler differential equation is y = cı cos (aln z) + ca sin (aln x). The condition 
y(1) = 0 implies cı = 0, so that y = cgsin(alnz). The condition y(5) = 0 implies 
aln5=n1,n=1,2,3,.... Thus, the eigenvalues are n?z?/(In 5)? for n = 1, 2, 3, ..., 
with corresponding eigenfunctions sin [(nr / 1n 5) Ing]. 
(b) The self-adjoint form is 
D 
p br ¿A 


(c) An orthogonality relation is 


5 
f Eso (Fine) sin (Fine) de >, m £n. 
1 7 In 5 In 5 


8. (a) The roots of the auxiliary equation m? + m + A = 0 are 4(—1 + V1— 4A). When A — 0 
the general solution of the differential equation is cy + cge~*. The boundary conditions 


imply cı + c = 0 and cı + ce? = 0. Since the determinant of the coefficients is not 
0, the only solution of this homogeneous system is cq = co = 0, in which case y = 0. 
When A = i , the general solution of the differential equation is ce "2 + coxe */?. The 
boundary conditions imply cı = 0 and cy + 2€? = 0, so cy = co = 0 and y = 0. Similarly, 
if0<A< n , the general solution is 

y= q es C1 VI- a + ces CV) 


In this case the boundary conditions again imply cı = c9 = 0, and so y = 0. Now, for 


A> ; , the general solution of the differential equation is 
y= cre? cos V AX — 1z + cae 7? sin / AX — 12. 
The condition y(0) = 0 implies c; = 0 so y = c3e?/? sin V4X — 1x. From 


y(2) = ce ! sin2/44—1-0 


11.4 Sturm-Liouville Problem 


we see that the eigenvalues are determined by 2/44 — 1 = nz for n = 1, 2, 3,.... Thus, 
the eigenvalues are n?n? /4? +1/4 for n = 1, 2, 3, ... , with corresponding eigenfunctions 
e */? sin(naa/2). 


(b) The self-adjoint form is 
PT 
wey! + A\e*y = 0. 


(c) An orthogonality relation is 


2 2 
/ e? (e? sin _ z) (e^? cos ig z) dz = / sin = t COS Bs xdr =Q. 
A 2 2 à 2 2 


1 
9. We divide by lead coefficient of the differential equation to obtain the form y”+ (- 1+ 3 y + 


10. 


Zy = 0. The integrating factor is then 
T. 


el (—1+1/a) de _ eg tnr _ ¿hna _ yet 


Thus, the differential equation is 
ze "y" + (1-— x)e "y + ne *y =0 


and the self-adjoint form is 
d l 
d [re *y'] + ne *y = 0. 
Identifying the weight function p(x) = e~* and noting that since r(x) = ze *, r(0) = 0 and 


lim; 555 r(x) = 0, we have the orthogonality relation 


ra B? La L4 ede 0, m 3" 
0 


'To obtain the self-adjoint form we note that an integrating factor is ef —2xde — ¿a? Thus, 


the differential equation is 
e * y! — 2e? y + Ine? y =0 


and the self-adjoint form is 


E lev + 2ne 7 y = 0. 
dx 


—q? 


Identifying the weight function p(x) = e” and noting that since r(x) 2e *, 


lim r(x) = lim r(x) = 0, we have the orthogonality relation 
T—>—00 T-—>00 


P e Hy (a) Ha (x) dac. 


—00 
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11. (a) The differential equation is 


(1+ z2)y" + 2xy + 


1 +22 ES 
Letting x = tan 0 we have 0 = tan^! x and 
dy dydo 1 dy 
dr d0 dr 1+? d0 
dy o d 1 dy| 1 d^y de 7 2x dy 
dz? dx |1+22 dO|  1-z? \ d0? dz (1+ 22)? do 
1 dy 2r dy 


(12-22)? d0? (14-22)? do” 
The differential equation can then be written in terms of y(0) as 


" 1 dy. 2r dy 1 dy À 
Otad [rms d (+a dé 


dd 1+22 dO [Em 
1 dy À 
E — ——— =:() 
Teg? que ia? 

or : 

dy 

—— +y =0. 

dg +0 


The boundary conditions become y(0) = y(7/4) = 0. For A € 0 the only solution of 
the boundary-value problem is y = 0. For A = o? > 0 the general solution of the 
differential equation is y = c4 cos a0 + c sin a. The condition y(0) = 0 implies c = 0 
so y = ca sino. Now the condition y(7/4) = 0 implies ca sin ar/4 = 0. For c2 Æ 0 this 
condition will hold when «7/4 = nr or À = o? = 16n?, where n = 1,2,3,... . These are 
the eigenvalues with corresponding eigenfunctions sin 4n0 = sin(4ntan^!z), for n = 1, 
P M 


(b) An orthogonality relation is 


1 
1 
/ Fel sin (Amtan ! z) sin (4ntan ! z) dv =0, mn. 
o0 X 


12. (a) Letting \ = o? the differential equation becomes z?y" + xy! + (a?x? — 1)y = 0. This is 


the parametric Bessel equation with v = 1. The general solution is 
y = cJ1(ox) + coY (az). 


Since Y is unbounded at 0 we must have c9 = 0, so that y = cı Jı (ax). The condition 
J¡(3a) = 0 defines the eigenvalues A, = o2 for n = 1, 2, 3, ... . The corresponding 
eigenfunctions are Jı (anz). 
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(b) Using a CAS or Table 5.1 in the text to solve J1(3a) = 0 we find 3a, = 3.8317, 3a2 
7.0156, 3a3 = 10.1735, and 3a4 = 13.3237. The corresponding eigenvalues are Az 
a? = 1.6313, Az = o2 = 5.4687, Az = aĝ = 11.4999, and A4 = o2 = 19.7245. 


13. When A = 0 the differential equation is r(z)y" + r'(z)y' = 0. By inspection we see that y = 1 


is a solution of the boundary-value problem. Thus, A = 0 is an eigenvalue. 
14. (a) An orthogonality relation is 
ra COS TmT COS Lyx dx = 0 
where £m Æ £n are positive "om of cot xz = x. 
(b) Referring to Problem 1 we use a CAS to compute 
[ (cos 0.86032) (cos 3.42562) dx = —1.8771 x 10% ~ 0. 
0 
15. (a) An orthogonality relation is 
[ (£m COS TmT — SİN LmT)(Ln COS TnT — SİN n£) dz = 0 
where £m # £n are positive solutions of tan x = x. 
(b) Referring to Problem 2 we use a CAS to compute 


1 
f (4.4934 cos 4.49342 — sin 4.4934x)(7.7253 cos 7.7253x — sin 7.7253x) dx = —2.5650 x 1074 
0 


& 0. 


11.5 Bessel and Legendre Series 


1. Identifying b = 3, we have ay = 1.2772, o» = 2.3385, a3 = 3.3912, and a4 = 4.4412. 


2. By (6) in the text Jj(2a) = —J1(2a). Thus, Jj(2a) = 0 is equivalent to Jı(2a) = 0. Then 
ay = 1.9159, a» = 3.5078, a3 = 5.0867, and ay = 6.6618. 


3. The boundary condition indicates that we use (15) and (16) in the text. With b = 2 we obtain 


9 2 
Ci =O ri zJo(ojz) dx t=a;rz, dt=a;dz 
4J1 (20%) Jo 
1 1 204 
= — tJo(t) dt 
mmu af, 6 
: / ^^ du ga From (5) in die text) 
a — rom (5) in the tex 
202J2(2o4) Jo dt : 
1 Es 1 
= at = —— + 
202 J? (204) aU aiJı (2o;) 
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Thus 


9 2 2 2 
a=3/ rdr = = — = 1, 
4 Jo 42 
0 
9 2 
Ci = cl zJo(ojz) dx t=ax, dt-—ojdx 
1 p qm 
— . — tJo(t) dt 
2J2(204) o2 / okt) 
zn / ^^ d uA) di [From (5) in the text] 
= aeRO d 1 rom in the tex 
T 
Ji(t ELI a 
2a? Ja (20) (6) aiJ (20) 


Now since Jj(2a;) = 0 is equivalent to J1(2o;) = 0 we conclude c; = 0 for i = 2, 3, 4, .... 


Thus the expansion of f on 0 « x « 2 consists of a series with one nontrivial term: 
fa =al 


5. The boundary condition indicates that we use (17) and (18) in the text. With b = 2 and 


h = 1 we obtain 


20; el d d d 
SA A Jolai t=0x, dt -— oí 
C (Ga? + 1) Jan) i zJo(ojz) dx QT a; dx 
2a? p J^ 
A eee tJo(t) dt 
DRE wh O 
: f ^5 d pA) di fiona (8) in he text] 
= J = rom 1n X 
(402 + DJa) Jy dt^! B bn 
2 i 40,4 (20%) 
Qi J1V 205 
= iO, == EE, 
(4a? + 1) J2(2a;) i) (40% + 1)J2 (204) 


'Thus 
[071 Ji ( 1 (2a;) 


DEA)" jm). 
(da? + 1)J2 20, 006) 


n 
iMe 
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6. Writing the boundary condition in the form 
2Jo(2a) + 2aJ§(2a) = 0 


we identify b = 2 and h = 2. Using (17) and (18) in the text we obtain 


—- — d d 
= uaa Jota 
G (da? m ea tJo(aix) dx tei Qi dx 
a? 1 f20 
= i tJo(t) dt 
2(o2 + 1)J2(2a;) zl o(£) 
E : / oa From (8) in the test) 
= xo TRGA) > di 1 rom in the tex 


ay J4 (2o) 
(o? + 1)J5 (20%) © 


Thus 


= iJı(2a;) 
Ss (a? + 1)J2 (20) 


7. The boundary condition indicates that we use (17) and (18) in the text. With n = 1, b = 4, 


and h = 3 we obtain 


202 $ d d 
ae NS 
E ca zJi(ojr)5z de t=ajz, d= plz 
5a? LO 
= —— t a t^ J, (t) dt 
4(202 + 1)J?(4a;) oj / (t) 
a METMMM / dea [Bom (5) inr these] 
= E rom (5) in x 
da; (2a? + Ja) Jo de” i ad 
4a; 
5 2 20a; J2(4a;) 
= — a aa EA]. ——— mne 
4a;(2a? + 1) 1 (405) 7 (2a? + 1) Jf (404) 


Thus 


aiJa(4ai) 
» (202 + 1)J2(4o5) 1 (o2) 
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8. The boundary condition indicates that we use (15) and (16) in the text. With n = 2 and 
b = 1 we obtain 


1 
cl = / rJo(ayx)ax? de t=a;x, dt= aj dx 
i) Jo 


TUE PN di i BRA] dt [From (5) in the text] 


Thus 
2 1 
=2 Y" — — Jos). 
8) 2. iJa (ai) ae) 


9. The boundary condition indicates that we use (19) and (20) in the text. With b = 3 we obtain 


3 
[ gc 2 z^ _9 
cl = E zz dr— 7| =5) 
0 
2 3 
ep emm / zJo(oj;z)z^ dx t=0x, dt= 0 dx 
9J9 (30%) Jo 
2 p qe 
= = t? Jolt) dt 
9J5(3oi) oj / até) 
2 d =?  dv- [tt] dt 
= 9,472 / ps [tJi(t)] dt i vnl 
9o Jó (Bai) dt du = 2t dt v = tJ (t) 
2 3 B are 
= ————— | Pat —2 t^ J4 (t) dt 
90 Je (3o) i) ü J ile) 


With n = 0 in equation (6) in the text we have J¿(x) = —Jı (x), so the boundary condition 
Jo(3o;) = 0 implies Jı (3a;) = 0. Then 


3a; 
an ae al S [t? J2(t)| it) = EEE s ep (t) 
' 9at Je (304) o dt : 90% J¿(30;) " A 
D —4J» (304) 
— | ia 65807 | = Dus A 
Jat J? (3o) [- 180; J2 (30:)] a? Je (3a;) 


Thus 


_9 o^ Jo(3aj) 
a oP F(a) 0° QT T): 
2 2. 02 Je (3a) 
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10. The boundary condition indicates that we use (15) and (16) in the text. With b = 1 it follows 


that 
i= : E (1 — x°) Jo(air) de 
: Ji (ai) Jo : 
9 1 1 
= / Zr ¿dolosa de t=a;rz, dt=0¡dx 
Ji lai) Wo 0 
2 [1 fe 1 fe 
- — | 4d]! CAD 
xg laf, mae f Paoa 
2 1 “d i f* 24 u=¢°  de= il] dt 
= — — t)] dt - + => t)] d at 
Tax) Fal qu Ede a}, d ALD) ] du = 2t dt v =t (t) 
= E: Lat) ee t? J, (t) -2 | eaa 
Ji (ai) | o; 0 a; 0 0 
2 [A(oe) lai) TE 2 2 2 ü 
= a — — [t^Jo(t)| dt} = — t Jo(t 
Ao ta, PAO] | = la d 
A J2(a;) 
a? J? (ai) 
Thus 
Ja(a;) 
i DEIR "n 
11. (a) 


(b) Using FindRoot in Mathematica we find the roots 11 = 2.9496, r9 = 5.8411, 
13 = 8.8727, x4 = 11.9561, and x5 = 15.0624. 


(c) Dividing the roots in part (b) by 4 we find the eigenvalues o4 = 0.7374, ag = 1.4603, 
a3 = 2.2182, o4 = 2.9890, and as = 3.7656. 


(d) The next five eigenvalues are ag = 4.5451, a7 = 5.3263, ag = 6.1085, ag = 6.8915, and 
Q0 = 7.6749. 
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12. (a) 


(b) 


(c) 


From Problem 7, the coefficients of the Fourier-Bessel series are 
200; Ja (4a;) 
C; = > r. 
i= Ra? + Da) 


Using a CAS we find c4 = 26.7896, c2 = —12.4624, c3 = 7.1404, c4 = —4.68705, and 
cs = 3.35619. 


Si s2 S3 S4 S5 
20 20 20 20 20 
15 15 15 15 15 
10 10 10 10 10 
5 5 5 5 5 

x E x X X 

1234 5 12345 12345 1234 5 1234 5 
S10 
20 S10 
20 

15 de 


13. Since f is expanded as a series of Bessel functions, Ji(o;r) and Jı is an odd function, the 


series should represent an odd function. 


14. (a) 


(b) 


Since Jo is an even function, a series expansion of a 5 
function defined on (0,2) would converge to the even T 
extension of the function on (—2,0). : 
0.5 
-2 -1 1 27 
In Section 6.3 we saw that J5(x) = 2J5(z)/x — Ja(x). Since Ja is m 
even and J3 is odd we see that 
Ja(-2) = 2J2(—x)/(—2) — Js(—a) j 
= —2)(z)/z + Ja(z) = —Ja(), 
10 
so that J} is an odd function. Now, if f(x) = 3Ja (x) + 2zJ5(x), 
we see that 5 
f(—2) = 3J2(—x) — 22J5(—2) 
= 3Jo(x) + 22J3(2) = f (x), Se 


so that f is an even function. Thus, a series expansion of a function defined on (0, 4) 


would converge to the even extension of the function on (—4, 0). 
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15. We compute 5 
aci f sntod- 5 f sisi 05 
a=3 f «Pia S [ un a 05 0.5 j^ 
=3 f «nya [ 8) —a)ar= 3 


7 ip 7 f1 
a-i[ zPz)ds = 5 f —(Bz^ — 322) de = 0 

2 Jo 2 Jo 2 

gg 9 t 3 
«-5] zPi) ds = 5 | g (997^ — 302° + 32) dx = — 


it. f! 1l +1 
Cs = uw zP) dx = f 5 (632° — TO + 152”) dz =0 
0 


13 ft! 13 T^g 7 3 j 13 
06 == ] zx Ps(x) dx 5 / Ti 31z' — 3152? + 1052? — 52) dz 256 
Thus 
1 1 5 3 13 
f(x) 1 (a) + 2 (x) + 16 a(x) 32 y(x) + 256 6 (x) + 


The figure above is the graph of S5(r) = 4 Po(2) + 4P (x) + P(x) — a Pim) + 33, Ps (x). 


16. We compute 


$a E p* 1 s 
a=5/ &*Bz)ds = 5 | e” dx = z(e-e7) 


=i =j " 
- ae LR 2 
ü= e* P\(x) de = = qo da = Se 1 
a 2/4 
5 a ca) Ge uo x x 
C == e" Pala) dz = = -(3x%e* — e”) dx -1 -0.5 05 1 
2x 2] 42 
5 
= er] 


Pis Ple * 7 E 
=> e” P3(x) da = 5 ¿ute — Saxe") dz = ¿(=5e + 37€ ) 


9 > x 9 j 1 4,2 2, x 9 =l 
== e Pile) de = 5 g (35x e” — 301%e” + 3e?) dz = z (36e — 266e J: 
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Thus 


f(x) = Zle — eH) Pola) 367 Pala) + (e — Te?) Pa (a) 


9 
+ 5(—5e 37e 7) Ps(z) + ¿(36€ — 266e7") Pa(m) +--+. 


NIN 


The figure above is the graph of S5(z). 


Using cos? 0 = $(cos 20 + 1) we have 


EP We. di. d 1 3 1 1 
Palcos 8) = z (3 cos 06—1)-— z Cos 0 7m q (cos 29 + 1) 2 q “os 28 + c= ¿cos 20 + 1). 
From Problem 17 we have 

1 4 1 
P2(cos 0) = nis cos 20 + 1) or cos 20 = 3 P4 (cos 0) — 3 
Then, using Po(cos 0) = 1, 
4 1 4 4 4 4 
F (6) = 1 — cos 20 = 1 — FI 0) — 3| al a 3 Pa (cos 0) — 3 Po (cos) — 3 P2(cos 0). 


If f is an even function on (—1,1) then 


1 1 
J Hed. f OB 
=1 0 


and 


1 
f f) Po (2) dz = 0. 


Thus 


coy = 28971 f soy yas = PE (2 f roy as) 


1 
= (4n + yf Tos) Pol) dz, 


Con41 = 0, and 


If f is an odd function on (—1, 1) then 


1 
i $us 


and 


1 1 
f Fa Panal) dr = 2f Fc) Pos gin) de. 
0 


-1 
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Thus 


1 d 
cma = AEN) f Parla) de = 22 (2 [ fois ax) 


1 
= (4n + 3) / f (z) Py (x) dz, 


Can = 0, and 


fox) > Con Pon i (2). 


n=0 


. From (26) in Problem 19 in the text we find Sy 


1 1 1 1 
o= f oPo(e)da= | adx = = 
0 0 2 


1 ly, 5 
C2 = Ji xP(x)dz = 5 | ¿a — x) dx = z 
0 0 


-1 —0.5 0.5 1 


and 
1 1 1 
C6 = 13 | a Ps(x) dx = if 1g 23127 — 3152? + 1052? — 5x) de = —. 
0 0 


Hence, from (25) in the text, 


f(a) = 5 Pu) + S Po) — Pala) + oP + 


On the interval —1 < x < 1 this series represents the function f(x) = |x|. 


. From (28) in Problem 20 in the text we find E. 


1 1 3 n 
a =3 f Pi(x) dz =3 f zdr = +, 
0 0 2 | 


1 l4 7 
amt Badr =7 f 5 (c^ 37) ae 
0 0 


: 11 5 3 11 05 
c5 = uf Ps(x) dx = u f = (632? — 70x? + 15x) dz = — 
0 o 8 16 
and del 
n LY 7 5 a 75 
c7 = 15 f P(x) dz = 15 f — (429x" — 6932? + 315z" — 352) de = ———. 
0 o 16 128 


Hence, from (27) in the text, 


fa) = Pila) = EP) + is Pale) ~ 128 
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On the interval —1 « x « 1 this series represents the odd function 


-1, -l<2<0 
f(z) = 
1, 0O<x<l. 


Since there is a Legendre polynomial of any specified degree, every polynomial can be repre- 


sented as a finite linear combination of Legendre polynomials. 


We want to express both 2? and z? as linear combinations of Po(z) = 1,P,(1) = c, 
P(x) = 5(32? — 1), and P3(x) = 5(52? — 32). Setting 


1 3 
z? = coPo(x) + Py (x) + coPo(z) = eg + eit + c2 30 — D = (co Zo) Heg + gzet", 


we obtain the system 


1 

€)— 7250 
&=0 
3 
-Q =l. 
a 


The solution is co 3,C1 0, ca 2. Thus, x? = + P(x) + 2 P(x). Setting 


1 1 
z? = co Py(x) + c1 P, (x) + co P(x) + c3 P3(x) = Co + Cr+ C2 ES = D + C3 560° = ») 


M CEST "EET Paga o 
= 0 y 2 1 938 z 2 g T 


we obtain the system 


1 
a= 5 a= 
a- Fes =0 

20-0 

26 = 1 


The solution is co = 0, c1 3c 0,c3 = 2. Thus z? = 2 P (x) + 2 Ps(x). 
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Chapter 11 in Review 


1. True, since f^. (x? — 1)? dz = 0 


2. Even, since if f and g are odd then h(—z) = f(—z)g(—x) = —f(x)|—g(x)] = f(x)g(x) = h(x) 
3. cosine, since f is even 
4. True 


5. False; the Sturm-Liouville problem, 


d 
aU GOV] Ap(z)y=0, — y(a)=0, y(b)=0, 
on the interval [a,b], has eigenvalue A = 0. 
6. Periodically extending the function we see that at x — —1 the function converges to 3(—1 + 
0) = —4; at x = 0 it converges to 4(0+1) = 4, and at x = 1 it converges to 3(-14-0) =—3. 


7. The Fourier series will converge to 1, the cosine series to 1, and the sine series to 0 at x = 0. 
Respectively, this is because the rule (x? + 1) defining f(x) determines a continuous function 
on (—3,3), the even extension of f to (—3,0) is continuous at 0, and the odd extension of f 


to (—3,0) approaches —1 as x approaches 0 from the left. 
8. cos 5a, since the general solution is y = cı cos ax + c sin ag and y'(0) = 0 implies co = 0. 


9. Since the coefficient of y in the differential equation is n?, the weight function is the integrating 


factor 


J (b/a) da _ 1 [742 de 1 2 In (1-2?) V1- zx? 1 
e = ——~e’ to 


1 
= — —~—e€2 = SO = 


a(x) 1 — q? 1 — q? 1 — q? V1 — x? 


on the interval [-1, 1]. The orthogonality relation is 


1 1 


10. Since P,,(x) is orthogonal to Po(x) = 1 for n > 0, 


f Piide= ie ERG dic 


E ED 


11. We know from a half-angle formula in trigonometry that cos? z = > + > cos 2x, which is a 


cosine series. 


12. (a) For m Zn 


[5 (2n--1)* .. (2m+1)r Wt n-m n+m+1 ) 
sin ————— x sin ————— rdr = = cos TX — cos — — —— mz | dx 
' 2L 2), L 
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(b) From 


= cos ———— —— & 
2 L 
we see that 


(2n 1): | /L 
sin 2 = 5 
13. Since 
0 
ao = J (—22) dz = 1, 
=i 
0 2 
= Pu n 
i= f os nrz dr = zal — 1], 
and 
9 2 
bn = / (—2x)sinnzz de = —(-1)" 
zd nm 
for n = 1, 2, 83, ... we have 
1o 2 
=> + 2, (an — 1|cosnra + zc sin ana) : 
14. Since 
1 
2 
w= f (2z^ — 1) dz = —-, 
=i 
$ 8 
an = (2x? — 1) cos nra dz = 251-1) 
=] NT 
and , 
bn = f (2x? — 1) sin nrz dz = 0 
=i 
for n = 1, 2, 3, ... we have 
138 
HE) = E b» uc cos NTT. 
n=1 
15. (a) Since 
9 fl 
a= f e *dx=2(1-e >) 
1 Jo 
and 
2 f er cosmid = zal e 
=> nrzdz = ——— |1 — (— 
Qn =F e cos NTT l3 e ] 
for n — 1,2,3,... , we have the cosine series 
"e ex 


Ha) =1-— cy T er 77 COSNTL. 
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(b) Since 
2 e s 2 
bs = al e” sinnrg dr = ml edet. 
for n = 1,2,3,... , we have the sine series 
oo 7 
1 — (—1)" —1 
Fals "29 C sin NTT. 
n=1 

16. f f 


21 2 
3. 3. 
f(a) =|c|—2, —1«-«1 funes = 1 12001 
A f 
21 2 
NS. bom N NS 
s 3 1 EE NE So «a + Lk. 2 3 
| NON 
al 2 
3. 3. 
—e 7”, O<x<1 
f(z) e $6) 49, peu 


—e*, -l<a<0 
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17. The cosine series of f in Problem 15 converges to F(x) on the interval —1 < x < 1 since F is 


the even extension of f to the interval. 


18. Expanding in a full Fourier series we have 


A [ HE et 55 PTE, _9(-"=1 
ds = 5 ES z dr , cos —— dz | = uà 


> 
3 
Il 
Nl rR 
HATO 
os 
Nm 
8 
B. 
E 
E 
N|a 
8 
a 
8 
+ 
os 
EN 
nw 
u 
B 
a 
Nu 
Il 
| 
3 
3] 


SO 


19. For \ =a? > 0 a general solution of the given differential equation is 
y = c cos (3a ln z) + co sin (3a ln z) 


and 


j 3C1Q 
y == 


3 
sin (3a ln z) + 72 cos (3aln 2). 


Since In 1 = 0, the boundary condition y'(1) = 0 implies cz = 0. Therefore 


y = c cos (3a In z). 


Using Ine = 1 we find that y(e) = 0 implies c; cos 3a = 0 or 3a = (2n — 1)r/2, for n = 1, 
2, 3, ... . The eigenvalues are A = o? = (2n — 1)?2?/36 with corresponding eigenfunctions 


cos |(2n — 1)r(ln z)/2] for n = 1, 2, 8, .... 


20. To obtain the self-adjoint form of the differential equation in Problem 19 we note that an in- 


tegrating factor is (1/22)e/ %/® = 1/x. Thus the weight function is 1/x and an orthogonality 


[> (== ) (=> 
— cos T lnz | cos 
1 x 2 


relation is 


1 
In) dr =0, mn. 
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21. The boundary condition indicates that we use (15) and (16) of Section 11.5 in the text. With 
b = 4 we obtain 


2 4 


1 2 
= gru], tJo(a;x) dx t—o;, dt-—ojdx 
1 1 ¿e 
z a tJo(t) dt 
uuu a O 
: ECCE [Bron (tn TS the dei] 
-e — rom 1n .9 1n e tex 
8J2(4a;) Jo de” 
1 "s led) 
= tA DT 
8J2(4a;) L(t) day, J? (4a) 
Thus 
u 1 LI Ji (204) 


22. Since f(x) = xt is a polynomial in x, an expansion of f in Legendre polynomials in x must 
terminate with the term having the same degree as f. Using the fact that x2*P,(2) and 
z^P3(x) are odd functions, we see immediately that c; = c3 = 0. Now 


Le 1 f! 1 
w=3/ 'Py(z) dx == [ ado = = 


1 1 
C2 = ;]. a’ Pa(x) dx = sf. * (306 2%) dx = Z 
C= IN z^P(x)dr = sf. 5 (352 — 302° + 32+) dz = = 
Thus : i 
fu) = ah (x) + 7Po(z) + FERE ). 
23. (a) 
fla) + fla) - LALA) + HO) fen _ 46) _ qs 
(b) 
Dam fz) LIC _ ff D f(x). kt 
fica LED IES)  gC23-fG) | vu 
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24. 
ie) = f) LC = icd = cosh x 
Jor) f) cn = i 3 — — sinh x 


a a4-2 
[i HE de = / E? — 2p)du | «— since f is 2p — periodic, f(u — 2p) = f(u) 
0 2p 


Chapter 12 


Boundary- Value Problems in Rectangular Coordinates 


12.1 Separable Partial Differential Equations 


1. Substituting u(z,y) = X(x)Y (y) into the partial differential equation yields X'Y = XY’. 


Separating variables and using the separation constant —A, where A Æ 0, we obtain 


X y’ 
x 
When A 4 0 
X' -AX =0 and Y’+,AY=0 
so that 


X=cje™ and Y = ce. 
A particular product solution of the partial differential equation is 
u = XY = cze ety) A sé t): 
When A = 0 the differential equations become X’ = 0 and Y’ = 0, so in this case X = c4, 
Y — c5, and u = XY = cs. 


2. Substituting u(x, y) = X(x)Y (y) into the partial differential equation yields X'Y +3XY’' = 0. 


Separating variables and using the separation constant —A we obtain 


x^ yY 
3x Y^ 
When A 4 0 
X'—3AX 20 and Y'+AY=0 
so that 


X=ce™ and Y = ce. 
A particular product solution of the partial differential equation is 


u = XY = ege? 87-9), 
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When A = 0 the differential equations become X’ = 0 and Y” = 0, so in this case X = ca, 
Y — c5, and u = XY = cs. 


. Substituting u(x, y) = X(x)Y (y) into the partial differential equation yields 


X'Y + XY' = XY. Separating variables and using the separation constant —A we obtain 
X Y-Y' 


X Y —A. 


Then 
X+AX=0 and  Y'-(14-23)Y 20 


so that 
X-2ae?* and Y = ce 1*9, 
A particular product solution of the partial differential equation is 


u = XY = cze” Mu), 


. Substituting u(x, y) = X(x)Y (y) into the partial differential equation yields 


X'Y = XY' + XY. Separating variables and using the separation constant —A we obtain 


X' Y+Y s 
X Y — o 
'Then 
X'FAX-0 and  y'-(14-A)Y 20 
so that 


X=cje™ and Y = cge (0*9 = 0, 
A particular product solution of the partial differential equation is 


u = XY = ege Y +5, 


. Substituting u(x, y) = X(x)Y (y) into the partial differential equation yields x X'Y = y XY". 


Separating variables and using the separation constant — we obtain 


A^ y. 
X Y ^" 
When A 4 0 
aX +AX =0 and yY' +AY =0 
so that 


A A 


X =ax and Y=coy *. 
A particular product solution of the partial differential equation is 
u = XY = ea(zy) ^. 


When A = 0 the differential equations become X’ = 0 and Y’ = 0, so in this case X = c4, 
Y — c5, and u — XY = cs. 
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6. Substituting u(x, y) = X(x)Y (y) into the partial differential equation yields 


yX'Y + zXY! — 0. Separating variables and using the separation constant —A we obtain 


X! Y 
zX yY —— 
When A 4 0 
Xx =O and Y*=AyY =0 
so that 


A= ce /? and Y= ce /2, 
A particular product solution of the partial differential equation is 


u= XY = ce 2. 


When A = 0 the differential equations become X’ = 0 and Y” = 0, so in this case X = Ca, 
Y — c5, and u = XY = cs. 


7. Substituting u(x, y) = X(x)Y (y) into the partial differential equation yields 
X"Y + X'Y'+ XY" =0', which is not separable. 


8. Substituting u(x, y) = X(x)Y (y) into the partial differential equation yields y X'Y'-- XY = 0. 
Separating variables and using the separation constant — we obtain 
x. Y 


== EA. 
X yy” 


When 4 0 
XL AX =0 and. AyY'—Y et 


so that 
X=ce™ and Y= cay ^. 


A particular product solution of the partial differential equation is 


u = XY = cge “y, 


In this case A — 0 yields no solution. 


9. Substituting u(x,t) = X(x)T(t) into the partial differential equation yields 
kX"T — XT = XT". Separating variables and using the separation constant —A we obtain 
Du E ae 
X TP 
Then 


— 1 
X" 4 Six o and T' +AT — 0. 
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The second differential equation implies T(t) = c1e^^*. For the first differential equation we 


consider three cases: 


I. If (A—1)/k =0 then A=1, X" =0, and X(x) = coz + c3, so 


u=XT= e ! (Aix + A2). 


II. If (A— 1)/k = —o? < 0, then A = 1 — ko?, X" — o?X = 0, and 


X(x) = c4 cosh az + cs sinh oz, so 


u = XT = (Az cosh oz + A4 sinh ax)e- Cko), 


III. If (A—1)/k =a? > 0, then à = 1+ka?, X"+a?X = 0, and X(x) = cg cos az 4- c; sinoz, 
so 
u = XT = (As cos ax + Ag sin ax)e- 1+r0* 


Substituting u(x,t) = X(x)T(t) into the partial differential equation yields kKX"T = XT". 
Separating variables and using the separation constant — we obtain 


PE T" 


X =m ^ 


Then 
X"+AX=0 and T'"+AKkT — 0. 


The second differential equation implies T (t) = c,e7+**. For the first differential equation we 


consider three cases: 


I. If A— 0 then X" = 0 and X(x) = coz + c3, so 


u = XT = Az + Ao. 


II. If A — —o? « 0, then X" — a? X = 0, and X(x) = c4 cosh ox + cs sinh ax, so 


u = XT = (A; cosh qx + A4 sinh aa eet. 


III. If \= o? » 0, then X" + o?X — 0, and X(x) = cg cos ax + c; sin az, so 
u = XT = (As cos ax + Ag sin aae tt, 
Substituting u(x,t) = X(x)T(t) into the partial differential equation yields a?X"T = XT". 
Separating variables and using the separation constant —A we obtain 
Xx" q 


= = —A. 
X a?T 


'Then 
X"+AX=0 and T" a AT =0. 
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We consider three cases: 


I. If \=0 then X" =0 and X(x) = cix + c2. Also, T" =0 and T(t) = cst + c4, so 


u=XT= (cix Al ca) (c3t + c4). 


II. If \ = —o? < 0, then X" — o?X = 0, and X(x) = cscoshazx + cgsinhaz. Also, 
T" — a%a?T = 0 and T(t) = c; cosh aat + cg sinh aat, so 


u = XT = (cs cosh oz + cg sinh ax) (c7 cosh aat + cg sinh oat). 


III. If à = o? > 0, then X" + o?X = 0, and X(x) = cgcosaz + cygsinaz. Also, 
T" + o?a?T = 0 and T(t) = c11 cos oat + c1» sin aat, so 


u = XT = (cg cos oz + cio sin ax)(c11 cos oat + c12 sin aat). 


12. Substituting u(x,t) = X(x)T(t) into the partial differential equation yields 
a?X"T = XT" + 2kXT'. Separating variables and using the separation constant —A we 


obtain 
X" 7 T" + 2k T" 7 


= =-A. 
X a2T 
Then 
X"+AX=0 and  T"+2kT'"+a2AT — 0. 


We consider three cases: 


I. I A— 0 then X" = 0 and X(x) = cz +c. Also, T" + 2kT" = 0 and T(t) = c3 + c4e ?**, 
so 

u = XT = (ez + ea)(es + cae), 
II. If \=—a? < 0, then X" — o?X = 0, and X(x) = cs cosh ag + có sinh ox. The auxiliary 
equation of T" + 2kT’ — a?a?T = 0 is m? + 2km — aĉa? = 0. Solving for m we obtain 


m = —k + Vk? 4+ oa? , so T(t) = crel EtV k tea Yt eue -k- V Ero t. Then 


—k+Vk?+02a? )t 


u = XT = (cs cosh ax + cg sinh ax) (cre! + cge 


(—k— Vk? Fara? x) 

III. If \ = o? > 0, then X" + o?X = 0, and X(x) = cgcosax + co sinoz. The auxiliary 
equation of T" + 2kT’ + o2a?T = 0 is m? + 2km + a%a? = 0. Solving for m we obtain 
m = —k + Vk? — o2a?. We consider three possibilities for the discriminant k? — o?a?: 


(i) If ke — ata? =0 then T(t) = ce + ciate ** and 
u = XT = (cgcosax + cio sin ax) (ce + crte ^^). 


2 


From k? — a?a? = 0 we have a = k/a so the solution can be written 


u = XT = (cg cos kx/a + cio sin kz/a)(cije + cite"). 
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(ii) If k? — oa? < 0 then T(t) = e-** (a cos y ata? — k? t + ca sin yaa? — k? t) and 


u = XT = (cg cosaxr+cyg sin ox)e-*t (a cos Y a2a? — k? t+ ea sin y o2a? — k2 t) . 


(iii) If k? — o2a? > 0 then T(t) = cige EtV k? —e 9 Jt + eye Rat and 


(—k-- V/K2—a2a2 )t eee 


u = XT = (cocos oz + cio sin ox) (ase + c16€ 


Substituting u(x, y) = X(r)Y (y) into the partial differential equation yields X"Y + XY" = 0. 
Separating variables and using the separation constant —A we obtain 
Xx" y" 
—— =— =À. 
X Y 
'Then 
X"-AX=0 and Y"+)AY=0. 


We consider three cases: 


I. If \=0 then X" = 0 and X(x) =c,1+c2. Also, Y" = 0 and Y (y) = cay + c4 so 


u = XY = (cx +c2)(c3x + c4). 


II. If À= —o? < 0 then X"--o?X = 0 and X(x) = es cosax+cgsinaz. Also, Y" —o?Y = 0 
and Y (y) = c7 cosh ay + cg sinh ay so 
u = XY = (c5 cos oz + cg sin ax)(c7 cosh ay + cg sinh ay). 
III. If A = o? > 0 then X" — o?X = 0 and X(x) = cgcoshaxr + cjosinhaz. Also, 
Y" + o?Y — 0 and Y (y) = c11 cos ay + c1? sin ay so 
u = XY = (cg cosh qx + cio sinh az) (c11 cos ay + c12 sin ay). 


Substituting u(x, y) = X(x)Y (y) into the partial differential equation yields 


z?X"Y + XY" — 0. Separating variables and using the separation constant — we obtain 


xex" y" 


=A. 


Then 
z3X" -AX 20 and Y"+AY=0. 


We consider three cases: 


I. If \=0 then z?X" = 0 and X(x) = cix + c2. Also, Y" = 0 and Y (y) = cay + c4 so 


u = XY = (cx + ez)(eay + ca). 
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II. If A = —a? < 0 then z?X" + o? X = 0 and Y" — o?Y = 0. The solution of the second 
differential equation is Y (y) = cs cosh ay + cgsinhay. The first equation is Cauchy-Euler 
? — m 4- o? — 0. Solving for m we obtain m = i E 4v1 — 4a? . We 


consider three possibilities for the discriminant 1 — 4a?. 


with auxiliary equation m 
(i) If 1— 4o? = 0 then X(x) = cra? + cg? In z and 
u=XY = a? (ey + cg In x)(cs5 cosh ay + cg sinh ay). 


(ii) If 1— 4a? <0 then 


doz — 1 Vie —1 
X(x) = gil? [o COS — 2 + C10 sin — 2 


2 


and 


4a? — 1 
u = XY = r"? eve px 2 


4o? — 1 
+c1p sin pe In z) | (cs cosh ay + cg sinh ay). 


(iii) If 1— 4a? > 0 then (a) = zi? (eua* 1407/2 4 ¿ya V 1-48 f2) and 
u = XY = ag? (cu 1402 /2 | eq" er) (c5 cosh ay + cg sinh ay). 


III. If A = a? > 0 then z?X" — o? X = 0 and Y" + o?2Y = 0. The solution of the second 
differential equation is Y (y) = ci3cosay + ci4sinay. The first equation is Cauchy-Euler 


with auxiliary equation m? — m — a? = 0. Solving for m we obtain m = > E ivi + 4a?. 
In this case the discriminant is always positive so the solution of the differential equation is 


X(z) =a? (eee + dug eem and 
u = XY = r? (cisz Vi+4a?/2 Se cp \ TERA) (c13 cos ay + c14 sin ay). 


15. Substituting u(x, y) = X(x)Y (y) into the partial differential equation yields X"Y + XY” = 
XY. Separating variables and using the separation constant —A we obtain 


X" y= y" 


X Y —A. 


'Then 
X"+AX=0 and Y"—-(1+A)Y =0. 


We consider three cases: 
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I. If A =0 then X" = 0 and X (x) = cz--co. Also Y" —Y = 0 and Y (y) = c3 cosh y+cq sinh y 
so 
u = XY = (eir + c2)(c3 cosh y + c4 sinh y). 


II. If À= —o? < 0 then X" — o?X = 0 and Y" + (o? — 1)Y = 0. The solution of the first 
differential equation is X (x) = c5 cosh az + cg sinh ox. The solution of the second differential 


equation depends on the nature of a? — 1. We consider three cases: 


(i) If à? — 1— 0, or o? = 1, then Y (y) = czy + cs and 


u = XY = (cs cosh oz + cg sinh ax) (c7y + cg). 


(ii) If o? — 1 « 0, or 0 < a? < 1, then Y (y) = co cosh V1 — a? y + cio sinh V1 — o? y and 


u = XY = (cs cosh oz + cg sinh ax) (co cosh y 1 — o? y + co sinh y 1 — o? y) 


(iii) If a? — 1 > 0, or a? > 1, then Y (y) = c11 cos Va? — 1 y + c12 sin Va? — 1 y and 


u = XY = (cs cosh qx + cg sinh ox) (eu cos Va? — 1y + cosin yQ — 1 ) ] 


III. If A — o? » 0, then X" -- o?X = 0 and X(x) = c13 cos ax + c14 sinoz. Also, 
Y" — (1-- o2)Y — 0 and Y (y) = cis cosh V1 + a? y + cie sinh V1 + a? y so 


u = XY = (c13 cos oz + cya sin o) (as cosh y 1 + a? y + cig sinh y 1 + o? y) . 
Substituting u(x,t) = X (x)T(t) into the partial differential equation yields a? X"T'—g = XT", 
which is not separable. 

Identifying A = B = C = 1, we compute B? — 4AC = —3 < 0. The equation is elliptic. 


Identifying A = 3, B = 5, and C = 1, we compute B? — 4AC = 13 > 0. The equation is 
hyperbolic. 


Identifying A = 1, B = 6, and C = 9, we compute B? — 4AC = 0. The equation is parabolic. 


Identifying A = 1, B = —1, and C = —3, we compute B? — 4AC = 13 > 0. The equation is 
hyperbolic. 


Identifying A — 1, B — —9, and C — 0, we compute B? — 4AC — 81 » 0. The equation is 
hyperbolic. 


Identifying A — 0, B — 1, and C — 0, we compute B? — 4AC — 1 » 0. The equation is 
hyperbolic. 


Identifying A — 1, B — 2, and C — 1, we compute B? — 4AC — 0. The equation is parabolic. 


24. 


25. 


26. 


27. 


28. 


12.1 Separable Partial Differential Equations 
Identifying A = 1, B = 0, and C = 1, we compute B? — 4AC = —4 < 0. The equation is 
elliptic. 


Identifying A = a?, B = 0, and C = —1, we compute B? — 4AC = 4a? > 0. The equation is 
hyperbolic. 


Identifying A = k > 0, B = 0, and C = 0, we compute B? — 4AC = 0. The equation is 


parabolic. 


Substituting u(r,t) = R(r)T(t) into the partial differential equation yields 
1 1 / / 
«(n T+ ier) = RT. 
T 


Separating variables and using the separation constant —A we obtain 


rR’ +R u T' u 


rR E "diis 


Then 
rR" +R +aArR=0 and T' + AKT = 0. 


Letting \ = o? and writing the first equation as r? R" + rR! = a?r? R = 0 we see that it is a 
parametric Bessel equation of order 0. As discussed in Chapter 5 of the text, it has solution 
R(r) = cy Jo(ar) + c2Yo(ar). Since a solution of T’ + a2kT is T(t) = e-**^, we see that a 


solution of the partial differential equation is 
u=RT= e Fete Jo(ar) + ezYo(or)]. 
Substituting u(r, 0) = R(r)O(0) into the partial differential equation yields 
1! 1 / 1 [A 
ROJ—HOJ4-HO' =0: 
r r 


Separating variables and using the separation constant —A we obtain 


p2R" + rR! o" 


= =-— 4, 
R o 
'Then 
rR +rR+\R=0 and  0"—20-0. 
Letting à = —o? we have the Cauchy-Euler equation r? R" + rR’ — a? R = 0 whose solution 


is R(r) = car? + car”. Since the solution of O” + o20 = 0 is O(0) = cı cos ad + c» sin a0 we 


see that a solution of the partial differential equation is 


u = RO = (c cos a0 + cz sinad)(c3r® + car ?). 
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29. For u = A; + Biz we compute 0?u/0z? = 0 = 0u/Oy. Then 0?u/Oz? = 40u/0y. 


30. 


31. 


32. 


2 2 D 
For u = A»e* Y cos 2ax + Bae Y sin 2ax we compute 


Ó 
ER = 20.400 Y sinh 20x + 2a Boe” V cosh 2az 
xv 
? 
= = da? Ase*" V cosh 2o + 4o? Ba e" sinh 2ax 
xv 
and 0 
u 
T = o? Ae?" cosh 2ax + o2 Boe * sinh 2az. 


Then 0%u/091? = 40u/dy. 


meo — 2 " 
For u = Age “Y cosh 2az + Bae “Y sinh2ox we compute 


Ou E 2 
~ —2aAae “Y sin 2ax + 20 B3e “Y cos 2ax 
z 
Oru 242 25. 
ma —4o? Age ÚY cos 2ax — Ao? Bze Y sin2ox 
x 
and 0 
u _ 2 ays 
ay —a? Ase^* Y cos 2ax — o? Bze Y sin 2az. 
y 


Then 0%u/091? = 40u/dy. 


We identify A = zy-- 1, B = x+2y, and C = 1. Then B?—4AC = a? 4-4y? — 4. The equation 
a? + 4y? = 4 defines an ellipse. The partial differential equation is hyperbolic outside the 
ellipse, parabolic on the ellipse, and elliptic inside the ellipse. 


Assuming u(z,y) = X(2)Y (y) and substituting into 0?u/Oz? — u = 0 we get X"Y — XY =0 
or Y(X" — X) = 0. This implies X(x) = cie” or X(x) = coe. For these choices of X, Y 


can be any function of y. Two solutions of the partial differential equation are then 
uji(z,y)— A(y) and u»(z,y)- B(y)e *. 


Since the partial differential equation is linear and homogeneous the superposition principle 
indicates that another solution is 


u(z, y) = u(r, y) + us(z, y) = Aly)e” + B(y)e *. 


Assuming u(r,y) = X(x)Y(y) and substituting into 0%u/0x0y + ðu/ðx = 0 we get 
X'Y'+ X'Y =0 or X'(Y' +Y) =0. This implies Y (y) = cie ?. For this choice of Y, X can 
be any function of x. A solution of the partial differential equation is then u(x, y) = A(x)e . 


In addition, noting that the partial differential equation can be written 
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any function uo(z,y) = B(y) will satisfy the partial differential equation since, in this case, 
Ou2/Oy + ua = B'(y) + B(y) and the z-partial of B'(y) + B(y) is 0. Thus, using the super- 


position principle, a solution of the partial differential equation is 


u(x, y) = u(x, y) + us(z, y) = A(x)e Y + Bly). 


12.2 Classical PDEs and Boundary-Value Problems 


Ou du 

1. k— ——, 0O<zx<L,t>0 
012 ðt i 

ðu 
u(0, t) = 0, de = 0, Lo» 0 
xa=L 

ue 0) = f(z) cac 
Ou ðu 

2. k—~ — —, 0 L,t>0 
da? ot^ «r«cL,t- 


u(0,t) — ug, u(L,t)=u1, t0 


ua, 0)=0, 0<xe<L 


Pu du 
3. ks = — 0 L,t>0 
da? ot^ <xr<L, t> 
ð 
u(0,t)=100, <“|  =-hu(L,t), t>0 
Ox 
r—L 
u(x,0) = f(x), 0<e<L 
Oru Ou 
4. k— + h(u— = — L 
AS (u — 50) 7E 0<zr<L,t>0 
ðu ðu 
— = — =0, t>0 
Ox ' Ox yee 
u(z,0)2100, 0<a#<L 
2 ð 
5. TA E 0<x< L, t>0, h a constant 
Ox? Ot 


t 
u(0, t) =sin E, u(L,t)=0, t»0 


uls 0) =f) exe 


Pu Ou 
6. kaa t+ h(u— 50) ==, (cw eb, SD 
Ou Ou 
an > =0, t>0 
x=0 r—L 


(rU) TOU. dm 
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p? o? 
da = ar O<x<L,t>0 


u(0,)=0, u(L,t)=0, i120 


u(x,0) =a2(L—-2), — 


o? o 
dT ABO O<x<L,t>0 


u(0,t)=0, u(L,t)=0, t>0 


Ou 


u(x, 0) = 0, Ot 


t=0 


lu Qu Ou 
2 apum. UM 
2p ðt a’ 


u(0,t)=0, u(L,t)=sinmt, t>0 


0O<x<L,t>0 


ð 
ult 0) em Tn), c =0, O<2<L 
t=0 
o? o? 
d+ = 570 O<x<L,t>0, Aa constant 


0 
u(a, 0) 6 = =0, 0<2<L 
t=0 
Pu 9 
as aga 0«z«40«y«2 
Ou 
de =0, u(4,y) = f(y), 0<y<2 
z=0 
a 
“| =0, uz2)20 0<2<4 
Oy | — 
y=0 
Pu P 
aU ae =o O<a<7,y>0 
< 
u(0, y) = e v, ia. E 
0, y>1 


12.3 Heat Equation 


12.3 Heat Equation 


1. Using u = XT and —A as a separation constant we obtain 


X" -- AX =0, 
X(0) — 0, 
X(L) =f, 
and 
T' 4- kKAT =0. 
'This leads to 
X-—ocsin = x and T= ce nn tL? 


for n = 1, 2, 3, ... so that 


oo 
er . NT 
w=) Ae sin 7. 


n=1 
Imposing 
2 T 
ub) = = A, sin — x 
n=1 
gives 


2 yug 2 
An == | sin“ ede = — (1— cos) 
0 L NT 2 


for n = 1, 2, 3, ... so that 


Ro 1— cos En os 2172. NT 
u(z,t) ==) SUA gne sin z. 
n=1 


2. Using u = XT and — as a separation constant we obtain 


X" + AX - 0, 
X(0) — 0, 
X(L) =0, 
and 
T' E kAT — 0. 
This leads to 
X =c;,sin T £ and T= ce FP THL? 


for n = 1, 2, 3, ... so that 


oo 
0 pLo2.24/:2 . NT 
u = ) A ATL sin = z. 


n=1 
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Imposing 

oo 

u(r,0) = Y Apsin mg 
: L 

n=1 

gives 
2 [t . nm AL? 
Ay = Ji z(L- x) sin 7 z dz = nx — (-1)"] 
for n — 1, 2, 3, ... so that 
AL? E 1— (-1)” —kn?r?t/ L? . NT 
u(x,t) = -7 (0m f^ ge 
n= 


3. Using u = XT and —A as a separation constant we obtain 


AX" ERX =0, 
X'(0) = 0, 
X'(L) — 0, 
and 
T" + kXT' 2: 0. 
'This leads to 
X = & COS = x and T= coe "mL 


for n = 0, 1, 2, ... (A = 0 is an eigenvalue in this case) so that 
= 2.2 2 nT 
u= N Ane ™ TIL" cos TU 
n=0 
Imposing 


u(x, 0) = f(x) = Ap + Y An cos 2 
n=1 


gives 


[o Due L 
u(x,t) = T : f(z) dr +7 `> (/ f(x) cos = 2) e Fm eos aE " 
n=1 


4. If L = 2 and f(x) isxfor0<x<l and f(x) is 0 for 1 <x < 2 then 


1 1 il 
u(x,t) = ri T p? = sin > (cos = 1)| e kn? tA cog Tar 


5. Using u = XT and — as a separation constant leads to 
X" -- AX =0, 
X'(0) — 0, 
X'(L) — 0, 


12.3 Heat Equation 


and 
T' + (h + kX)T =0. 
'Then 
X = & cos = x and T= coe "tc En n? D 
for n = 0, 1, 2, ... (A = 0 is an eigenvalue in this case) so that 
S 2721 /L2 noc 
u = Age d e^t Sane n*t/L cos ==> T 
n=1 
Imposing 
a NT 
u(z, 0) = f(x) = »- A cos T z£ 
n=0 
gives 


e d Jet = a nT —kn?n?t/L? nc 
uia t) = E f (x) dz + L ba E f(x) cos - x dx e cos 7. 
n=1 


. In Problem 5 we instead find that X(0) =0 and X(L) =0 so that 
X =c,sin T cT 


and 


pode s L nT kn252t/ L2 nT 
u=- » f(z)sin TE ada) ect sin = T. 


. Using —A as the separation constant implies X" + AX = 0 and T’+kAT = 0. The boundary 
conditions are then X(—L) = X(L) and X'(—L) = X'(L). 

For A = 0, X(x) = cı + cox. The condition X(—L) = X(L) implies cz = 0. Therefore an 
eigenfunction is X(x) = cı 4 0. The boundary condition X'(—L) = X'(L) is automatically 
satisfied. 

For \ = —o? < 0, X(x) = c3 cosh oa + c4sinh ax. From the condition X(—L) = X(L) we 


obtain 
c3 cosh aL — c4 sinh aL = c3 cosh aL + casinhaL so 2e4 sinh aL = 0. 
This implies c4 = 0 and so X(x) = c3coshax. The boundary condition X'(—L) = X'(L) 


implies 


—c3asinh aL = c3zsinhaL so 2acgsinhaLl = 0. 


Therefore c3 = 0 and X(x) = 0. 
For \ = o? > 0, X(x) = c cosas + cgsinaz. The boundary condition X(—L) = X(L) 
implies 


c5 cos aL — ce sin aL = c5 cosa +cgsinaL so 2cgsinaL = 0. 
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If cg 4 0, then a = nz/L for n = 1, 2, .... The boundary condition X'(—L) = X'(L) implies 


—csa sin aL + cgacosaL =acssinalL + cgacosal so 2acssinaL = 0. 


Then, for c5 z 0, 
sinaL=0 and a=nr/L, n=1,2,.... 


Thus the coefficients c5; and cg are arbitrary but nonzero. Therefore the eigenvalues are 


An = (nT/L)}?, n=0, 1, 2, ..., and the corresponding eigenfunctions are 


p cos asnay f -— 1, 2 
, Cos 27, sine fo n=0, 1, 2,.... 


Forming product solutions with 


relabeling constants, and summing gives 


oo 
u(z, t) = Ag + > e b(nn/L)*t (An cos = x + B, sin = 1). 
k=1 


When t = 0 we get the full Fourier series of f on (—L, L), 


2) AY (4 nos "a + Ba sina). 


The coefficients are then Ag = 340, An = An, Bn = by, or 


1 a pr NT 1 f4 NT 
p n=“ ——— ; Bn => ] — . 
z | Ms, A 7) ree T dz zf ros T dz 


8. In this case we have from (13) of this section in the text that 


NT 


, x . oma 
Sis. 0) = An sin —7— ede lüsin 7, 


so we can take n = 5 and As = 10. All other values of A, are 0. Therefore, we can take the 


solution of the boundary-value problem to be 


u(x,t) = 10e 7# 57/2) sin a 
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x= 30/4 


x= 50/6 


x= 11/12 


40 F 


20 f 


10. (a) The solution is 


oo 
E 2. NT 
uz, i) J Anet T t/100 Sin — z, 
n=1 


100 
where 
= E |[ sesin sas + f osa — x) sin eda = sin E 
Thus, 
ie) = > > E (sin T) eg From E100? sin 200 T. 


(b) Since An = 0 for n even, the first five nonzero terms correspond to n = 1, 3, 5, 7, 9. In 
this case sin (nr /2) = sin (2p — 1)/2 = (—1)?*! for p = 1, 2, 3, 4, 5, and 


_ 320 e. (PH (—1.6352(2p—1)?x?/100?)t i (2p — 1) z 
— (2p - 1} 100 


y 
c 
Ww 
L| 
c 
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12.4 Wave Equation 


For Problems 


Here, f(x) = u(z,0) and g(t) = 


1-10, recall that the solution to the wave equation is given by 


oo 
uid) = > (An cos os t+ B, sin E t) sin = T 


n= 


p p A us 
where A, = 3 Tim) sin a dz and B,, = nal g(x) sin = uds. 
Ou 
Ot 
t=0 


1. By the discussion in Section 12.4, pages 474 and 475, 


oo 
ult, t) = y (An cos“ t+ B, sin = t) sin Tz 


n=1 


The coefficients are given by 


An 


Bn 


2 S onm 2 7° 71 nT 1? [1 — (-1)"] 
- 1], Hajsin Fade == | (120-2) sm E ede - RES 
2 L 


= — g(x) sin — z dz — 0 
nma Jo L 


Therefore the solution to the problem is 


m= (AA cos Mt) sin 7 a 


n=1 


2. By the discussion in Section 12.4, pages 474 and 475, 


co 
Et) = So (An cos 772 t By sin t) sin a 


The coefficients are given by 


An 


Br 


9 fL 
=z Fx) sin Hada =0 

2 L . NT 2 L . NT AL? [1 — (—1)*] 
ET g(x) sin > z dz = — | z(L- zx) sin 7- gg = M 


Therefore the solution to the problem is 


anti? 


u(x,t) S (pcm sin“) sin Tz 


n=1 


n373 
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3. By the discussion in Section 12.4, pages 474 and 475, 


oo 
ulz t) = 2 (An cos nat + Bn sin nat) sin nz 


n=l 


The coefficients are given by 


A == [ f(x)sinnz dg = 0 
7T Jo 


2 qe 1 f 
By = — ga)sinnzde = — | sinrsinnrzdx =0 for n = 2,3,4,... 
nra Jo nTa Jo 
A a 1 
B; = — sin z sin z dz = — 
Ta Jo a 


Therefore the solution to the problem is 
1 
u(x,t) = Bisinatsinz = -sin at sin x 
a 


4. By the discussion in Section 12.4, pages 474 and 475, 


oo 
ula, d) (An cos nat + Bn sin nat) sin nz 


n=1 


The coefficients are given by 


2 E 2 pul 2(-1)"*? 
An = Ji f(x)sinng dz = - | 6* (x? — z?) sin ng dx = — 
2 m . 
Ba=— | g(r)sinnz dz —0 
NTA Jo 
Therefore the solution to the problem is 
oo 
2(-1)H : 
umi) »» (a -cos nat | sinnax 
n=1 
5. By the discussion in Section 12.4, pages 474 and 475, 
oo 
u(x,t) = (An cos nzat + Bn sin nat) sin nrg 
n=1 
The coefficients are given by 
2 2 f 4[1—(-1)” 
An = a f(z)sinnzz dx = a) z(1—2)sinnaz dz = Men 
2 2 p 4 [1 — (-1)" 
= —— | g(r)sinmmz dx = — | z(1— x)sinnrz dx = ASA 
nma Jo nma Jo antr 


Therefore the solution to the problem is 


ulg; t) = » (un cos nat + Eee sin nat) sin ntg 


n373 antri 
n=1 
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6. By the discussion in Section 12.4, pages 474 and 475, 


oo 


ulz, t) = (An cos nrat + Bn sin nat) sin nrg 
n=1 


The coefficients are 


2 p "- 
An = J f (x) sin nzz dx = a 0.01 sin 3rz sinnrz dz =0 forn=1,2,4,5,6,... 
0 0 
9 fl 
Az = Yi i 0.01 sin 372 sin 372 dx = 0.01 
0 
9 1 
Bue g(x) sinnra dx = 0 


nma Jo 


Therefore the solution to the problem is 


u(x,t) = (43 cos 3rat) sin 37x = 0.01 cos 3rat sin 31x 


For Problems 7-10, we have g(x) = 0 because the string is released from the rest, so Bn = 0. So, 
our general solution is of the form 


oo 
t NTE 
uti = J Ay, cos — sin 3 
n=1 


2 L 
where An = zl f(x) sin PT edo as before. 
L Jg L 


7. By the discussion in Section 12.4, pages 474 and 475, 


oo 
um ree 2 (An cos 72 t+ B, sin 0) sin 2 
n=1 


The coefficients are 


2 L 2 L/2 2h L 
m=F f(z)sin zde => / Ti ode f | 2 (1- F) ada 
8hsin (3) 
pa? 


2 L 


NTA Jo 


Br 


g(x) sin 7. x de ep 


Therefore the solution to the problem is 


2. [ 8hsin (5) noa NT 
"m 2 : 
ulr t) = ) pM cos — t | sin T? 
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8. By the discussion in Section 12.4, pages 474 and 475, 


oo 
wit) = (An cos t+ Bn sin 1) sin 77 
n=1 
The coefficients are 
2 f^ 3 | pe sh L 3h 
-4f Hein rds = 3 | | sin ade 22 - 2) in edz 
| 9hsin (22) 
pa? 
2 L 
B, = — g(x) sin — zdr = 0 
nra Jo L 
Therefore the solution to the problem is 
2 f 9hsin (22 
u(x,t) = y (PS umm, sin Ta 
n=1 
9. By the discussion in Section 12.4, pages 474 and 475, 
E (An cos t+ Bn sin 272p) sin a 
n=1 
The coefficients are 
9 fL 
An == f(x) sin — z dx 
L Jo 
2 L/3 3p 2L/3 L 
=> / sia ado] hsin ado + f 3h (1- =) sin Todo 
LlJo L L L/3 L 2L/3 L L 
_ 6h [sin (22) + sin ()] 
n?n? 
2 L 
Bn = — g(x) sin zdr =0 
nra Jo L 


Therefore the solution to the problem is 


uix d) = > A [sin (^3 ) = ($)] ee sin Tz 
n=1 


Using the trigonometric identity 
sin Eu sin (nz — —) = sin nm cos — — cosnm sin — = —(—1)" sin = 
3 3 3 3 3 
we have 
u(z,t) = Br 3 duc und uot. 
' n? n? 3 L L` 
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10. By the discussion in Section 12.4, pages 474 and 475, 


oo 
NT 
= An T Bn 277 () sin — 
( cos + sin T Bor 


ql 


The coefficients are 


2 L 
Bn = — g(x) sin — z dx = 0 
nra Jo 
and 
2 rp 8h 2 
An =F f(z) sin ad = (s NM zn 
o 2nT y NT 
Using sin —— = —(—1)" — we have 
3 3 
18h QA 1--(-1) | nr nra, , nr 
Heu qa CES LE 


11. By the discussion in Section 12.4, pages 474 and 475, we get 
X" E AX — 0, 
X'(0) =0, 
X'(L)=0, 


For A = 0, 


Thus X = cı + cox and therefore X = cı. Moreover (T" = 0 implies T = c3 + cat. 
Therefore we have up(x,t) = ci(cs + cat) = Ao + Bot. Using the given conditions and the 


results from Problem 3 in Section 12.5, the rest of the eigenvalues are A, = n?z?/L? with 
corresponding eigenfunctions X, = cos F z, n = 1,2, 3,... therefore 


T = c3 cos "7* t + c4 sin "77 t and we now have 
3 E 


oo 
u(x,t) = (Ao + Bot) + 3. (An cos 772 t+ B, sin t) cos Tha 


n=1 
To complete the problem we need only to find the coefficients. At t = 0 we have 
NT i ; x 
u(x, 0) = x = Ag + ` Ap, cos TS «— A Fourier cosine series for x 
n=1 


where 


lp L 2 f? nm 2L[(-1)* - 1 
“=z zdr = > and A - i| zoos ado = HEM 


12. 
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Similarly at t — 0, 


oo 
nua nu 
ui (c, 0) ELO cos > x 
n= 


and so we get Bn = 0 for n = 0,1, 2,3,... therefore the solution to the problem is 


L & f 26-1 — 1] nra nm 
ulr i) 3 +5 (REDI sa cos > x 


27-2 
NAT 
n=1 


By the discussion in Section 12.4, pages 474 and 475, we get 
X" E AX — 0, 
X'(0) — 0, 
X'(L) — 0. 
For A — 0, 
X" =Ó, 
X'(0) — 0, 
X'(L)=0. 


Thus X = cı + coz and therefore X = cı. Moreover, T” = 0 implies T = c3 + cat. 


Therefore we have uo(x,t) = cı (c3 + cat) = Ao + Bot. Using the given conditions and the 
results from Problem 3 in Section 12.5, the rest of the eigenvalues are A, = n?z?/L? with 


corresponding eigenfunctions X, = cos F z, n = 1,2,3,... therefore 


T = c3 cos 4t+ c4 sin "7* t and we now have 
L L 


oo 
u(x,t) = (Ao + Bot) + 2 (An cos Z t + Bnsin — t) cos T z£ 
To complete the problem we need only to find the coefficients. At t = 0 we have 


u(x, 0) = f(x) = Ao + > Ap, cos T x «— A Fourier cosine series for f(x) 


n=1 
where 


L L 
Ao=z f f(x)dx and A= =f f(z) cos a du 


Similarly at t = 0, 


and so we get 
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13. From Figure 12.4.6 we expect u(L/2,t) = 0 for t > 0. To prove this we have from Problem 
10, 


u(L/2,t) — ay nee 


NT nca, PT 
"p sin cos — t sin -> 
n=1 
0, n=1,3,5,...,2m+1,..., we have 14 1)" S1—1=0 
0, n=2,4,6,...,2m,..., we have sin > =sinmm = 0 
14. For Problem 1, 
ui (x, t) E t) sin 72, where An if f(x) sin — x dx 
n= 


L 
n=1 


By superposition, 


oo 
u(x,t) = ui(z,t) + ual(x, t) =5 (A^ een mee B, sin t) sin Ta 
n=1 


oo 
-M(^ cos, t+ Bn sin t) si RT 


15. Using u — XT and —A as a separation constant we obtain 


X" +AX — 0, 
X(0) — 0, 
Xa) =0: 


and 


T" -- 28" + AT =0, 
T'(0) — 0. 


Solving the differential equations we get 


X = c, sinnz + cg cosnz and 


T = e% (cs cos y n? — 8? t + casin yn? — 8? t) 
The boundary conditions on X imply cg = 0 so 


X =ci¡sinnzx and 


T=e Pt (cs cos yn? — 8? t + casin = Ft) 
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and 
oo 
u= y e Pt (An cos y n? — 8? t + B, sin yn? — 8? t) sin nz. 
n=1 
Imposing 
oo 
ux 0) es fixe An sin nx 
n=1 
and 
oo 
do, U) e = `> (Bav? — p? — BA») sin nx 
n=1 
gives 
= B 
u(x,t) =e él > An (o Vn? — B? t 4 —— = sin y n? — p? j sin nz, 
= Mm — B 
where 


9 T 
An = =| f(x) sinnz dz. 
7T Jo 
16. Using u = XT and —A = as a separation constant leads to X" + a?X = 0, X(0) = 0, 
X(T) =0 and T” + (1-- o2)T = 0, T'(0) = 0. Then X = cosinnz and T = cz cos Vn? + 1t 


for n — 1, 2, 3, ... so that 


oo 
u => B,, cos y n? + 1tsin nz. 
nl 


oo 
Imposing u(z,0) = y D, sinnzx gives 
n=1 
2 em 2 f7 4 
B, == f osinnado += f (m — x) sin nz dx = — sin — 
T Jo T dn /2 TN 2 
0, n even, 
~) 4 (n+3)/2 
a =) , n22k-1, k=1,2,3,... 
vn? 


Thus with n = 2k — 1, 


in 27 
2 


oo 
sin 
u(x,t) = $ "E n? + 1tsinnz 


4 oo =f k+1 
-iy C os (2k — 1)? + 1t sin (2k — 1) x. 
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17. Separating variables in the partial differential equation and using the separation constant 


— = af gives 


xX) T" » 
X aTr 
so that 
X0 -e*xzz0 
T" +aa T — 0 
and 


X = c1 cosh az + co sinh ox + c3 cos ax + c4 sin ag 


T = c5cos aa t + cg sin aa?t. 


The boundary conditions translate into X(0) = X(L) = 0 and X"(0) = X"(L) = 0. From 
X(0) = X"(0) = 0 we find c = c3 = 0. From 


X(L) = co sinhaL + c4sin aL = 0 


X"(L) = aco sinh aL — o?c4 sin a.L = 0 


we see by subtraction that cz = 0 and c4sinaL = 0. This equation yields the eigenvalues 


a — nn L for n = 1, 2, 3, .... The corresponding eigenfunctions are 


. nm 
X = csin — 1. 
L 


'Thus 

oo 2,2 

ue t) = y (4, cos —7- at + Br sin —; at) sin — c 

n=1 

From 
CO 
usa 0) = f(x) = X An sin 2 
n=1 
we obtain 
2 L 
A, == f(x) sin — x dx 
L 0 
From > 
du nara . nen? 2720 nêr? . nm 
p p ( An T2 sin 77 at + Bs I cos T2 at) sin T 

and 

Ou ux n?z?a nT 

= zi Y fi 3 sin. — T 

Ot = = L L 
we obtain 22 " 

n r'a 2 . 
Ba Bo al g(x) sin — x dx 

and 
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18. (a) Write the differential equation in X from Problem 23 as X(? — o4^X = 0 where the 


(b) 


eigenvalues are \ = a?. Then 
X = c1 cosh az + co sinh ox + c3 cos oz + c4 sin ox 


and using X(0) = 0 and X'(0) = 0 we find c3 = —c, and c4 = —cy. The conditions 
X(L) = 0 and X'(L) = 0 yield the system of equations 


c1(cosh aL — cos aL) + eo (sinh aL — sin aL) = 0 
ci(asinhaL + asinaL) + c2(a cosh aL — a cos aL) = 0. 


In order for this system to have nontrivial solutions the determinant of the coefficients 


must be zero. That is, 


a(cosh aL — cos aL)? — a(sinh? aL — sin? aL) = 0. 


Since a = 0 leads to X = 0, \ = o? = 0? = 0 is not an eigenvalue. Then, dividing the 


above equation by a, we have 
(cosh aL — cos aL)? — (sinh? aL — sin? aL) 
= cosh? aL — 2coshaL cos aL + cos? aL — sinh? aL + sin? aL 
= —2 cosh aL cosaL +2 = 0 


or cosh aL cosaL = 1. Letting x = aL we see that the eigenvalues are Ay = o2 = z2 /L? 


where zn, n = 1, 2, 8, ... , are the positive roots of the equation cosh x cos x = 1. 


The equation cosh x cos x = 1 is the same as cos x = sech z. 


The figure indicates that the equation has an infinite num- 


ber of roots. 


(c) Using a CAS we find the first four positive roots of cosh x cosx = 1 to be xı = 4.7300, 


tq = 7.8532, x3 = 10.9956, and z4 = 14.1372. Thus the first four eigenvalues are 
ài = mL = 22.3733/L, Ao = £2/L = 61.6728/L, Ag = aL = 120.9034/L, and 
4 = z3/L = 199.8594/L. 


19. From (8) in the text we have 


oo 
u(x,t) = P (An cos ES t+ B, sin t) sin a. 


n-l 


Since u;(z,0) = g(x) = 0 we have Bn = 0 and 


ee oo 
1 
u(z,t) = Y An cos tsin * g = > Ang [sin (a nna i) at (Ea nua 2I 
n=l n=1 


1 oo 
= 324 [sin (a + at) + sin Fla - at). 


n=1 
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From 


umo = f(x) = Y Ansin Ta 
n=1 


we identify 


f(x + at) = Y Ansin T (z + at) 


n=1 
and 
2 nT 
f(x — at) = y A, sin E — at), 
n=1 
so that 


1 
uls t) = zf + at) + f(x — at)]. 
20. (a) We note that £, = n, = 1, & = a, and y; = —a. Then 


ðu u ðE | Ou On 


de OE Oe’ On De ET 
and 
Pu 0 | Oug OE | Oug On Oun OE 
am og t hn aes. Oy Oa | GE Bx 
= Ugg + 2Ugn + Un. 
Similarly 
Pu 
om a^ (ugg — Zug + Un). 
Thus A A E 
Ou u Ou 
gO sw = 
a 772 ETE becomes DEO 0. 
(b) Integrating 
lu u 9 Si 
DE On ^ — 
we obtain 
ð 
| 5% dn = nr 
ug = f(E). 


Integrating this result with respect to € we obtain 
Ou 
ges d 
7: E J f(&) de 


u = F(6) +G(n). 


gus On 
On Ox 
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Since € = x + at and y = x — at, we then have 
u = F(€) + G(n) = F(x + at) + G(x — at). 
Next, we have 


F(x + at) + G(x — at) 
coe F(a) + G(a) = f(x) 
u(@, 0) = aF'(z) — aG" (x) = g(a) 


Integrating the last equation with respect to x gives 
1 x 
F(x) — G(x) = - | g(s) ds + c1. 
T 


Substituting G(x) = f(x) — F(x) we obtain 
where c = c1/2. Thus 


(c) From the expressions for F and G, 


F(z + at) = fæ + at) + 


G(x — at) = 5 f(e — at) - =| g(s) ds — c. 


Thus, 


x+at 


u(x,t) = F(x + at) + G(x — at) = sli at) + f(x — at)] + x] g(s) ds. 


—at 


x—at Z0 
Here we have used -f g(s) ds = f g(s) ds. 


xO 


1 1 atat 
21. u(x,t) = = [sin (x + at) + sin (x — at)] + — ds 
2 2a at 
1 x+at 
= [sin z cos at + cos z sin at + sin x cos at — cos x sin at] + P = sin x cos at + t 
S z—at 
1 1 atat 
22. u(x,t) = = [sin (x + at) + sin (x — at)] 4 =| cos s ds 
2 2a x—at 


1 1 . 
= sin x cos at + > [sin (x + at) — sin (x — at)] = sin z cos at + — cos x sin at 
a a 
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1 t+at 1 f= 2 dat e 
23. u(z,t) -o«z f sinos ds = | | £99 (22  2at) + cos (2a — 2at) 
2a r—at 2a 2 


m [— cos 2x cos 2at + sin 2x sin 2at + cos 2x cos 2at + sin 2x sin 2at) 
a 


1 
= — sin 2x sin 2at 
2a 


24. u(x, t) zZ > |e- e 4 eem E ; aida de e7(2?-2axt+a*t?) 
e 2axt + ezart 


= e Greg) | | = e Ge?) cosh 2axt 


2 
25. (a) u 
t=0 
t=1 t22 t=3 tad 
x 
-4 -2 2 4 
o PME 
Pd COE 
LZ Sd 
"d K 


LR 
QA 
y 


26. (a) u 


6 6 


(b) Since g(x) = 0, d'Alembert's solution with a = 1 is 
1 
u(x,t) = [Mu +t) + f(z — t). 


Sample plots are shown below. 


12.4 Wave Equation 


(c) The single peaked wave disolves into two peaks moving outward. 


27. (a) With a — 1, d'Alembert's solution is 


1 ett 1, js «01 
ulr, t) = J g(s) ds where g(s) = 


t=0.0 t=0.2 
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t=0.8 t=1.0 


o 
1 
FS 
1 
N 
o 
N 
FS 
o 
1 
o 
1 
A 
1 
N 
o 
N 
ES 
o 


t-2.0 


am 
I 
A 
[ 
N 
o 
N 
A 
am 


(b) Some frames of the movie are shown in part (a), The string has a roughly rectangular 


shape with the base on the x-axis increasing in length. 


28. (a)-(b) With the given parameters, the solution is 


»- —sin- = T cos nt sin nx. 
=> 


For n even, sin (nr/2) = 0, so the first six nonzero terms correspond to n = 1, 3, 5, 7, 


9, 11. In this case sin (n1/2) = sin (2p — 1)/2 = (—1)?*! for p = 1, 2, 3, 4, 5, 6, and 


8 (-1)H 
= Lor z cos (2p — 1)t sin (2p — 1)z. 


Frames of the movie corresponding to t = 0.5, 1, 1.5, and 2 are shown. 


125 Laplace’s Equation 


12.5 Laplace’s Equation 


1. Using u — XY and —A as a separation constant we obtain 


X" +X — 0, 
AD) =O, 
X(a)=0, 
and 
AY =0 
Y(0)=0 


With \ = a? > 0 the solutions of the differential equations are 


X =c, cos az + co sin ax and Y = c3 cosh ay + cysinhay 


The boundary and initial conditions imply 
nc 
X — c sing and Y = c¿sinh — y 
a a 
for n = 1, 2, 3, ... so that 
u= An sin 7 z sinh E 
Y > y. 


n=1 
Imposing 
nob nT 
u(x, b) = E sinh — sin — 7 
n=1 
gives 
A, sin“ = zf f(x )sin a de 
so that " 
NT nt 
= A, sin — x sinh — 
y) > nsin- T sinh y 
n=1 
where 


nab 
Ay cien m. f(x )sin Ea de. 
2. Using u= XY and —A as a separation constant we obtain 


X"+AX=0, 
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and 
— AY =0, 
Y'(0) — 0. 
With A = o? > 0 the solutions of the differential equations are 


X =C,C08QT + co sinaz and Y =cgcoshay + c4 sinh ay 


'The boundary and initial conditions imply 
NT nt 
X = & sin — x and Y = c3 cosh — y 
a a 


for n = 1, 2, 3, ... so that 
oo 
nc n 
u= An sin — x cosh — y. 
Y An sin — "n 


n=1 
Imposing 
nnb 
uim, b) = = An cosh 2 sin“ q 
n=1 
gives 
An COS sho =f flz ) sin Z P7 da 
so that » 
ue. y)= y A, sin nT x cosh 2 y 
= a a 
where 


An = Ž se ech 2 f fx )sin 7 a da. 


. Using u — XY and —A as a separation constant we obtain 


XA AX =0, 
X(0) =0, 
X(a)= 0, 
and 
AY =0 
Y(b) =0 


With \ = a? > 0 the solutions of the differential equations are 


X =c,cosax + c2sinax and Y = c3 cosh ay + c4 sinh ay 


12.5 Laplace’s Equation 


The boundary and initial conditions imply 


nnb 


nc nc cosh 97? NT 
X =cosin — x and Y = c2 cosh — y — c2 —— sinh — y 
a a inh 77? a 
for n = 1, 2, 3, ... so that 
cosh 2 umb nc nc 
u= An cosh — — —— sinh — y | sin — x. 
3 | Í sinh 42 nab Zy) a 
Imposing 
= nt 
ulx,0) = f(x) = A, sin — x 
(0,0) = fe) = Y Ansin = 
gives 
2 f° nT 
= - | f(x) sin — z dx 
a Jo a 
so that 
cosh 222 no NT 
ulz; y) = DT f(x )sin™ var) coh cia sinh — y sin — zr. 
sinh 22 a 
. Using u = XY and —A as a separation constant we obtain 
X"+AX=0, 
X'(0) — 0, 
X'(a) — 0, 
and 
AY =0 
Y(5) =0 
With A = o? > 0 the solutions of the differential equations are 
X =c, cos az + co sin Qx and Y = c3 cosh ay + c4 sinh ay 
'The boundary and initial conditions imply 
cosh 222 
X=c,cos r and Y = c cosh — y — (say Sinh Ty 
a a nh 228 — a 
for n = 1,2,3,.... Since A = 0 is an eigenvalue for both differential equations with corre- 


sponding eigenfunctions 1 and y — b, respectively we have 


oo mb 
nT nT cosh 22 nT 
u = Ao(y — b) + ) Arcos (oan E y E ny) 


n=1 
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Imposing 
2 nT 
u(z,0) =r = -Aob + Y An cos — ar 
n=1 
gives 
1 f? 1 
—Apb = - | xdr = =a 
a Jo 2 
and F " 
A, = 3 zcos—— x da = ls y” — 1] 
so that 
a Ge A nr nT cosh?75 na 
u(x, y) = 25€ — y) + I NR (co Ey - sip um OY : 


5. Using u — XY and — as a separation constant we obtain 


X" FAX — 0, 
AX (0) es D, 
X'(a)=0, 
and 
Y"—AY =0, 
Y(b)=0 


With \ = —a? < 0 the solutions of the differential equations are 
X =c; cosh az + ca sinh qx and Y = c3 cos ay + c4 sin ay 
for n = 1,2,3.... The boundary and initial conditions imply 
X = cosinhnzz and Y = c3 cos nay 


for n = 1,2,3,.... Since A = 0 is an eigenvalue for the differential equation in X with 


corresponding eigenfunction x we have 


oo 
u = Aoz + P» A, sinh nz cos nry. 


n=1 
Imposing 
oo 
u(1,y) =1-— y = Ao + y A, sinh nr cos ny 
n=1 


gives 


1 
“=f (1—y)dy 
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and à 
211 — (-1)” 
A, sinh nz = 2 / (1 — y) cos nr y dy = ld 
0 T 
for n — 1, 2, 3, ... so that 
u(x, y) = = 50 + 72 2 PERT — anh NTE cos mmy. 


. Using u — XY and —A as a separation constant we obtain 


X" - AX — 0, 
X' (1) =0 
and 
AY =0 
Y^ (0) = 0, 
Y'(r) 20 


With \ = a? « 0 the solutions of the differential equations are 


X = ġ cosh az + co sinh az and Y = c3 cos ay + c4 sin ay 


'The boundary and initial conditions imply 


sinhn . 
X —ccoshnz — c sinh nx and Y =c3cosny 
cosh n 


for n = 1,2,3,.... Since A = 0 is an eigenvalue for both differential equations with corre- 


sponding eigenfunctions 1 and 1 we have 


oo 
sinhn 
u = Ao + y An c na — ie 


ql 


sinh ne) cos ny. 


Imposing 
u(0, y) = gly) = Ao + Y An cosny 
n=1 
gives 
i 5 2 [T 
Ao = JI g(y)dy and  A,-— - | g(y) cos ny dy 
7T JO T JO 


for n — 1, 2, 3, ... so that 


1 f7 O fr sinhn 
u(x, y) = f gly) dy + > (2 / g(y) cos ny 2 (cosina ^ coshn 
n=1 


sinh ne) cos ny. 
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7. Using u = XY and —A as a separation constant we obtain 


X" -- AX z 0, 


and 


With A = o? < 0 the solutions of the differential equations are 


X = oc cosh qx + co sinh oa and Y = c3 cos ay + c4 sin qy 


The boundary and initial conditions imply 
Y = casin ny and X = co(n cosh nz + sinh nx) 


for n = 1, 2, 3, ... so that 


oo 
ü= > An (n cosh nz + sinh nx) sin ny. 


n=1 


Imposing 
oo 
u(m.y)=1= e A, (n cosh nr + sinh n7) sin ny 
n=1 
gives 
2 [7T 211 — (-1)" 
Ax (n cosh nr + sinh nz) = Ji sin ny dy = Zur Go 
T Jo nm 
for n — 1, 2, 3, ... so that 
2 5 1- (—1)" ncoshnz --sinhnz . 
ung) = T 2 n n cosh nz + sinh nz RM 


8. Using u = XY and —A as a separation constant we obtain 


X" -- AX =0, 
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and 


With \ = a? > 0 the solutions of the differential equations are 


X =c, cos az + co sin Qx and Y = c3 cosh ay + cysinhay 


'The boundary and initial conditions imply 
X = co sinnte and Y = ca(nr cosh nry + sinh nry) 


for n = 1, 2, 3, ... so that 


oo 
= 2 As (nm cosh nry + sinh nry) sin nrz. 
n=1 


Imposing 
oo 
ua ll == b» As (nm cosh nr + sinh nz) sin nrg 
n=1 

gives 

A,(na cosh nz + sinh nr) == f(x) sinnra dx 
for n = 1, 2, 3, ... so that 

00 
u(x, y) = » A, (nm cosh nry + sinh nry) sin nrg 
n=1 
where 
2 1 
=n i da. 
" — nm cosh nm +7 sinh n / Ada 


. This boundary-value problem has the form of Problem 1 from the text of this section, with 


a=b=1, f(x) = 100, and g(x) = 200. The solution, then, is 


oo 
um y) = y (A, cosh nry + Bn sinh nry) sin nz, 

n=1 

where 
1 —1)* 
xen 100sin nrz dx = 200 (==) 
nr 

and 


E [ 200 sin nrg dx — A, cosh na 


— NT 


1—(-1)" 
= 200 OE [2 csch nr — coth n7]. 
nT 
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10. This boundary-value problem has the form of Problem 2 from the text of this section, with 
a = l and b = 1. Thus, the solution has the form 


oo 
uly) = yy (A, cosh nzz + Bn sinh nz) sin nry. 


3 
ll 
UN 


The boundary condition u(0, y) = 10y implies 


oo 
10y — > A, sin nmy 


n1 


and 


2 f1 2 
An = 3 10y sin nry dy = a E 
1 Jo NT 


The boundary condition u,(1,y) = —1 implies 


oo 
-1 = y (n A, sinh nr + nr B, cosh nr) sin nry 
n=1 
and 
9 pl 
n7 À, sinh nz + nr B, cosh nz = T i (— sin nry) dy 
0 
. 2 n 
A, sinh nr + Bn coshnr = —— [1 — (-1)"] 
nT 
2 20 
B, = — [(—1)” — 1] sech nz — —(—1)"*" tanh nz. 
nT nT 


11. Using u = XY and —A as a separation constant we obtain 


X" -- AX — 0, 
X(0) = 0, 
Ala) e. 
and 
y" —AY =0. 


With A = a? > 0 the solutions of the differential equations are 


X = ġ cos az + c) sinac and Y = ege?" + c4e Y 


Then the boundedness of u as y > oo implies c3 = 0, so Y = ce” "Y, The boundary conditions 


at x = 0 and x = s imply c, = 0 so X = c sinne for n = 1, 2, 3, ... and 


oo 
u= J Ane " sin nz. 
n=1 


12. 
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Imposing 
oo 
ue 0) = Toe Ar sin nx 
n=1 
gives 
2 q" . 
A. m Ji f(x) sinnz dx 
T Jo 
so that 


wey) = b» (= Pro sinnz 2 e "! sin nz. 


n=] 


Using u — XY and —A as a separation constant we obtain 


X" -- AX — 0, 
X'(0) — 0, 
X'(m) — 0, 
and 
Y"—AY «0. 


With A — o? » 0 the solutions of the differential equations are 


X =C, cos az + c sinax and Y = ege?" + eye Y 


The boundary conditions at x = 0 and x = 7 imply c2 = 0 so X = c cos ng for n = 1,2,3,.... 


Now the boundedness of u as y — oo implies c3 = 0, so Y = cue". In this problem A = 0 


is also an eigenvalue with corresponding eigenfunction 1 so that 


oo 
u = Ap + > Ane "Y cos na. 


n=1 


Imposing 
u(x,0) = f(x) = Ap + S An cos na 
n=1 

gives 

1 [7 2 [T 

Ap = JI do das and Án = F f(x) cos nz dx 

7T Jo 7T Jo 

so that 


u(x, y) = =f fe) dx + y E [ f(x) cos nx de) e "Y cog ma. 
n=1 
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13. Since the boundary conditions at y = 0 and y = b are functions of x we choose to separate 


Laplace's equation as 


—-— ——A 
X Y 
so that 
X"..AX =0 
Y'—AY =0. 


Then with A = o? we have 
X(x) = cı cos oz + c sin ax 


Y (y) = c3 cosh ay + c4 sinh ay. 


Now X(0) = 0 gives cı = 0 and X (a) = 0 implies sin aa = 0 or a = nr /a for n = 1, 2, 3,.... 


Thus 
tito =XY = (An cosh 22 y + B, sinh ius y) sin Lg 
a a a 
and " 
u(z,y) = D (4, cosh — y + Bs sinh y) sin £ y, (1) 
E a a a 


At y = 0 we then have 
nt 
= V A, sin — z 
fiz) » sin 
and consequently 
9 a 
An == f f(x) sin a de. (2) 
a Jo a 
At y =b, 
gly) = 2 (An cosh Tp + B, sinh T a) sin Z £ 


indicates that the entire expression in the parentheses is given by 
2 


A, cosh Mu + B, sinh = 
a a a 


? nT 
/ g(x) sin — z dz. 
0 a 


We can now solve for By: 
2 


B, sinh =n = 
a a 


/ g(x) sin PT e da — A, cosh al) 
0 a a 


1 2 f° 
( / g(x) sin da — A, cosh 2) ; (3) 
0 a a 


ay ——U—L— mm Fi 
sinh **b a 


A solution to the given boundary-value problem consists of the series (1) with coefficients An 


and DB, given in (2) and (3), respectively. 
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14. Since the boundary conditions at r = 0 and x = a are functions of y we choose to separate 


Laplace's equation as 


P HE MESA 
so that 
X" 4+ AX = 
Y"—AY =0 
Then with \ = —o? we have 


X (x) = c cosh qx + ca sinh qx 


Y (y) = c3 cos ay + c4 sin ag. 


Now Y (0) = 0 gives c3 = 0 and Y (b) = 0 implies sin ab = 0 or a= nz /b for n = 1, 2, 3,.... 
Thus 


sp y) = XY = (An cosh Ta + Bn sinh ZZ 2) sin y 


and 


>. (An cosh Z z + Br sinh Z T Ta) sin = y. (4) 


n=1 
At x = 0 we then have i 
= y Ansin = y 
b 
n=1 
and consequently 
An => ¡ro ) sin Z — Ty dy. (5) 
At © =a, 
E nt nt nt 
= p» (An cosh Fa + B, sinh — a) sin Y 


indicates that the entire expression in the parentheses is given by 


9 (b 
A, cosh a+ Bysinh a= E f G(y) sin y dy. 
b b b Jo b 


We can now solve for Bp: 


9 [b 
Bash Za => f G(y) sin — y dy — An cosh — a 
b b Jo b b 


1 2 f? NT nT 
Eu ii c ad A Gad |. 
sinh = GS G(y)sin p Y cosh = a) (6) 


A solution to the given boundary-value problem consists of the series (4) with coefficients An 


and Bn given in (5) and (6), respectively. 
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15. Referring to the discussion in this section of the text we identify a = b = 7, f(x) = 0, 
g(x) = 1, F(y) = 1, and G(y) = 1. Then A, = 0 and 


oo 
ui(z,y) = > DB, sinh ny sin nz 


n=1 
where 
2 i 211 — (—-1)" 
Bn = — sin ng dx = ei e 
Tsinhnr Jo nm sinh nr 
Next 
oo 
up(z,y) = y (An cosh nz + Bn sinh nx) sin ny 
n=1 
where 
2 [7 211 — (-1)” 
T Jo na 
and 
1 2- of «. 
Bn =-— (2 / sin ny dy — An cosh nr) 
sinh nz V Jo 
1 2]1 — (-1)" 211 — (-1)* 
LIBE 
sinh nr NT nT 
= 2i- (-1)”] 
a t er 
Now 
211 — (-1)3” inh 
A, cosh nz + Bn sinh nz = RECS cosh ng + A (1 — cosh nr) 
NT sinh nr 
alf — En? 
= ———— [cosh nz sinh nr + sinh nz — sinh nz cosh na] 
nm sinh nt 
2/1 — (-1)” 
= ADT uh nz + sinh n(a — x)| 
nn sinh nr 
and 
2 ««1-(-1) 
u(x, y) = wi u»—— ea ) sinh ny sin ng 
T n sinh nz 


à 2» [1 — (—1)"]|[sinh nz + sinh n(z — z)] inp 


n sinh nr 
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16. Referring to the discussion in this section of the text we identify a = b = 2, f(x) = 0, 


c, 0O<x<l 
2—z, 1<x<2, 


F(y) =0, and G(y) = y(2 — y). Then A, = 0 and 


oo 
nT 
ulz, y) = » Bn sinh 7 y sin 3 


n=1 
where 


1 2 NT 
in — 2d 
auus | ae pe 


1 1 2 
/ sin adet | (2 — x) sin — zdr 
sinh nz V Jo 2 1 2 


3 NT 
B 8sin Pa 


n?5? sinh n ` 


Bn = 


Next, since A, = 0 in u2, we have 


-5 Bn sinh 77 o Bi Pd 


where F i (13 
1 NT 16/1 — (—1)” 
ü auus | Dosen 9 779 — 7373 sinhnz 
Thus 
sin 2% NT NT 
= E et 
u(z,y) = u1 + ua = E 2R e sum sin 5 y sin 7 x 


Do p P7 sin PT 
sinh — x sin — y. 
n3 ES nu 2 2 y 


17. (a) 
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(b) The maximum value occurs at (7/2, 7) and is f(1/2) = 257°. 
(c) The coefficients are 


9 T7 
An = — csch nn | 100x(7 — r)sin nz dx 
us 0 


200 csch nr | 200 " 400 o 
See part (a) for the graph. 
From the figure showing the boundary conditions we Td 
see that the maximum value of the temperature is 1 
at (1,2) and (2, 1). 25 
u-x u=2-x 
2 | 
u=1 
15tu=0 u=y(Q - y) 
lruz0 u=1 
05fu=0 u=y(2-y) 
u=0 u=0 u=0 
x 


0.5 1 1.5 2 25 5 


Assuming u(r,y) = X(x)Y (y) and substituting into the partial differential equationwe get 
X"Y + XY" =0. Separating variables and using A = o? we get 


X"—a@a?°X 0. Xu 
which implies X(x) = c3 cosh ox. From 
VY’ +o7Y =6, Y'(0)=0, Y'(@b)=0 


we get Y(y) = c¡ cosay + ca sinay and eigenvalues A, = n?n7/b?, n = 1,2,3,... . The 
corresponding eigenfunctions are Y (y) = cı cos(nzy/b). For A = 0 the boundary conditions 
applied to X(x) = c3 + c4x and Y (y) = cı + coy imply X = c3 and Y = cı. Forming products 


and using the superposition principle then gives 


u(r,y) = Ap + Y An cosh Tz cos 7. y. 


n=l 


The remaining boundary condition, u,(a) = g(y) implies 


Ou = NT . NT nc 
au) = 5- 2:5 u sinh 7 7 cos Y, 


== n=l 


20. 
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and so Ay remains arbitrary. In order that the series expression for g(y) be a cosine series, 


the constant term in the series, ag/2, must be 0. Thus, from Section 11.3 in the text, 


2 b b 
a= 5 | eG) dy - 0 so EODD 


Also, 


9 fb 
i sinha => f gy) cos 7 y dy 
0 


and 
n 


2 b 
te- — DEM DT y dy. 
nr sinh nza/b [ gly) cos as 


The solution is then 
nc 
TY, 


u(z,y) = Ap + > ds cosh Tz cos = 


n=1 
where the A, are defined above and Ap is arbitrary. In general, Neumann problems do not 


have unique solutions. 


For a physical interpretation of the compatibility condition hb g(y)dy = 0 see the texts Ele- 
mentary Partial Differential Equations by Paul Berg and James McGregor (Holden-Day) and 
Partial Differential Equations of Mathematical Physics by Tyn Myint-U (North Holland). 


Separating variables in the boundary-value problem leads to 

¥"+AY=0, Y'(0)=0, Y'(r)-0 

X" — AX — 0. 
The boundary conditions yield 

A)=0 so Y =c1 and X=c3+C4z. 
Also 
An=n2,n>0 so Y(y)=cscosny and X(x) =c7coshnz + cg sinh nz. 

Thus product solutions are 


oo 
u(z,y) = Ao + Box + X (A, cosh nz + Bn sinh nx) cos ny. 


n=1 


The last part of this problem involves matching coefficients. 


At x =0, 


oo 
ug cos y = Ao + y A, cosny implies Ag = 0, Ay = uo, and A, = 0, for n> 2. 


n=1 
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Therefore 


oo 
u(x, y) = Box + uo cosh x cos y + B4 sinh x cos y + Bə sinh 2x cos 2y + P» By sinh nz cos ny. 


n=3 
Ata=1, 
oo 
uo(1 + cos 2y) = Bo + ug cosh 1 cos y + B1 sinh 1 cos y + Ba sinh 2 cos 2y + 2 D, sinh n cos ny, 
n=3 


SO 


oo 
ug — uo cosh 1 cos y + ug cos 2y = Bo + By sinh 1 cos y + Bo sinh 2 cos 2y + > By sinh n cos ny. 


n=3 
Then "T 
cos up 
Bo — Bı = ——— B4 0f > 3. 
0 = uo, Di von? P ah?’ and Bn =0 for n > 3 
Therefore 
coshl , up . 
u(x, y) = uox + uy cosh z cos y — uo— sinh x cos y + — sinh 2x cos 2y 
sinh 1 sinh 2 
sinh 1 cosh z — cosh 1 sinh x uo . 
= ugz + ug | —————— y+ sinh 2x cos 2y 
sinh 1 sinh 2 
Or T 
u(z,y) = uox + up ERO 2) cos y + <5 sinh 2x cos 2y. 
21. (a) ui : 170 | 


140 


(b) A PAP 
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12.6 Nonhomogeneous Boundary-Value Problems 


1. Using u(x,t) = u(x,t) — 100 we wish to solve kv,4 = v, subject to v(0,t) = 0, v(1,t) = 0, and 


v(x,0) = —100. Let v = XT and use —A as a separation constant so that 
X" +X — 0, 
X (0) 0, 
A(1)=0, 
and 
T'+AkT =0. 


This leads to 


X = csin (nrz) and Tae" 
for n = 1, 2, 3, ... so that 
oe 22 
gor Ae 7 'sin mma. 
n=1 


Imposing 
oo 
v(z,0) = —100 = » An sin nz 
n=1 
gives 
1 
—200 
Án = 2 / (—100) sin nrz dz = —— [1 — (-1)”] 
0 NT 
so that 


200 $A (=1)" — 1 gs 
t)= +100 = 100 4 Y 2 ; 
u(a,t) = v(x, t) + Ta y CONES. sin nx 


n=1 


740 CHAPTER 12 BOUNDARY-VALUE PROBLEMS IN RECTANGULAR COORDINATES 


2. Letting u(x,t) = ví(x,t) + w(x) and proceeding as in Example 1 in the text we find 
w(x) = uy — uoz. Then v(x,t) = u(x,t) + uoz — uy and we wish to solve kúrs = Ut 
subject to v(0,t) = 0, v(1,t) = 0, and v(z,0) = f(x) + uoz — uo. Let v = XT and use 
—A as a separation constant so that 


X" -- AX =0, 
X(0) — 0, 
A(L) =0, 
and 
T' 4- AKT — 0. 
'Then 
X = Q SIN narr and T ce mh 


for n — 1, 2, 3, ... so that 


oo 
—kn2n24 
v= J Ane FT t sin nrz. 


n=1 
Imposing 
oo 
v(z,0) = f(x) + uoz — uo = > An sin nz 
n=1 
gives 
1 
Ay, = > (f(x) + uoz — ug) sin nrg dx 
0 
so that 


oo 
No MN 
u(x,t) =v(x,t) + uy — uoz = ug — uox + Ane Tt sinnar. 
? ? 


n=1 
3. If we let u(x,t) = v(x, t) + y(x), then we obtain as in Example 1 in the text 
ky" +r =0 
or 


r 
w(x) = “ar oe 6% 


The boundary conditions become 


u(0,t) = v(0,t) + v(0) = uo 


u(1,t) = v(1,t) + (1) = uo. 
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Letting (0) = v(1) = uo we obtain homogeneous boundary conditions in v: 


u(0,1) — 0 and v(1,t) o0. 


Now y(0) = v(1) = uo implies c2 = ug and c1 = r/2k. Thus 


Fog T r 
=a + — = uo — —x(a — 1). 
w(x) op? + ope T wo = Uo ap tle ) 
To determine u(x,t) we solve 
O?v Ov 
===» 0 1,t>0 
da? dt «r«l,i 


v(0,t)=0, v(l,t)=0, 
(2,0) = Zee- 1) 
= —2(x — 1) — uo. 
UL, 2k 0 
Separating variables, we find 
oo 
2,2 
vim te y, Ape "" 7 sinnrz, 


w=] 


where 
ug T 


An =2 f) [ole 1) - uo] sin nz dx =2| 


2k nr knr? 


Hence, a solution of the original problem is 


= = r = —kn?nt o: 
u(x,t) = w(x) + v(z,t) = ug — gg —1)+ > Ane sin NTE, 


n=1 


where A,, is defined in (1). 

. If we let u(x,t) = v(x, t) + w(x), then we obtain as in Example 1 in the text 
ky" +r — 0. 

Integrating gives 


r 
y(x) = =- +T + Co. 


The boundary conditions become 
u(0,t) = v(0,t) + y(0) = uo 
u(1,t) = v(1,t) +v(1) = u. 
Letting (0) = uy and v(1) = uj we obtain homogeneous boundary conditions in v: 


v(0,t) — 0 and ollt) e. 
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Now ~(0) = uo and v(1) = ui imply c2 = uy and cy = uy — uo + r/2k. Thus 


a _ Es 
Wap + (wn uo + zg) 2 + wo. 


To determine v(x, t) we solve 


E. ET 
— = — HA 
Ox? dt’ : 


v(0,t) 20, v(1,t) — 0, 
v(z,0) = f(x) — v(z). 


Separating variables, we find 


oo 
TT 
v4) = J Ane PTE sinnaz, 
n=1 
where 


1 
An = af [f/(z) — v(z)] sin nrz dz. 


Hence, a solution of the original problem is 


oo 
r pp 2r 2p . 
| (ui uo +7) e+ uo + J Ane t T t sinnar, 


u(z,t) = w(x) + v(x, t) = se | ok 


n=1 


where A,, is defined in (2). 


. Substituting u(x,t) = v(z,t) + v(x) into the partial differential equation gives 


y Ov 
B-— "ego =—, 
ap + ky" + Ae ET 


This equation will be homogeneous provided w satisfies 
kw" + Ae~P* = 0. 


The solution of this differential equation is obtained by successive integrations: 


A 
p(z) = BR ui ++ co. 


From 7(0) = 0 and v(1) = 0 we find 


A o A 
e — gale Bao and C1 = wk 
Hence 
A po, Ay A A "ES 
Ya) = a ^ - le + mg = m [1 Pry (eP — Du 
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Now the new problem is 


v(z,0) = fu dum. U<e< tT. 
Identifying this as the heat equation solved in Section 12.3 in the text with L — 1 we obtain 
z 25,2 
v(x, t) = > Ane "TE sin naar 
n=1 
where ; 
Ay = 2 / [f/(z) — v(z)] sin nrz dz. 
0 
'Thus 


A oo 
u(x,t) = Bk [1 E Da] + P Ane PTA sin na. 
n=1 


. Substituting u(x,t) = v(z,t) + (x) into the partial differential equation gives 


y " Qv 
ky t ke Tit a ae 


This equation will be homogeneous provided y satisfies 


ky" — hi = 0. 


Since k and h are positive, the general solution of this latter linear second-order equation is 


h 
w(x) = cı cosh [te + co sinh "LES 


From (0) = 0 and Y(T) = uo we find cı = 0 and c» = uo/ sinh J/h/k 7. Hence 


|. sinhy/h/kz 
fure "Pau ETE 


Now the new problem is 
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If we let v — XT then 
X" Em oc: ae 


—A. 
X kT 


With \ = a? > 0, the separated differential equations 
X"4+a?X =0 and T' + (h+ ko?) T — 0. 
have the respective solutions 


X(x) = c3 cos az + c4 sin ax 


From X(0) = 0 we get c3 = 0 and from X(r) = 0 we find a = n for n = 1, 2, 3,.... 


Consequently, it follows that 


oo 
gd) = Y Ape" (m^) sin nx 


n=1 


where 


9 T 
An = -2 / v(x) sin nz dx. 
7T Jo 
Hence a solution of the original problem is 


inh /h/k = 
VAL UR pete y A,e t sin nz 


° sinh //hJk x = 


ula t) =u 


where 


sin nz dx. 


f sinh \/h/k x 
An===) ug9————— 
0 sinh J/h/k x 


T 
Using the exponential definition of the hyperbolic sine and integration by parts we find 


| 2ugnk(—1)" 


um n (h + kn?) ' 


. Substituting u(x,t) = v(x, t) + w(x) into the partial differential equation gives 


Ov " Qv 
kag the -hw — hip + hw = a. 


This equation will be homogeneous provided y satisfies 


kw” — ha + hug = 0 or ky" — hy = —hug. 


'This non-homogeneous, linear, second-order, differential equation has solution 


h h 
p(x) = cı cosh [te + ca sinh [te + uo, 
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where we assume h > 0 and k > 0. From v(0) = ug and (1) = 0 we find cı = 0 and 
c9 = —ug/ sinh y/h/k. Thus, the steady-state solution is 
sinh vt x 


h 
via) = ~— 2 sinh Eeto = uo | 1- ———— |. 
sinh YE sinh YE 
. The partial differential equation is 


e cas 


Substituting u(x,t) = v(z,t) + w(x) gives 


y " _ Ov 
ka + hy SAS 


This equation will be homogeneous provided y satisfies 


ky" — hy =0. 


Assuming h > 0 and k > 0, we have 
y = eV Mt? 4 eye V ha 


where we have used the exponential form of the solution since the rod is infinite. Now, in 


order that the steady-state temperature (x) be bounded as x — oo, we require c; = 0. Then 
W(x) = coe V hkg 
and v(0) = uy implies c2 = ug. Thus 


p(z) = uge Vike, 


. Substituting u(x,t) = v(x, t) + y(x) into the partial differential equation gives 


Oy 
2 
+a U^ Ar = a5. 


Ox? 
This equation will be homogeneous provided y satisfies 


a^" + Ax = 0. 
The solution of this differential equation is 
A 
y(x) = cuu + c1z- ec. 


From 4(0) = 0 we obtain cz = 0, and from v(1) = 0 we obtain c; = 4/6a?. Hence 
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Now the new problem is 


v(04=0. wid). £u. 


v(z,0)-2 —v(r) vlx,0)=0, O<x<l. 


Identifying this as the wave equation solved in Section 12.4 in the text with L = 1, f(x) = 
—w(x), and g(x) = 0 we obtain 


oo 
u(x,t) = y A, cos nrat sin nz 


n=1 


where 
An = of [-v(x)]| sin nrz dz = Af (a? — 2) sinnra dz = d 
Thus 
ue, t)= La — a3) + 2 E E cos nat sin nz. 
10. We solve 
e EA Ver<l te 


The partial differential equation is nonhomogeneous. The substitution u(x,t) = v(z,t) -- v(z) 


yields a homogeneous partial differential equation provided y satisfies 


ay" — g — 0. 


By integrating twice we find 


p(x) = 3% ceux e. 


The imposed conditions 4(0) = 0 and v(1) = 0 then lead to cz = 0 and c = —g/2a?. Hence 


p(z) = a (a? — x). 


2a? 
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The new problem is now 
Ov uv 
2 
===>, O<2r<1,t>0 
"gu? OB i 


40,4) =0, wld)e0 


g 2 Ov u 
v(z,0) = 55 (1-2), OL = 
t=0 
Substituting v = XT we find in the usual manner 
X"+07X =0 


T" +a? o? T =0 
with solutions 
X(x) = c3 cos az + c4 sino 


T(t) = c5 cos aat + ce sin aat. 


The conditions X(0) = 0 and X(1) = 0 imply in turn that c3 = 0 and a = nr for 


n = 1, 2, 3, .... The condition T'(0) = 0 implies cg = 0. Hence, by the superposition 
principle 
oo 
u(t, t) = > A, cos (annt) sin (nrz). 
n=1 
At t — 0, 


5 (1 — 2?) = » A, sin (nrz) 
n=1 


and so 


1 
g 2g n 
An= 5 f (z — x°) sin (nro) de = 55 [1 — (71) |. 


Thus the solution to the original problem is 


u(x,t) = y(x) + v(z,t) = 57 (x? —x) + 2.3 = cos (antt) sin (nmz). 


11. Substituting u(x, y) = v(x, y) + v(y) into Laplace's equation we obtain 
Ov uv 


az tate) = 0. 


This equation will be homogeneous provided y satisfies (y) = c1y + c2. Considering 
u(z, 0) = v(z, 0) v v(0) = u 
u(x, 1) = v(z, 1) ES v(1) = up 


u(0, y) = v(0, y) + v(y) =0 
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we require that 4(0) = u1, Yı = ug and v(0,y) = —v(y). Then cı = up — ui and cg = ui. 
The new boundary-value problem is 


y " y =, 
ðr? Oy? — 


ve, 0) = 0, wx l1)-0, 
v(0,y) = —(y) 0<y<l, 


where v(z, y) is bounded at x — oo. This problem is similar to Problem 11 in Section 12.5. 


The solution is 


oo 1 
vix y) = y gi [—4(y) sin nry] 2 e """ sin nry 
n=l 0 


i 


oo 1 
-2Y [t - wo) f ysinnzydy - ui | 
n=1 0 0 


oo 
2 uo —1)" =U . r 
== J At, One sin nry. 
T n 
n=1 


sin NTY dy e "7? sin nry 


Thus 


2 uw eu 
= u E 2 Ta SU: e 
u(x, y) = v(x, y) + v(y) = (uo — u1)y + u1 + E » — e sin ny. 


12. Substituting u(x, y) = v(x, y) + v(x) into Poisson’s equation we obtain 


Ov " Ov 

— h+ Ls =0. 

o +y" (2) +h+ p 

The equation will be homogeneous provided wv satisfies t)" (x) + h = 0 or 


w(x) = Ex? + cix +c. From (0) = 0 we obtain cz = 0. From (r) = 1 we obtain 


4 E hr 
Cj = m 2 A 
Then "e h 
UN INR PELO - 
v) E +3 ) g^ 
The new boundary-value problem is 
Ov dv =, 
Ox? Oy? 


13. 
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This is Problem 11 in Section 12.5. The solution is 
oo 
v(z, y) = > Ane "sinnz 
n=1 


where 


Thus > 
u(x, y) voy) + y(x) = (+ + =) L — Hd + > Ane ™” snnz. 
T 2 


n=1 


From (13) and (14) we have 
y(x,t) = sint + z[0 — sint] = (1 — z) sint, 
Then the substitution 
u(z,t) = v(x, t) + v(z,t) = v(x,t) + (1 — z)sint 


leads to the boundary-value problem 


Pu 


ð 
Sa +(e- 1) cost = 5 Usz<l, ¢>0 


Ot’ 
v(0,t)=0, m4 20, £0 


um UD U<r<l 


'The eigenvalues and eigenfunctions of the Sturm-Liouville problem 


X"+\X =0, X(0)=0, X(1)=0 


are An = o2 = n?n? and sinnzz, n = 1, 2, 3, ... . With G(x,t) = (x — 1) cost we assume for 


fixed t that v and G can be written as Fourier sine series: 


oo 


vod) = ` Un(t) sin nrz and Gnd = b2 Gn(t) sin nmz. 
n=1 n=1 


By treating t as a parameter, the coefficients Gn can be computed: 


a à 2 
Git) -1f (2 — 1) cost sinnme dz — 2cost | (x — 1)sin nrg dx = —— cost. 
0 0 NT 


X —2cost 
— 1 — i 73 
(x ) cos 2 = sin NTE 
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Now, using the series representation for v(x,t), we have 


oo 


ð 
-5 Gg lt )sinnzz and 2 = y v, (t) sin nma. 


Writing the partial differential equation as v; — Vga = (x — 1) cost and using the above results 


we have 


2 —2cost 
» ) + 20, (t)] sinnzz = > ——— sinnri. 


NT 
n=1 


Equating coefficients we get 


2 t 
v, (t) + 12%, (t) = — 2 


NT 


For each n this is a linear first-order differential equation whose general solution is 


2 [n?z? cost + sint 2,2 
== => | === a 
Un( ) wt E nant +1 | + One 
Thus 
2n? t+2sint 
=> |- o E ma = + Cpe? sin nz. 
= n(n^z* + 1) 


The initial condition v(x,0) = 0 implies 


oo 


2NT ; 
25 RES + Ca sion NTL = 0 


n= 


so that Cn = 2nr/(n*x* + 1). Therefore 


00 
d 3 D 2n?n zm + 2sint 2nm EE inae 


n rt + 1) n*g^4 + 1 
2 A [ner 242 cost—sint| . 
== TAL] sin nag 
T n(n*n^ + 1) 
and 
g 2,.25,—n?s?t 2,2 t— sint 
u(x,t) = v(x, t) + p(z, t) = a E = M ESTE L sin nzz. 
From (13) and (14) we have 
X 2 
D(z, t) = uo(t) + + lur(t) — uo(t)] = z + (1 2)e", 


Then the substitution 


u(x,t) = v(x, t) + y(x, t) = v(z, t) +x + (1 z)£? 
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leads to the boundary-value problem 


Py Ov 
oz Aye 9m — n O<x<1, t>0 


v(0,t)=0, v(1,t)=0, t>0 


v(r,0)—a?—z, 0<x<l. 


The eigenvalues and eigenfunctions of the Sturm-Liouville problem 


X"+AX=0, X(0)=0, X(1)=0 


are An = o2 = n?n? and sinnrr, n=1,2,3,... . With G(z,t) = 5tx we assume for fixed t 


that v and G can be written as Fourier sine series: 


oo 


i= y un (t) sin nrz and Gia = y G,(t) sin nrz. 


By treating t as a parameter, the coefficients Gn can be computed: 


2 f! s 10t asi 
Gn(t) =- | 5tesinnrcde =10t | x sinnaxdr = —(-1)"™. 
i 0 0 NT 
Hence T 
10t 
Ste = IPHS E 
b ) ap Sanne 
n=1 
Now, using the series representation for v(z,t), we have 
= Yon a Eos 
U )sinnzr and —= v,, (t) sin nz. 
nl ot m 


Writing the partial differential equation as v; — Vga = 5tx and using the above results we have 


t)|sin nrg = 1)**1 — sin naa. 
Y AO entro a» 
Equating coefficients we get 
n+l 10t 


2 2 
n*n^t—1 29 
mpi osse "T 


Thus " e 
t—1 
nt) = > [roy + Cue" | sin nza. 
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The initial condition v(z,0) = z? — x implies 


oo 
>, fo D) + Ch | sinnzz-—z?-m. 
T 


Thinking of z? — x as a Fourier sine series with coefficients 
1 € € 
2 | (a? — x) sin nrz dx = [4(—1)" — 4]/n?s? 
0 


we equate coefficients to obtain 


10(—1)” 4(—1)" —4 
E M MEE 38 
sO 
| A4(-1*-4 10-1)" 
c mr nöm ` 
Therefore 
oo 2.9 n n 
x 41n des 1 4(—1) —4 10(—1) Ev EU 
= 2. joco" E" m + (E = Ep e th sin NTT 
and 


u(x,t) = v(z,t) + v(z,t) 


29 22 n n 
n*n^t—1 4(—1) —4 10(—1) nêr? . 
+ (1 = z)t? + ò opm + D—— = E cm € n d sin NTL. 


15. From (13) and (14) we have 


X 
p(z, t) = uo(t) + T [ui (t) — uo(t)] = x sint, 
Then the substitution 
u(x,t) = v(z,t)+ v(z,t) = zsint 
leads to the boundary-value problem 
y , y 
de Bee 0O<x<l, t>0 
v(0,£)=0, w(14)20, 120 


o 
2 ——y, O<a<l. 


t=0 


v(m, 0) 20, 


The eigenvalues and eigenfunctions of the Sturm-Liouville problem 


X"+AX=0, X(0)=0, X(1)=0 
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are An = o2 = n?n? and sinnzz, n = 1, 2, 3, ... . With G(z,t) = xsint we assume for fixed 


t that v and G can be written as Fourier sine series: 


i= 3 Un(t) sin nre and G(x,t) = by G,,(t) sin nrz. 


By treating t as a parameter, the coefficients Gn can be computed: 


2 f! 2 : —1)" sint 
Gat) 3 zr sint sin nre dr = zu x sin nrg ds = EN UE 
1 Jo 1 0 nT 
Hence " 
—1)" sint 
xsint = J ee sin na. 
Now, using the series representation for v(z,t), we have 
dv Y 
E / : 
-5 tilt )sinnzr and a= » vu, (£) sin nrz. 


Writing the partial differential equation as vu — Vga = z sin t and using the above results we 


have 


= = _(—1)"sin¢ 
dln ) + 2720, (t)] sin naz = y —2-——————— sin na. 
— nt 


Equating coefficients we get 


v" (t) + n?n vnlt) = — = 


For each n the general solution is 


E” 


nm (n?n? — 1) cae 


Un(t) = A, cos nrt + B, sin nzt — 2 


Thus 
=D" 


nz (n?n? — 1) sin t| sin nrz. 


oo 
v(z,t) = y |^ cos nt + B, sin nat — 2 
The initial condition v(x,0) = 0 implies 


oo 
25 A, sin nz = 0. 


n=1 
or A, = 0 for n = 1, 2, 3,.... So 
C (-1^  . ]. 
= y B,, sin nrt — 2—— —————— sin t} sin na. 


= nm (n?n? — 1) 
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and 
Ov 
Ot 


(= 


oo 
= —XI= 2 L — tum =D) sin nca. 


t=0 


Thinking of —x as a Fourier sine series with coefficients 


1 n 
—1 
-2 f ol ) 
0 


nT 


we equate coefficients to obtain 


1 y” _4)n 
nTB,, — 2 (-1) = ol 1) 
nr (n?n? — 1) nu 
i (y (-1)" 
By =2 2 - 
P Um (n?n? — 1) 
Therefore 
C (—1)” (=)? (10 : : 
v(x, t) p^ (E A DS sin t| sinnmax 
and 


w(2,1) NT 
=e (co =i (1^. . ]. 
ux 2 di oe sin nt nhe SIN NTL. 
16. From (13) and (14) we have 


iG h=n iE T Fato) — uo od cens 


Then the substitution 
u(x,t) = v(z,t) + (zt) = v(z, t) +1-e* 


leads to the boundary-value problem 


Ov —, Ov 
02 ^ «OE? 


v(0,1) 20, v(1:) 20, t»0 


vag), «x«l 


'The eigenvalues and eigenfunctions of the Sturm-Liouville problem 


X"+\X =0, X(0)=0, X(1)=0 
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are An = o2 = n?n? and sinnaz, n = 1, 2, 3, ... . With G(z,t) = —e~* we assume for fixed 


t that v and G can be written as Fourier sine series: 


t)= `> Un(t) sin nrg and Gri) y G,,(t) sin nrz. 


By treating t as a parameter, the coefficients Gn can be computed: 


9 l afi 
G,(t) = Ce * | sinnzzdz = ag" t^ 1 
1 0 


NT 


Hence - 
=i -t (D^ -L 
e —29 > n" NN : 
€ € 2. ET sin NTL 


Now, using the series representation for v(z,t), we have 


dv Y 
= Yom Un(t )sinnzr and u 25 v, (t) sin nrz. 
n=1 
Writing the partial differential equation as v; — Uy = —e~' and using the above results we 
have 
n u —t i 
dln ) + n27%, (t)] sin naz = 2e 2, an nmr. 
n=l n= 


Equating coefficients we get 
v! (t) + nT nlt) = 22— ——— e t. 


For each n this is a linear first-order differential equation whose general solution is 
(-1)^—1 2 


= —t —n?g?t 
v, (t) = ara Gye ™ TE, 


Thus SS 
1)” — 1 
vet) = > E e^! 4 Cue 7| sin nzz. 
nm 


os (eed 
Cn — nn (n?n? — 1) 
Therefore 
= c (=1)" =I =t =n nt 
v(z,t)- 2? | x (ni — 1) ( ) sin ntg 
and 


u(x,t) = v(x, t) + y(x, t) = 1 — e™ + = E (e - gem sin nz. 
n=1 
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17. Identifying k = 1 and L = 7 we see that the eigenfunctions of X " FAX = 0, X(0) = 0, 


X(T) = 0 are sinnz, n = 1, 2, 8, ... . Assuming that u(x,t) sr sin nx, the formal 
n=1 
partial derivatives of u are 
Pu qe ðu Y . 
mm > un(t)(—n?) sin nz and m A. ui, (t) sin nz. 
= n=1 
oo 
Assuming that ze ?! = 3 EF (t) sin nz we have 
n=1 


2 a , 2 —3t T 2 E 1 n+l 
F,,(t) = Ji ze ** sin na dx = — J xzsinns dr = C 
a 0 


Then 
oo 
Dersi [pe 
—3t — . 
ge = Y, a sin ng 
n=1 
and 
oo 29 Desh (E 
Ut — Ure = 2 [ul (t) + n?u, (t)| sin na = ze ?* = y — sin na. 
n=1 n=1 n 
Equating coefficients we obtain 
2e-3t —1 n+1 
ul, (t) + n7un(t) = io a E 
n 
This is a linear first-order differential equation whose solution is 
o DI R 
t) = z pde 
alt) ja 3 FCn 
Thus 
c. 2(-1)n*! 
uin) = PB rre d anars O e" sinnz 
n=1 n=1 
and u(x,0) = 0 implies 
=) n+l 


oo oo 
NA gj sinne + ) Cpsinno = 0 


— n=1 


so that Cn = 2(—1)" /n(n? — 3). Therefore 


oo 
t)= D 3t sinn AS -U sin na 
uct) = —— sin nz a S E 


12.6 Nonhomogeneous Boundary-Value Problems 757 


18. Identifying k = 1 and L = m we see that the eigenfunctions of P TAX = = 0, X(0) = 0, 
X'(7) = 0 are 1, cos nz, n = 1, 2, 8, .... Assuming that u(x,t) = = Suet y+ Y to) cos NT, 


the formal partial derivatives of u are 


2 oo 1 oo 
gu > un (£) (—n2) cos nz and a = 200 + 2 ul, (t) cos nz. 


n=1 
oo 
Assuming that ze ?* = —Fp(t) + »3 F,,(t) cos nz we have 
n=1 


T 
and 3t 3t n 
2e d 2e "|((—1)"^—1 
Ft) = E f x cos nz dr = N l) 
m Jo Tn 
Then , 
2e-9*[( —1 
re% = e% 4 - —— cos NX 
and 
oo 
Ut — Use = )* 5 lu, ) + n?u, (t)] cos nz 


oo —3t n 
—3t 7 -3t NE (= — 1] 
= —e + ee 
2 


= re : cos na. 
Tn 
n=1 
Equating coefficients, we obtain 
. 2 —3t —1)” 
up(t) = ve * and ul, (t) + n?u, (t) = Ecc cos nz. 
Tn 


The first equation yields uy(t) = —(7/3)e7% + Co and the second equation, which is a linear 
first-order differential equation, yields 


Thus 


oo 
u(x,t) Ecce) sd J Jaia e ?! cos nz + y Cue” cosnz 
i 3 z an?(n2 — 3) 
n=1 


ml 


and u(x,0) = 0 implies 


3 * Co pim l cene + 0, cosnz = 0 


n=l 
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so that Cp = 7/3 and C, = 2[(—1)" — 1]/an?(n? — 3). Therefore 


2 


2 oo 
ulr t) = Sa eo) 4 Qi Er je" cos nz + — aes me 3) 4 — = nt cos na. 


19. Identifying k = 1 and L = 1 we see that the eigenfunctions of X" + AX = 0, X(0) = 0, 


oo 


X(1) = 0 are sinnaz, n = 1, 2, 8, .... Assuming that u(x,t) = p» un (t) sin nrz, the formal 
n=1 
partial derivatives of u are 
du Y 
-X us (t )sinnzr and ae b» wu; (t) sin nrz. 
n=1 


Assuming that —1 + x — x cost = 3,7. , Fy(t) sinnzz we have 


n=1 
2 2[-1 + (-1)” cost 
Fi) = F (—1 +z — z cost) sin nrg dr = AELE U e, 
1 Jo NT 
Then v 
2 —1 —1)" t 
=1+x-=uwcost= 2$ e sin NTT 
n 
n=1 
and 
oo 
Ut — Ure = p» [ul (t) + n?z?u, (t)] sin nre 
n=1 


2 > —] + (-1)” cost 


=-1+x-uxcost= sin noz. 
n 
Equating coefficients we obtain 
2|—1 —1)" t 
ul (t) + n?n un a= Sc LI oa] = I 
ny 
This is a linear first-order differential equation whose solution is 
2 1 n?n? cos t + sint 2,2 
t) = — |— = | ME N e uem C. N T t 
un (t) nT | n?n? R ntrt +1 HE 


2 1 n nn? cost + sint 22 
u(z,ti)- > "uper + (-1) ED COE sin NTI + YC, e ' sinn 
n=1 


2 
3. = E + (-1)* e AT sinnzz = z(1l- 2). 
G na 


20. 
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Hence 
2 1 n np g M ] (10 
" 2 a +0, = 3 f, sa c )sinnaede = 2 | 
n: 4 —2(-1)" 2 
Gf nm 
04 A ae 
n n3q3 ( ) nint +1 
Therefore 
on ' 
2 1 n?n? cost -- sint] . 
u(z t) — 9 — mate MORET ae [inna 


oo 
4— 2(—1)" 2nm bales 
+ » AB = CX EE € T sin 7Wid. 


Identifying k = 1 and L = « we see that the eigenfunctions of x" +AX = 0, X(0) = 0, 


X(r) = 0 are sinnz, n = 1, 2, 8, ... . Assuming that u(x,t) S uat) sin nz, the formal 
n=1 
partial derivatives of u are 
al 
-5 tilt )sin na and = -5 u, (t) sin nz. 
'Then 
oo 
Ut — Ure = y fu! (t) + n2un(t)] sin nz = cost sin z. 
n=1 


Equating coefficients, we obtain u/ (t) + u1 (t) cost and u” (t)+n?un(t) = 0 for n = 2, 3, 4,. 
Solving the first differential equation we obtain u(t) = A4 cost + B1 sint + zt sint. From the 


second differential equation we obtain u,(t) = A, cos nt + Bn sin nt for n = 3, 4,.... Thus 


1 oo 
ulx,t) = (4 cos t + B, sint + jt sin ) sinz + > (A, cos nt + Bn sin nt) sin nz. 


n=2 
From 
oo 
u(x,0) = A sinz + X Assinnz =0 
n=2 
we see that A, = 0 for n = 1, 2, 3, .... Thus 
1 oo 
u(x,t) = (m sint 4- > sin r) sin z + 2 D, sin nt sin nx 
n=2 
and = 
Ou 1 1 
ED = (m cost + a + 5 sint) sin z + pons cos nt sin nx, 
so 
2 B, sin + Y B, si 0 
— = B;¡sinz n DB, sin nz = 0. 
Ot 1 n 
t=0 n=2 


We see that Bn = 0 for all n so u(x,t) = 3tsintsinz. 
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12.7 Orthogonal Series Expansions 


1. Referring to Example 1 in the text we have 


X(x) = c cos oz + co sin ox and T(t) = ce Boe, 


From X'(0) = 0 (since the left end of the rod is insulated), we find ca = 0. Then 
X(x) = c, cosax and the other boundary condition X'(1) = —hX(1) implies 


a 
—asina + h cosa = 0 or coram a 
Denoting the consecutive positive roots of this latter equation by o4, for n = 1, 2, 3, ... , we 
have 
nx 2 
ur. t) = yy Ane “nt cos ant. 
n=1 
From the initial condition u(x,0) = 1 we obtain 
oo 
1- »3 An COS aq ax 
n=1 
and 
1 
T COS Qn £ dx . ] 
0 sin o / am 2sin Qn 


An = n a | = qu aa | 
cos? anz dx 5 [1 + za, Sin 2an] Qn [1 + x. SIN O COS An 


os 


2sina 2h sin a 
n _ n 


p ee ee 
Qn [1 + i sin o, (o4 sin o) om [h + sin? an] 


The solution is 
sin On —ko2t 


reo MM. 
Mod | on (h + sin? an) 


n= 
2. Substituting u(x,t) = v(z,t) + v(x) into the partial differential equation gives 


y y _ Ov 
ant" cO 


k 
This equation will be homogeneous if Y” (x) = 0 or (x) = cız +c. The boundary condition 
u(0,t) = 0 implies v(0) = 0 which implies co = 0. Thus v(x) = cir. Using the second 


boundary condition we obtain 
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which will be homogeneous when 
—y'(1) = —hy(1) + hug. 


Since (1) = v'/(1) = e we have —c, = —he, + hug and cı = hug/(h — 1). Thus 


hug 
w(x) = AI” 
The new boundary-value problem is 
O?v Ov 
= 1 
mt O<xr< i0 
Qv 
v(0,t) 20, — huldn Ao. 0-0 
Óx| | 
h 
v(z,0) = f(x) — AT a Oe a acd 


Referring to Example 1 in the text we see that 


DEAS Ont sin Ant 


and 
u(x,t) = v(z,t) + v(x) e+ Yan e F^ sin ay a 
where 
hug 2 " 
f(z)— RID D ena 
and 0%, is a solution of a, cos o4, = —h sin an. The coefficients are 
1 1 
/ [f (x) — huoz/(h — 1)] sin ang dz f [f(x) — huoz/(h — 1)] sin anz dz 
An = ~ -= r 


I 
7 sin? oz de ji[ — za, Sin 20, 
0 


1 1 
2/ [f (x) — hupz/(h — 1)] sin anz dx 2/ [f (x) — hugz/(h — 1)] sin ox dx 


1— i sin Qn COS Qn 1— zi-(h SiN Qn) COS Qn 
2 huyz sin az dx 2h A h 
_ o (f) = huoz/(h — D] sin ane da = —— i [ren pom s sin ay de. 
ic Fee (On COS Qn ) COS Qn h + cos? an Jo h-—1 


3. Separating variables in Laplace’s equation gives 
X" +0?X =0 


Y” —ad’Y =0 
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and 
X(x) = cı cos oz + c2 sin ax 


Y (y) = c3 cosh ay + c4 sinh ay. 


From u(0,y) = 0 we obtain X (0) = 0 and c4 = 0. From uz(a, y) = —hu(a,y) we obtain 
X'(a) = —hX (a) and 

a cos aa = —h sin qa or tan aa = E. 
Let an, where n = 1, 2, 3, ... , be the consecutive positive roots of this equation. From 
u(r,0) = 0 we obtain Y (0) = 0 and c3 = 0. Thus 


oo 
ux.) > An sinh any sin oz. 


n=1 


Now 
oo 
FO = `> An sinh anb sin ang 
n=1 
and 
a 
/ F(x) sina, t dx 
An sinh anb = “%_— a ; 
Jn, Sin” ang die 
Since 
a 1 br 1 1. 
sinó anz dx == |a — ——sin2a,a| = = |a — — sin ana COS Qna 
1 1 
E a — p sin ana) cos ana 
1 - a 
== la- —Apn COS Qna) cos ana | = — [ah + cos? ana 
2 han ^ i " 2h UA 
we have 


E 2h 
"^ sinhanblah + cos? anal 


a 
f F(x) sin ang dz. 
0 
4. Letting u(x, y) = X(x)Y (y) and separating variables gives 


X"Y + XY" — 0. 


'The boundary conditions 


Ou Ou 
Oy =0 and Oy 
y=0 
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correspond to 
X(x)Y'(0) 20 and X(2)Y'(1) = —AX (z)Y (1) 


Y'(0)=0 and  Y'(1)=-—AY(1) 


Since these homogeneous boundary conditions are in terms of Y, we separate the differential 


equation as 


DS a 
'Then 
Y" +Y = 
and 
X"-0%X= 


have solutions 


Y (y) = cı cos ay + ca sin ay 


and 
X(x) = ese + cge™. 


We use exponential functions in the solution of X (x) since the interval over which X is defined 
is infinite. (See the informal rule given in Section 11.5 of the text that discusses when to use 
the exponential form and when to use the hyperbolic form of the solution of y" — o?y = 0.) 
Now, Y'(0) = 0 implies cz = 0, so Y (y) = cı cos ay. Since Y'(y) = —c,asinay, the boundary 
condition Y'(1) 2 —AY (1) implies 


: a 
—cyasina = —hc, cos a or cot a = x: 


Consideration of the graphs of f(a) = cota and g(a) = a/h show that cosa = ah has an 

infinite number of roots. The consecutive positive roots a, for n = 1, 2, 3, ... , are the 

eigenvalues of the problem. The corresponding eigenfunctions are Y, (y) = cı cos any. The 

condition lim u(z,y) = 0 is equivalent to lim X(x) = 0. Thus c4 = 0 and X(z) = cse ^". 
T—>00 z—o00 

Therefore 


Ue (tsi) = Xn (£) Yn (£) = Age" cos any 
and by the superposition principle 


oo 
ulz, y) = > Ane ?"* cos Any. 


n=1 
[It is easily shown that there are no eigenvalues corresponding to a = 0.] Finally, the 
condition u(0, y) = uo implies 


oo 
up = J An COS amy. 


n=1 
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This is not a Fourier cosine series since the coefficients o of y are not integer multiples of 
m/p, where p = 1 in this problem. The functions cos a, y are however orthogonal since they 


are eigenfunctions of the Sturm-Lionville problem 
Y"+0%Y - 0, 
Y" (0 es 0 
Y'(1) + AY (1) — 0, 


with weight function p(x) = 1. Thus we find 


1 
f uo COS Any dy 
po. E EZ 


n= I 
/ cos? any dy 
0 
Now , 
[ uo . uo. 
ug COS Any dy = —sinany| = — sina, 
0 An ü Qn 
and 
1 1 1 
3 1 1 Ey 
/ cos” any dy = F (1 + cos 2any) dy = = E + — sin 2004 

i 2 Js 21" ' 2a, A 


1 Le 1 1. 
= — |1 + —sin2a,,| == |1 + — sin Qn COS Qn | . 
An 2 a 


TL 


Since cota = a/h, 


and i " 
1 sin? q 
2 n 
dy ==|1 ; 
/ cos” Any dy 2 | + x | 
Then — 
PNE a? Sin om _ 2hug sin o, 
úl > [1 + i sin? On| On (h + sin? an) 
and 
= sin Qn 
u(x, y) = 2hu —_—_,—~e ?"* cosa 
(2,9) k 2 On (h + sin? an) id 
where a, for n = 1, 2, 3, ... are the consecutive positive roots of cota = a/h. 


5. The boundary-value problem is 


u ðu 
— = —, 0 L t>0 
da? DE? LT <L; >U, 
ðu 
u(0,t)=0, —| =0, t>0, 
Ox r—L 
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Separation of variables leads to 
X" c o?X =0 
T' - ko?T =0 
and 


X(x) = c cos oz + c sin ax 


T(t) = cge Ot 


From X (0) = 0 we find cı = 0. From X'(L) = 0 we obtain cosaL = 0 and 


z (2n — 1) 
————— —12;3,. + 
a 2L Qn Qa I 


Thus 


oo 
_k(Qn—1)272t/4E2 . [(2n=1 
u(x,t) = D EAR AL di (27) me 
TE 


where 


This equation will be homogeneous if j"(z) = 0 or w(x) = cix + c3. The boundary condition 
u(0,t) = 0 implies (0) = 0 which implies c2 = 0. Thus y(x) = cix. Using the second 


boundary condition, we obtain 


= Fo, 
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The new boundary-value problem is 


TES 


9 5:23 gg <r <L t>0 
Ov 
v(0,t) = 0, DE =0, t>0, 
a=L 
Fo Ov 
0) =-— = 0 EU L. 
v(x, 0) EY Wi P ; ewm 


Referring to Example 2 in the text we see that 


n=1 
where 
F 2n— 1 
Qu Y Ansin ( ^T ) me 
n=1 
and 5 
2n —1 
_ : d 
m n f vsin ( 737 ) me m 8FoL(—1)" 
m L (2-1 ~ En?Qn-1y^ 
E sin” | ——— | rx dz 
0 2L 
Thus 


Fy 8FL a (-1)" 2n —1 [9 
u(x,t) = v(z,t) + plr) = =r + —— 9 -~ cosa mt sin 
E En? E (2n - 1) 


7. Separation of variables leads to 


and 
Y (y) = cı cos ay + ca sin ay 


X(x) = cg cosh oz + c4 sinh oz. 


From Y (0) = 0 we find c; = 0. From Y'(1) = 0 we obtain cosa = 0 and 


Und 
a 1D, =D 


Thus 
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From X'(0) = 0 we find c4 = 0. Then 


=. 2n — 1 . (2n-1 
ubt.) `> A, cosh a TX sin 5 TY 
n=1 


where 
2 2n — 1 2n — 1 
uo = u(y) = 3 An cosh ( B ) «sin ( E ) ry 
n=1 
and 
1 = 
"Er q usin ( 5 ) yay di 
A, cosh T= 1 = 
I : ES (2n — 1)” 
sin Ty dy 
0 2 
Thus 


= 1 


2n —1 .[2n—-1 
a Qn — 1) cosh (23) a i En - cosh 7 Tx sin 5 TY. 


. Using u = XT and separation of variables leads to 


4u 


n 


X"+AX=0 
T’+(1+A)T =0 


with 
X'(0 —0 and X(1)=0 


This is a regular Sturm-Liouville problem. For \ = 0 we have X" = 0 or X = & + car. From 
X'(0) = 0 we find cz = 0, so X = cy. From X(1) = 0 we find cı = 0. Thus X = 0. 


For A = o? the general solution is X = cy cos aaz + co sin ax. From X'(0) = 0 we find cz = 0, 


2n — 1 
so X = c,cosaz. From X(1) = 0 we find cosa = 0 ora = ( n ) roma, 2.8,.... 
Therefore 
Xu E J "T zad T= cze” [(2n-1)?n?t/4+1] 

Thus 

= - 2n — 1 

u(x,t) = e™ Y Ane enn T t/4 cos ( B ) TL. 

n=1 

where 


— J —16cos nr 
Tx dx — 


A, = Qn-1ymr _ -32(-1)” 


[ " ES +) 1/2 (2n — 1)373° 
COS 7 rx da 
0 
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9. The boundary-value problem is 


oe = Zu O<x<1, t>0 

da? Ot” e 
Ou Ou 
Ee = pia —— h t 
2 nu(0,t), > , hu(1,t), h»0, t>0, 


Referring to Example 1 in the text we have 


X(x) = cy cos ag + co sin ox and T(t) = Ge 
Applying the boundary conditions, we obtain 
X'(0 =hAX(0) and X'(1)=-AX(1) 
Or 
acy = hei 
—QC sina + aca cosa = —hc cosa — hes sina. 


Choosing cı = a and ca = h (to satisfy the first equation above) we obtain 


—a’ sina + ha cosa = —ha cos a — h? sina 


2ha cosa = (a? — h?) sina. 


The eigenvalues o;, are the consecutive positive roots of 


2ha 
tana = PERES 
Then 
oo 
ulz, t) = * Ane Fh (cin cos az + hsin ox) 
n=1 
where 
oo 
Fr) = ue, 0) = y An (Qn cos oz + hsin anz) 
n=1 
and 


1 
/ f (£)(Qn cos oz + hsin a,x) de 
Di MEER MC MCN 


1 
/ (an cos oz + hsin anz)? dx 
0 
9 1 
one f f (£) (an cos ang + hsin anz) dz. 
n 0 


[Note: the evaluation and simplification of the integral in the denominator requires the use 


of the relationship (a? — h?) sina = 2ha cos a..] 
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10. The eigenfunctions of the associated homogeneous boundary-value problem are sin anz, 


n = 1, 2, 3, ... , where the a, are the consecutive positive roots of tana = —a. We 


assume that 


oo oo 
ubi) y Un(t) sin ox and qe %= y F(t) sin anz. 
n=1 n=1 


Then , 
g^? / £ sin Anz dx 
= 0 
En (t) E 1 
/ sin? anz dx 
0 
Since Qn cos Qn = — sina, and 
2 1 1 
sin? aa dz = = |1 — — sin 2an , 
0 2 20m 
we have 
1 š . 
E . - Sin Ayn, — Q COS An, 2sino, _ 
€ gi xsin anz de = e7” — = 5 Sp 
0 an On 
1 1 
sin? anz dx = =[1 + cos? an] 

0 2 

and so 


4 sin An ot 


Lee -u 
aU a2 (1 + cos? an) 


Substituting the assumptions into u; — kuze = re” and equating coefficients leads to the 


linear first-order differential equation 


4sin o -ot 
e 


! (£) + ko2u(t) = == 
tinh) - teo a2 (1 + cos? an) 


whose solution is 


From 


4sin On ot —ko2t 
dsl y eL A C, e*t, 
aU a2(1 + cos? o4)(ko2 — 2) dp 
oo " 
ug fe y —— — e^ + Cre o5! | sin ana 
= a2 (1 + cos? an) (ka? — 2) 


and the initial condition u(x, 0) = 0 we see 


4 sin Qn 


A — 
a2 (1 + cos? ay) (ka? — 2) 


The formal solution of the original problem is then 


oo 


4sin an —9t — —ko2ty _: 
1) = Y 35 — en . 
ue “ o5 (1 + cos? an) (kay, — 2) ie T ¡none 
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11. Using u = XT and separation constant —\ = af we find 


X -aX =0 and X(x) = cı cos ax + co sin o + c3 cosh ax + c4 sinh az. 


Since u = XT the boundary conditions become 


X(0)=0, Xu a0 X") enm X”(1)=0. 


Now X(0) = 0 implies c; + c3 = 0, while X'(0) = 0 implies ca + c4 = 0. Thus 


X(x) = cy cosax + ca sin oz — c cosh oz — co sinh az. 


The boundary condition X"(1) — 0 implies 
—C4 cosa — Ca sin a — c4 cosh a — ca sinh a = 0 
while the boundary condition X"(1) = 0 implies 


cı sin à — Ca cos a — Cy Sinha — ca cosh a = 0. 


We then have the system of two equations in two unknowns 
(cos a + cosh a)c; + (sina + sinha)c2 = 0 


(sin a — sinh a)cı — (cosa + cosha)c2 = 0. 


This homogeneous system will have nontrivial solutions for c; and c2 provided 


cos a + cosh a sina + sinha 
sina — sinha —cosa—cosha 


or 


—2—2cosacosha = 0. 


Thus, the eigenvalues are determined by the equation cos a cosh œ = —1. 


Using a computer to graph cosha and N 


—1/cosa = — seca we see that the first two positive W 


eigenvalues occur near 1.9 and 4.7. Applying Newton's a 


method with these initial values we find that the eigen- 20 


values are o4 = 1.8751 and ag = 4.6941. 10 


12. (a) In this case the boundary conditions are 


Ou 
u(0,t)=0, =| =0 

Ox - 

Ou 
u(1,t)=0, S =0 

Ox - 


(b) 


12.7 Orthogonal Series Expansions 


Separating variables leads to 
X(x) = cı cos az + co sin az + c3 cosh ax + c4 sinh ax 


subject to 


Now X(0) = 0 implies cı + c3 = 0 while X'(0) = 0 implies c2 + c4 = 0. Thus 


X(x) = cy cosax + co sin az — c1 cosh o — ca sinh az. 


The boundary condition X(1) — 0 implies 
cy cosa + ca sina — cy cosh a — ca sinh a = 0 
while the boundary condition X'(1) — 0 implies 


—cı sina + ca cos a — ey sinh a — ca cosh o = 0. 


We then have the system of two equations in two unknowns 


(cos a — cosh a)c; + (sina — sinh oj)cs = 0 


— (sin a + sinh a)c1 + (cos a — cosh a)cg = 0. 


This homogeneous system will have nontrivial solutions for c; and c9 provided 


cosa — cosha sina—sinha| | 


—sina—sinha cosa—cosha 


or 


2 — 2 cos a cosh a = 0. 


Thus, the eigenvalues are determined by the equation cos o cosh a = 1. 


Using a computer to graph cosh a and 1/ cosa = seca 
we see that the first two positive eigenvalues occur 
near the vertical asymptotes of seca, at 37/2 and 
51/2. Applying Newton's method with these initial 


values we find that the eigenvalues are a, = 4.7300 


and a» = 7.8532. 0 2 4 6 8 
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12.8 Higher Dimensional Problems 


1. This boundary-value problem was solved in Example 1 in the text. Identifying b = c = 7 and 


F(x,y) = uy we have 


oo oo 
u(x, y, t) = >, > Amne HARE sin ma sin ny 


m=1m=1 


where 


Amn = = ri D, uy sin mz sin ny dz dy = —- / sin mz dx / sin ny dy 
T" Jo Jo TE Jo 0 


= Dc -= 1T 


2. As shown in Example 1 in the text, separation of variables leads to 
X(x) = cı cos az + co sin ax 
Y (y) = c3 cos By + c4 sin By 


and 


The boundary conditions 


us(0,y,t) — 0, uz(l,y,t) = X'(0)yz0, X(M)=0 
imply 
du =D obs bte Y'(0)=0, Y'()=0 
Applying these conditions to 
X'(x) = —ac sinax + aca cos az 


and 
Y'(y) = —Bcz sin By + Bea cos By 


gives c9 = c4 = 0 and sina = sin 8 = 0. Then 


a=mr, m=0,1,2,... and B=nr, n=0,1,2,.... 
By the superposition principle 


oo oo 
EE NE 
u(z, y, t) = Ago + J Amoe ""* T cos mra + ) Aone" T t cos nry 


m=1 n=1 


oo oo 
u 2 4242 
+ J ) Amne FU t eos maz cos NTY. 


m=1n=1 
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We now compute the coefficients of the double cosine series: Identifying b = c = 1 and 


f(x,y) = zy we have 


P FJ 13 a 1 1 1 
00 = ydedy = f zUy ay=5f ydy — —, 
o Jo o 2 2 Jo 4 
1 


1 prl 1 
1 
Amo - 2 f / ey cos mda dy =2 | 33 (cos mmx + mrz sin mz) y dy 
0 0 o MéT 0 


1 
0 


l cosmm — 1 cosmr—1  (—-1)*^—1 
0 


m272 men? men 


1 pl 
-1)” — 1 

Am =2 | / ee 

o Jo ner 


and 


1 pl 1 1 
Ayn = 4 / / TY cos MTI cos NTY dz dy = 4 f £ COS MTE dx / y COS NTY dy 
o Jo 0 0 


(=) (tet) 


In Problems 3 and 4 we need to solve the partial differential equation 


2 Ou | Fu EP 
7o oy) BR’ 


To separate this equation we try u(x,y,t) = X(z)Y (y)T(t): 


a (X MOG sae! le NT 


X Y aT : 
Then 
X" E o?X =0 (1) 
y" T" 
Y aT jupe 
Y". gy =0 (2) 


T" +a’ (o? + ?) T — 0. (3) 
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The general solutions of equations (1), (2), and (3) are, respectively, 


X(x) = c cos az + co sin az 
Y (y) = c3 cos By + ca sin By 
T (t) = c5 cos ay o? + 8? t + cgsinav/ a? + f? t. 


3. The conditions X(0) = 0 and Y (0) = 0 give cı = 0 and c3 = 0. The conditions X(z) = 0 and 


Y (1) = 0 yield two sets of eigenvalues: 


a — m, m —1,2,3,... and BHny N= 1, 2,3,42. 
A product solution of the partial differential equation that satisfies the boundary conditions 
is 
sw, d) = (Amn cos ay m? + n? t + Bj, sin ay m? + n? t) sin mz sin ny. 
To satisfy the initial conditions we use the superposition principle: 
u(x, y, t y » (4 mn cosa y m? + n? t + Bmn sinay m? + n? t) sin mz sin ny. 
m=1n=1 
The initial condition u;(x, y, 0) = 0 implies Bmn = 0 and 


u(x, y,t 23 yo cos ay m? + n? tsin mz sin ny. 


m=1n=1 
At t = 0 we have 


xry(x — m) E »» Amn Sin mz sin ny. 


m=1n=1 


Using (12) and (13) in the text, it follows that 


4 T T 
Amn = = i f zy(x — n)(y — 7) sin mz sin ny dz dy 
T Jo JO 


4 f" " à 
-5f e(2—m)sinmodo f y(y — 7) sin ny dy 
= aly" - 1-1)" - 1]. 


4. The conditions X(0) = 0 and Y (0) = 0 give c; = 0 and c3 = 0. The conditions X(b) = 0 and 


Y (c) = 0 yield two sets of eigenvalues 

=n, m=L 9. 3 e and pego t= ly Dy 83 5 
A product solution of the partial differential equation that satisfies the boundary conditions 
is 


MT nT 
Umn (£, Y, t) = (Amn COS AWmnt + Bmn sin awmnt) sin (E 2) sin (= y) : 
c 
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where wmn = \/(mm/b)? + (nz /c)? . To satisfy the initial conditions we use the superposition 


principle: 
oo oo 


um uw. t) bh y (Amn COS AWmnt + Binn Sin aWmnt) sin (= z) sin (= y). 


m=1n=1 


At t = 0 we have 


and 


g(x,y) = p» `> Bmn@Wmn SIN (= 2) sin E y). 


m=] n=1 


Using (12) and (13) in the text, it follows that 
4 c pb 
Ane = x], / f (x, y) sin (E x) sin (nrc y) dx dy 
Pn =A | f oe,v)sin (ZE a) sin (E y) aed 
e dun: g g RAT p m "E y. 


In Problems 5 and 6 we try u(z,y,z) = X(x)Y (y)Z(z) to separate Laplace’s equation in three 
dimensions: 


X"YZ - XY"Z - XYZ" =0 


Au y" c 
C 2 is a, 
X Y Z 
Then 
X" + 0?X =0 (4) 
ye ge 
poc hes 
Y".- g?y =0 (5) 
Z" — (o? + 8?)z — 0. (6) 


The general solutions of equations (4), (5), and (6) are, respectively 


X(x) = cı cos oz + co sin ax 
Y (y) = c3 cos By + c4 sin By 


Z(z) = cs cosh y o? + B? z + ce sinh ya? + B? z. 


776 CHAPTER 12 BOUNDARY-VALUE PROBLEMS IN RECTANGULAR COORDINATES 


5. The boundary and initial conditions are 
u(D,w,z)-—U0, ulay z] =0 
uíx,0.3)=0, uwirb5z —0 
u(x, y, 0) = 0, u(x, y, c) = f(x,y). 


The conditions X (0) = Y (0) = Z(0) 2 0 give cı = c3 = c5 = 0. The conditions X (a) = 0 
and Y (b) = 0 yield two sets of eigenvalues: 


mma n 
a=—, m=1,2,3,... and B=, RH, 285235 
a b 
By the superposition principle 
ann mma nT 
uio. t= y y Amn sinh wmnz sin "ES sin q7 
m=1n=1 
where 
2 mn? nêr? 
Wmn == p? 
and " 
4 E MT nT 
Ann = z) / f(x, y) sin — x sin — y dz dy. 
absinhwmnC Jo Jo a b 
6. The boundary and initial conditions are 
u(0, y, z) — 0, u(a, y, z) — 0, 
ud, 0. x) =0, ula. be) 90, 


u(x, y, 0) = FEU), u(x, y, c) —0 


The conditions X(0) = Y(0) = 0 give cı = c3 = 0. The conditions X(a) = Y (b) = 0 yield 


two sets of eigenvalues: 


mar nu 
a= —, m=1,2,3,... and Be RH 1, 2.8 y ade s 
a b 
Let 
, _ ma nen? 
Wmn a2 b2 


Then the boundary condition Z (c) = 0 gives 
C5 cosh Cwmn + cs sinh Cwmn = 0 


from which we obtain 


h 
Z(z)= 6 (cost Wmnz — LU sinh wz) 


sinh cwmn 


C5 a . . 
= — —— —— (sinh cwmn cosh wmn? — cosh c wmn sinh wg 2) = Cmn sinh wmn (c — 2). 
sinh cwmn 
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By the superposition principle 


oo oo 
mm nT 
u(x, y, t) = >, y Amn Sinh wmn (c — z) sin — z sin Pu 
m=ln=1 
where , 

4 a 

Amn = xac |j f f(x,y) sin ZZ asin 2 y dg dy. 
absinhcwmn Jo Jo a b 
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1. Letting u(x, y) = X(x) + Y (y) we have X'Y' = XY and 


x! 
L =YY'=-). 
X 


If A = 0 then X' = 0 and X(x) = c4. Also Y (y) = 0 so u = 0. 


If A Z 0 then X'-- AX — 0 and Y + (1/A)Y = 0. Thus X(x) = ce and Y (y) = cae YA so 


u(z,y) = AeA), 


2. Letting u = XY we have X"Y -- XY"--2X'Y -2XY' = 0 so that (X"+2X')Y+X(¥"+2Y") = 


0. Separating variables and using the separation constant —A we obtain 


X" 42x" Y"-2Y' | n 
" gc Y 7 
so that 


X" -2X' - AX =0 and Y" +2Y'+ AY — 0. 


The corresponding auxiliary equations are m? + 2m — A = 0 and m? + 2m + A with solutions 


m=-—1+vY1+A and m = —1 + y1 -— A, respectively. We consider five cases: 


I.A—-1:Inthis case X = ce * + coxe * and Y = cae - 102v + ce 1-VDy so that 


u = (ce? + cague”) (ac) + T ; 


II. à= 1: In this case X = csel1+v2D)rz + cge 717 V2)v and Y = cze Y + cgye ? so that 


u= (eee + ege 1799) (cre * + caye ?). 


III. -1 «A « I: Here both 1+ A and 1 — A are positive so 


BEL 


u= (coe ux + Eje Hm ( —1+vI-A)y + age VEA) : 
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IV.A«-—1: Here 1+A<0and 1— A » 0 so 


u=e” (cs cos V —1 — Àz + casin v —1 — Aa) + CM y + ie =A) . 


V.A>1: Herel-A»0and1—A «0 so 


u= (erre ^ LEX + ase N us Le (ci cos VA— ly + csin VÀ — 1 y) : 


We see from the above that it is not possible to choose A so that both X and Y are oscillatory. 


3. Substituting u(x,t) = v(x,t) + v(x) into the partial differential equation we obtain 


y | Ov 


I 


This equation will be homogeneous provided y satisfies 
ky" =0 Or V = erc. 


Considering 
u(0,t) = v(0,£) + v(0) = uo 


we set (0) = ug so that y(x) = cix + ug. Now 


is equivalent to 


Ov 


pm -Fv(n,t) = u — (a) — Y(T) = u — e — (em + uo), 


LET 


which will be homogeneous when 


uy — Cy — CT — uo = 0 or Ci = 


The steady-state solution is 


va) = (29) seus 


4. The solution of the problem represents the heat of a thin rod of length 7. The left boundary 
x = 0 is kept at constant temperature uy for t > 0. Heat is lost from the right end of the 
rod by being in contact with a medium that is held at constant temperature uj. Moreover, 


intially the entire rod is at temperature zero. 
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5. The boundary-value problem is 


Ou Ou 
2 
E EE O<x<1, t>0, 


u(t =0 «=(L4=0, $210, 


Ou 


u(x, 0) =0, Br 


= 7), duae 
t=0 


From Section 12.4 in the text we see that An = 0 


áo x)sinnr dr = e dx 
mira 


1/4 

3/4 
2h 1 2h NT 3nT 
= —— cos nma = ——CL— | cos — — cos —— 

nra NT n?n?a 4 4 
1/4 
and 
oo 
u(x,t) = Y DB, sin nrat sin nrz. 
n=1 


6. The boundary-value problem is 


2 u 
4m = 3p O<x<1, t>0, 


a(0,4)=1L. uL, $20, 
u(x,0) = f(x), um8)e0, U<e<l 


This equation will be homogeneous provided Y” (x) + x? = 0 or 


1 
w(x) = = + CT +2. 


From 7(0) = 1 and v(1) =0 we obtain cı = —11/12 and cp = 1. The new problem is 


BU) e Lf 0. t>; 
v(r,0) = fu) — (x), v(z,0) 
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From Section 12.4 in the text we see that B, = 0, 


1 1 
An =2 f (f) - v) sin nnde =2 f LE sin nrg dr, 
0 0 


12 12 
and 
oo 
vm, t) = y A, cos nt sin nma. 
n=1 
Thus 
(x,t) = v(z,t) + p(z) = ee AIYA tsi 
u(t t) = Ue: 2) =- — 5*4 a n COS nt sin NTT. 
7. Using u= XY and —A as a separation constant leads to 
X" — AX =0, 
X (0) — 0, 
and 
Y".- AY — 0, 
X (0) e 0. 
Y (t) =0: 
This leads to 
Y = casin ny and X = cœ sinh ng 


for n = 1,2,3,... so that 


oo 
u — ) An sinh nx sin ny. 


n=1 


Imposing 
oo 
vine) =50= y A, sinh nr sin ny 
n=1 
gives 
100 1 — (-1)" 
a, 10 1 (Y 
nr  sinhnr 
so that 


100% 1-(-1” . 
u(x, y) = P3 yo e sinh nz sin ny. 
n=1 


8. Using u = XY and —A as a separation constant leads to 


Xi ed 
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and 
Y" -- AY =0, 
Y* (0) =0, 
Y^ (Cr) =0. 


This leads to 


Y =czcosny and X =ce "* 


for n — 1,2,3,.... In this problem we also have A — 0 is an eigenvalue with corresponding 


eigenfunctions 1 and 1. Thus 


oo 
u = Ag+ »» Ane "* cos ny. 


n=1 


Imposing 
oo 
u (0, y) = 50 = Ao +) An cos ny 
n=l 
gives 
1 T 
Ay == f 50 dy = 50 
T Jo 
and 


2 T 
Az [ 50 cos ny dy = 0 
T JO 


for n — 1,2,3,... so that 
ue y) = 50. 


. Using u = XY and —A as a separation constant leads to 


X" — AX — 0, 
and 
Y" +AY — 0, 
Y (0) 5 0, 
Ys). 
'Then 
X = ce poe "T and Y = c3 cos ny + c4 sin ny 
for n = 1, 2, 3, .... Since u must be bounded as x > oo, we define c; = 0. Also Y (0) = 0 


implies c3 = 0 so 


oo 
u= J Ane" sin ny. 
n=1 
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Imposing 
oo 
u(0, y) = 50 = `> Ansin ny 
n=1 
gives 
2 f" 100 
An = Ji 50sinnydy = — [1 — (-1)”] 
T Jo nt 
so that E 
NN 100 TL NTE os 
uy) > pe — (-1)"]e "* sin ny. 
n=1 
10. The boundary-value problem is 
Ou du 
— eco Lege L, qd 
Oz? at j 


Referring to Section 12.3 in the text we have 
X (x) = cı cos ax + cz sin ax 


and 
Te egett, 


Using the boundary conditions u(—L,0) = X (—L)T (0) = 0 and u(L,0) = X (L)T (0) = 0 
we obtain X (—L) = 0 and X (L) = 0. Thus 


c1 cos (CoL) + cz sin (—aL) = 0 


c1 cosaL + cosinaLl = 0 
or 
c1 cos aL — co sin aL = 0 


cı cos aL + c sinaL = 0. 


Adding, we find cos aL = 0 which gives the eigenvalues 


2n — 1 
a= 2L T n=l 23,3 
Thus E "T 
umi) 2. Ager kt cos (272) TT. 
From 


z 2n—1 
u (2,0) = u = J> An cos ( ^T ) ne 


n=1 
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we find 


TH 2n — 1 F 
a Jo COUP a JA uo(-1)"2L/r(àn- 1) _ 4u (Y 


L . 
2n—1 L/2 T(2n—1 
2 / cos? ( ii ) ne de / ( ) 
0 2L 


11. (a) The coefficients of the series 


oo 
a (2.0) = y By sin nt 
n=1 


are 
T 9 T 1 
By = fracis || sinzsinnzdz = = f 5 (00s n) z — cos (1 4- n) a] dz 
T 
0 0 
T sin(1-n)z| sin (1+n)2 |" 
d ee | | ead 1. 
a l-n lin TEM 
0 
For n — 1, 
2 ff... 1 
Bı = — J| sinf zdz = — |} (1-cos2x) dz = 1. 
T T 
0 0 
Thus 


oo 
m 
ulz t) = ) B,e "*sinnz 
n=1 


t 


reduces to u (x,t) =e ‘sing for n= 1. 


(b) This is like part (a), but in this case, for n 43 and n Æ 5, 
2 f . ; 
Bn = — ni (100 sin 3x — 30 sin 5x) sin nz dz = 0; 
T 
0 


while B3 = 100 and Bs = —30. Therefore 


u (x,t) = 100e ?* sin 3x — 30e~? sin 5a. 


12. Substituting u(x,t) = v(x,t) + w(x) into the partial differential equation results in 
V" = — sin x and y(x) = c1x+c2+sin x. The boundary conditions 4(0) = 400 and y(r) = 200 


imply cı = —200/7 and cz = 400 so 


200 
W(x) = ———z + 400 + sin x. 
T 
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Solving 
au Ov 
— = — MECA. t>0 
da? Ot’ dnd 
v(0,t) — 0, umi =0, £9 
200 200 
v(e,0) = 400 sin — (Po + 400 + sins) =", De ge 
using separation of variables with separation constant —A, where \ = a?, gives 


X"+ X 20 and T'+æT =0. 


Using X(0) = 0 and X(x) = 0 we determine a? = n?, X(x) = cs sinnz, and T(t) = cze”. 


Then 
=> Ane nt sin na; 
and 
v(z,0) = mM,- = 2 A, sin nx 
i 400 [7 400 
An=— | tsinnzdz = —— (-1)*, 
T? Jo nc 

Thus R i 

200 400 1 

u(x,t) = —-—x + 400 + sin x + — b» d sin nz. 
T T 
n=1 


13. Using u = XT and —A, where A = o?, as a separation constant we find 


X" 42X'+a?X =0 and T"-2T'- (1-4 o?) T — 0. 


Thus foro > 1 


X = ġe” cos Va? —1z c c96 * siny/o?2 —1x 


T = cge * cos ot + c4e sin at. 


For 0 € a € 1 we only obtain X = 0. Now the boundary conditions X (0) = 0 and X (7) = 0 
give, in turn, cy = 0 and Vo? — 17 = nz or o? = n? = n?+1, n = 1,2,3,.... The corresponding 


solutions are X = coe * sinnz. The initial condition T” (0) = 0 implies c3 = oc4 and so 
T-cet | Vn? + 1cos Vn? + 1t+sin y n? xii . 


Using u — XT and the superposition principle, a formal series solution is 


u(x,t) = e 4) XA |i? v1 +1cos Vn?+1t+sin yn id sin nz. 
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14. Letting c= XT and separating variables we obtain 


kX" —hX' T X"—aX' T 
———— == Or = 


X T — age 
where a = h/k. Setting \ = o? leads to the separated differential equations 
X"—aX'+o0?X=0 and  T'-ko?T —Q. 


The solution of the second equation is 


Tit) gg o 


NIF 


For the first equation we have m = 


a + va? — 102), and we consider three cases using the 
boundary conditions X (0) = X (1) =0: 


The solution is X = cye™* + cye 2%, where the boundary conditions imply 
cy = & = 0, so X = 0. (Note in this case that if o = 0, the solution is X = cy + coe 


and the boundary conditions again imply cy = cz = 0, so X = 0.) 


The solution is X = cye™!* + coze"1*, where the boundary conditions imply 
cy — c2 — 0, so X = 0. 


The solution is 
4a? — a? ax/2 4a? — a? 


X (x) = cie? cos — 3— & + oe sin ——— t. 


From X (0) = 0 we see that c; = 0. From X (1) = 0 we find 


2 2 Dress 


1 
2 Ao — a^ = nm Or Q (4n? r’ + a?) y 


Thus 


X (x) = eae? sin nz, 


and - 
c(z,t) = pM Aj eI 2e- ban? +0" )t/4 sin neg, 


[; 


The initial condition c(x,0) = cy implies 


oo 
Co = J Ane? sin nz. 


n=1 


From the self-adjoint form 


d 


d [TX + Pe X 20 
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the eigenfunctions are orthogonal on [0,1] with weight function e ^". That is 


1 
| p o (e? sin nna) (e? sin mrz) dr =0, nm. 
0 


Multiplying (1) by e~*%e*”/? sin mrz and integrating we obtain 
1 m 1 
i ce e*? sin mma, de = * An "i ee (sin mra) e**/? sin naa de 
0 ne "m 


1 1 1 
Co 1 e %/? sin nx dx = An / sin? nra dx = 5 4n 
0 0 


and 


1 /2 — q y” /2 0o (3A 
P a f a sin nz dz — Aco [2e% nr — 2n (—1) | _ 8n c9 [ea (-1) ] 
0 ea/2 (a? + An?52) e2/2 (a? + 4n2n?) 


15. By the discussion in Section 12.6, we assume a solution in the form u(x,t) = v(z,t) + y(x). 
Force this into the differential equation to get Y” (x) = 0 together with the conditions v(0) = 0 
and V/(1) + (1) = ui. 


Integrating twice and imposing the two conditions leads to y(x) = 3(u1 — uo)z + ug. Now 
u(x,t) = v(x,t) + (x) 
u(0, t) = v(0,t) + v(0) = uo 
1 
v(0,t) + gn — uo)(0) + uo} = uo 
v(0,£) =0 
Similarly we find that 
Us Uns t) = us (1,1) =f Y (x) 
Un(1, t) = Uy (1, t) EX V (1) = Ul — u(1, t) 


v(t) [st — uo) = aa — 00,0 +40] 


vs (1,2) =u — [o(1,t) + 60] — (tn — uo) 
vz(1,t) = —v(1, t) 


So now we solve 


Ov dv 
— => ¿<1,t>0 
513 LE 0crclt» 
Ov 
0,t)=0, C =—v(1,4),t>0 
0(0,1)=0, 29 =-0(10) 
g= 


1 
v(z,0) = zo — u)r, 0<x<l 


16. 
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Using the results of Example 1 from Section 12.7, u(x,t) = Y Anew ont sina,x and the 


n=1 
coefficients are given by 


SIN Qn — An COS An 


1 T s 
(uo ua) f Tsin Qng dx 5 
0 


a 
An = —— r ~ = 5 (uo — u1) - 
2 i(1 2 
/ sin? a,x dx 2 LEE Or) 
0 
-dü ü [2n On — An COS Og, 
9 M 'elü-ccobo | 
Since tana, = —o,, we have sin Qn = —Qn COS Qn and so 
2 cos q 2 
An = 2(u1 — u e nt sin (ant 
n= 2 e rana (Anz) 
and " 
1 COS Qn 2 
u(x,t) = uo + =(u1 — uo)z + 2(u1 — uo) — e "sin OT 
(x,t) o + ¿(un 0) 1 3r ae (anz) 
This is similar Problem 13 in Exercises 12.5 with a = b = « and f(x) = g(x) = z? — rz. Thus 


u(x, y) = »3 (An cosh ny + Bn sinh ny) sin nx. 


At y — 0 we then have 
oo 
nm 
= y A, sin — x 
a 
n=1 
and consequently 


4((-1)" - 1] 


Tn? 


Ay == [ (2? — rx) sin ng dz = 
T Jo 


Aty=T, 
oo 
= 2 (A, cosh nz + B, sinh nr) sin nx 
n=1 


indicates that the entire expression in the parentheses is given by 


2 T 
A, cosh nr + B, sinh nz = — / (2? — Tz) sinnz dz. 
T Jo 


We can now solve for Bp: 


1 2 T ( 2 ja d cosh nz 
= = x’ — TI) sin ng dr — ———— 
"^ sinhna r Jo sinhnr ^ 
4 |(-1)” — 1] 1 — cosh nr 
= ——M————— (1 — cosh = A, — 
mn sinh nz (esso) "^ sinhnr 
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'Then 
oo 
4|l(-1) — 1 1 — cosh 
u(r,y) = D caller i (cost ny + a sinh ny) sin ng 
nzi an sinh n 
_4 Y [(—1)" — 1] f'sinhn(z — y) + sinhnyY . 
E da -3 SB sinnz. 


The condition v"(z) = —2 has the general solution W(x) = —z? + cx + c3. The boundary 
conditions x = 0 and x = « will be homogeneous if we choose (0) = 0. The condition 


p(T) = 0 gives c = 0 and c4 = 7. Thus 
p(m) = —z? + 12. 


'The boundary-value problem in v is then 


Ov Ov 


os ag O<a<7, O<y<T 


v(0,y) 20, v(my)-0, O<y<rT 
v(x, 0) E —v(z), u(x, T) E —V(z), Da sm. 


From Problem 16, 


v(x, y) = y (A, cosh ny + Bn sinh ny) sin nz 


n=1 
4 Y [(—1)* - 1] — — y) + S . 

= -> == ———————————— |sinnz. 
T n? sinh nr 


Therefore 


4 A [(-1)" — 1] f sinh = inh 
E A em re S a [Mm T 
T sinh nr 


Using the subtitution u(x,t) = v(x,t) + v(x) into the boundary-value problem yields 
Ou "no -xz OU 
Age E Y +e = Bt 


Now u(0,t) = v(0,t) + v(0) = 0 and uz(r, t) 


= ug (7,t) + (x) = 0. The condition E LU 
gives —1+c, = 0 or c; = 1. The condition V/(x) = 


0 gives e 7 + c2 = 0 or co = —e *. Thus, 


v()=-e *+l1-eTz. 
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Now the homogeneous boundary-value problem for v(x, t) is 


DL nus 0 
— RE rm 
Or? Ət’ : 

a 
v(0,t)=0, Z| , t»0 
Ox 

TENT 


v(z,0) = f(z) +e *-l+e "xz, O<T<T. 


Using v = XT and separation of variables leads to 
X" E AX =0 
T' - AT =0 


with 
X(0)=0 and X'(r)-0 


This is a regular Sturm-Liouville problem. For A = a? the general solution is 


X = c3 cos az +c4sinax. From X(0) = 0 we find c3 = 0, so X = cysinaz. From X'(x) = 0 


2n —1 


we find cos ar = 0 or ar = ( ) t for n = 1, 2, 3, ... . Therefore 


2n — 1 
X-—osin ( E ) x and T= ce (2n-1*t/4 


Thus o , ; 
m 
v(z,t) = A sin (==) D 
When t = 0, 
2 2n — 1 
f(r)te*—1-c-e7?y- Y Ansin ( 7 ): 
where 


The solutions is then 
= 2n — 1 
" E 
ulz, t) =—-e *4+1l—e 7+ J Ae tA sin (27) a 
n=1 2 


where the coefficients A,, are defined above. 
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19. For w(z, y) = C sin 77 sin z, 
a 


O^w TNE. TE. TY 
c -c(I) sin — sin — 
a a b 


atw TA2 (m2 T TY 
Ox? Oy? -e() (z) cue” E 
4 4 
T =0(2) sin 22 sin 2 
y 
'Thus 
tw tw tw TNA T\2 (my? T\4) | TE . TY 
tn tao (E) EE | sin sin 
= sin Z sin 7? 
a 
Hence iL 
C - qo/ D _ qoa b 
(2 al AD (a2 + bY 
al c T 
d? R 
Therefore ny 
w(x, y) = a z sin — sin 2 


20. Since sin0 = 0 and sin x = 0, the first four boundary conditions are obvious: 
w(0, y) — 0, w(a, y) =0, w(x, 0) =0 w(x, b) =0. 


Also, from 


Ow qua?b* TE. TY 
= ——_—_,; sin — sin — 
a b 


Ox? 74D (a2 + b2)? 


Ow qua*b? TL. TY 
— = —————— 3 sin — sin — 
Or? miD (a? + b2)? a b 


and sin 0 = 0 and sin m = O we see that 


